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We calculate the statistical properties of the energy landscape of a minimal model for strong networkforming liquids. Dynamic and thermodynamic properties of this model can be computed with arbitrary
precision even at low temperatures. A degenerate disordered ground state and logarithmic statistics for the
local minima energy distribution are the landscape signatures of strong liquid behavior. Differences from
fragile liquid properties are attributed to the presence of a discrete energy scale, provided by the particle
bonds, and to the intrinsic degeneracy of topologically disordered networks.
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In recent years, the study of the statistical properties of
the potential energy surface (PES) or landscape [1–3]
sampled by liquids in supercooled states has received
considerable attention, in the attempt to quantify the thermodynamic properties of supercooled liquids and glasses
[4 –7]. The PES is analyzed to estimate the number and
energy distribution E of the local minima and the
volume in configuration space sampled in vibrational motions around each local minimum.
According to Angell’s classification [8], a liquid is
named ‘‘fragile’’ if the temperature dependence of its
transport coefficients shows large deviations from
Arrhenius behavior. If no deviations are observed, the
liquid is named ‘‘strong.’’ For the case of fragile
liquids —in the region of energies sampled during low
temperature T equilibrium simulations with state of the
art numerical resources—E is well described by a
Gaussian distribution [5,7,9]. The validity of Gaussian
statistics in regions of the PES with energy lower than
those accessible in simulations would suggest the existence
of a finite Kauzmann temperature TK , where the configurational entropy Sconf vanishes, and via the Adam-Gibbs
relation [10,11], a divergence of the characteristic relaxation time at TK . The quantification of the statistical properties of the PES for models of strong liquids is still under
debate [12,13]. It has been shown that, on lowering T,
deviations from Gaussian statistics take place. The configurational entropy does not seem to extrapolate to zero at a
finite T, but the long equilibration times and the unknown
value of the ground state energy prevent an unambiguous
determination of the ground state degeneracy. A recent
work of Heuer and co-workers [13] suggests that the breakdown of Gaussian statistics originates from the emergence
of a natural cutoff in E, related to the formation of a
fully connected network of bonds.
In this Letter, we report a study aiming to clarify the
statistical properties of the PES for a strong liquid, to
provide a useful framework for interpreting results of
realistic models, and to shed light on the differences be0031-9007=05=95(15)=157802(4)$23.00

tween fragile and strong liquids. We quantify the landscape
properties for a simple model, similar in spirit to one
previously introduced by Speedy and Debenedetti [14].
We show that, with appropriate numerical techniques,
both the dynamics and thermodynamic properties of this
model can be computed with high accuracy and that no
extrapolations are required to determine the low-T behavior. The strong liquid behavior is associated with the
presence of two ingredients that are characteristic of all
network-forming liquids: a degenerate ground state and a
discrete distribution of energies above the ground state,
generated by the bond energy scale.
We investigate a maximum valency model: a squarewell model of width  with a constraint on the maximum
number of interacting particles. The interaction between
two particles i; j that each have less than Nmax bonds to
other particles, or between two particles already bonded to
each other, is given by a square-well potential,
8
r < ;
<1
Vij r  u0  < r < ;
(1)
:
0
r >   :
When i and/or j are already bonded to Nmax neighbors,
then Vij r is simply a hard sphere (HS) interaction,

1 r < ;
(2)
Vij r 
0 r > :
The maximum number of bonds per particle is controlled
by tuning Nmax . This model is particularly suited for theoretical and numerical studies. First, along an isochore,
the system changes from a HS system (when kB T  u0 ,
where kB is the Boltzmann constant) to a simple model
for network-forming liquids (when kB T < u0 ) with coordination Nmax and no angular constraints [15]. Second,
the ground state energy for a system of N particles is
known, being the energy of a fully connected network
(u0 NNmax =2). Third, as Vr is simply a square-well
model, the local minima of the PES coincide with the
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bonding patterns of the system. Consequently, moving
between minima takes place via breaking and reforming
of bonds. Fourth, the volume in configuration space of each
of these bonding patterns can be calculated with no approximation, as discussed in the following. In the PES
language, it means that the basin free energy [4] can be
calculated exactly. Finally, since the energy levels of the
system are discrete by construction, the number of bonding
patterns with M  NNmax =2 broken bonds can be calculated by combinatorial factors. Exploiting these properties
allows us to quantify precisely the statistical properties of
the PES of this model.
We perform Monte Carlo (MC) and event driven molecular dynamics simulations by using =    0:03,
u0  1,   1, and Nmax  4. Entropy, S, is measured in
units of kB . Setting kB  1, energy E and temperature T are
measured in units of u0 . We study a system of N  104
particles of equal mass m  1, implementing periodic
boundary conditions, at a fixed packing fraction  
0:30 [16] from temperature T  100 (where the HS limit
is recovered) down to T  0:04, where an almost fully
connected network of bonds is obtained [17]. No evidence
of phase separation is observed [20]. Figure 1(a) shows the
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FIG. 1 (color online). Temperature dependence of the potential
energy per particle E (top) and of  [in units of mu0 1=2 =2 ], D
[in units of u0 =m1=2 ], and the product D=T (bottom). D is
calculated from the long time limit of r2 t=6t, with r2 t the
mean squared displacement, and  as explained in [32]. In the
top panel, the dashed line shows the 1=T behavior expected for a
Gaussian landscape [5,21]. The inset shows the same data in a
semilog representation to highlight the validity of the low-T
1
indicated by the continubehavior ln E  Egs  ln 2:56  2T
ous line (see text). In the bottom panel, the dashed lines are the
best-fit Arrhenius behavior for  and D. The continuous line
corresponds to the expected value from the Stokes-Einstein
relation (see text).
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T dependence of the potential energy per particle E as a
function of 1=T. For a Gaussian PES [5,21], E should be
linear in 1=T. Deviations from the 1=T law are clearly seen
at low T, when the energy approaches the ground state
energy Egs  2, with a striking similarity with the T
dependence of the energy of the sampled minima evaluated
in landscape analyses of atomistic models for silica
[12,13]. The approach to Egs is well described by E 
Egs  e1=2T , providing an unambiguous way of calculating all thermodynamic properties down to T  0.
Next we provide evidence that the present model is a
simple and satisfactory one for strong glass-forming
liquids, by showing several features that are commonly
observed in real systems. Figure 1(b) shows the T dependence of  and D [22]. Both quantities display Arrhenius
behavior at low T, as expected for strong liquids, with an
activation energy controlled by the bond energy. The prod1
uct D
T
3 , as expected from the Stokes-Einstein relation. We also evaluate the exponent  of the stretched
exponential function that describes the long time decay
of density autocorrelation functions, finding values  >
0:85 for all the wave vectors. Such a large  value is in
agreement with the experimentally observed direct correlation between  and strong behavior [23]. Finally, since at
the investigated low T the potential energy has already
approached the ground state value [Fig. 1(a)], no significant drop in the specific heat will take place at the glass
transition temperature. This feature is often found in strong
liquids [18,24].
Next we evaluate the statistical properties of the PES. In
the landscape approach, configuration space is partitioned
into basins around the local minima of the PES. For the
present model, different local minima can be unambiguously identified as different bonding patterns and the energy of the minimum coincides with the potential energy of
the configuration, i.e., with the number of bonds. The
partition function can be written as a sum over all bonding
patterns. At low T, it is convenient to write the sum over the
number of M broken bonds, associating with each energy
level E the number of distinct network configurations with
M E  Egs N broken bonds (the degeneracy of the
energy level) times the volume in configuration space
that can be sampled by the network without breaking or
forming any bond (i.e., preserving the bonding pattern).
The logarithm of the number of distinct networks with the
same number of bonds defines Sconf E, while the logarithm of the sampled volume defines the basin vibrational
entropy Svib . The sum Sconf  Svib defines the total entropy
of the model.
In the present model, Svib can be calculated without
approximation by thermodynamic integration from a reference Einstein crystal [25]. In this technique, a series of
MC simulations are performed adding to the original
Hamiltonian
H0 a harmonic perturbation HE r~N ;  
PN
0
 i1 ~ri  r~i 2 , where r~01 ; . . . ; r~0N  is a typical configura-
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tion of energy E whose basin free energy needs to be
evaluated, and the parameter  is the elastic constant of
the harmonic perturbation. The system described by the
Hamiltonian H~rN ;  H0 r~N   HE ~rN ; is then simulated at fixed T and V with a MC technique, rejecting all
moves altering the bonding pattern. We study several values of  running from   0 up to a value max , whereupon
the behavior of a system composed of 3N independent
harmonic springs of elastic constant max is recovered. In
this limit, the free energy is known analytically. The vibrational free energy fvib (  0) of the basin to which r~0
belongs is given by
fvib T  FHE T;max  

Z ln max
1

X

N

~ri  r~0i 2 dln  ;


i1

(3)
P
where i r~i  r~0i 2 is the sum of the square displacements
of all particles at a fixed value of , brackets denote
ensemble average, and FHE T; max  is the free energy of
the 3N Einstein
P oscillators. Figure 2 shows the  dependence of h i r~i  r~0i 2 i =N for one specific state point.
At large  values, the mean square displacement per particle approaches the theoretically expected limit 32 kBT . It
must be noted that in the present model, since no energy
changes are involved in sampling the configuration space
volume at fixed bonding pattern, for each specific basin the
basin free energy is purely entropic.
Repeating the thermodynamic integration procedure for
several different equilibrium configurations at different T,
Svib E can be precisely calculated. Figure 3(a) shows that
the excess quantity, Sex
vib E, over the ideal gas contribution,
depends linearly on the basin depth E, a feature shared with
previously investigated models for supercooled liquids
[1,5,7]. Sex
vib E is well represented by the best-fit function:
Sex
vib  8:8  4:27E  Egs :

(4)

Complementing these data with the calculation of the
excess total entropy over the ideal gas contribution, Sex
tot ,
by integration of the T dependence of the specific heat over
T from the known HS high T reference state [25] allows us
ex
to evaluate Sconf Sex
tot  Svib . Figure 3(b) shows that,

close to the ground state, the E dependence of Sconf is
well described by a logarithmic combinatorial function:
Sconf E  Sconf Egs   2E  Egs  ln 2E  Egs 
 E  Egs :

2

λ〈Σ(ri -ri0 ) 〉λ/N
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FIG. 2 (color online). Mean squared displacement per particle
times  as a function of ln  for a typical basin explored at T 
0:04. The continuous line shows the harmonic behavior 32 kB T.
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The logarithmic term results from the number of distinct
ways E  Egs N bonds can be broken among N particles.
A one-parameter fit [see Fig. 3(b)] suggests Sconf Egs 
2:1 [26]. Equations (4) and (5) fully define the statistical properties of the PES. All thermodynamic functions
can be evaluated from them. Indeed, solving dSconf 
Sex
vib =dE  1=T, the T dependence of E is found to be
ET  Egs  2:56e1=2T , providing the continuous line in
the inset of Fig. 1(a), and parametrically, the continuous
lines for Sex T; Sex
vib T and Sconf T, compared with the
numerical estimates in Figs. 3(c) and 3(d).
According to the picture emerging from this study,
strong liquid behavior is connected to the existence of an
energy scale (provided by the bond energy) which is discrete and dominant as compared to the energetic contributions coming from nonbonded next-nearest neighbor
interactions [28]. It is also intimately connected to the
existence of a significantly degenerate ground state, favoring the formation of highly bonded states which can still
entropically rearrange to form different bonding patterns
with the same energy [29]. The presence of the bond
energy scale [30] also determines a distribution of energy
levels above the disordered ground state which are logarithmically spaced. These results help rationalize previous
landscape analysis of realistic models of network-forming
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FIG. 3 (color online). Energy E [panels (a) and (b)] and T
ex
[panels (c) and (d)] dependence of Sex
tot , Svib , and Sconf . A typical
error bar is shown in panel (b). Dashed lines for Sex
conf E and
Sex
E
are
fits
to
Eqs.
(4)
and
(5)
(see
text).
The
continuous
line
vib
is
the
result
of
summing
the
obtained
fit
functions.
The
for Sex
tot
ex
continuous lines for Sex
tot T, Svib T, and Sconf T are calculated
from the T dependence of E (see text).
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liquids [12] and the recent observation by Heuer and coworkers that the breakdown of Gaussian landscape statistics is associated with the formation of a fully connected
defect-free network [13]. While in realistic models the
ground state energy is not known, and the very long
equilibration times needed prevent an unambiguous determination of the ground state degeneracy, both these quantities can be calculated for the present model.
In this model, the discrete energy states provide a truly
degenerate ground state. In real systems, small differences
in energy exist, e.g., resulting from second neighbor interactions, between configurations that in our model would
correspond to the same energy state. Hence, in real systems
the ‘‘ground state’’ energy is smeared out, singling out a
unique lowest energy state. Consequently, for kB T values
smaller than this spread in energy, Sconf approaches zero.
Therefore, our classical model is strictly applicable at
temperatures where quantum effects are negligible [31],
and for values of kB T much larger than the spread in energy
of the ground state.
The simplicity of the model and the possibility of calculating accurately the relevant thermodynamic properties
at all T makes this model a relevant candidate for deepening our understanding of the differences between strong
and fragile liquids. Results reported here suggest that
strong and fragile liquids are characterized by significant
differences in their PES properties. In a simplified picture,
a nondegenerate disordered ground state and Gaussian
statistics characterize fragile liquids, while a degenerate
disordered ground state and logarithmic statistics are associated with strong liquids. The origin of this difference is
traced to the presence of a discrete energy scale, provided
by particle bonds, and to the intrinsic degeneracy of topologically disordered networks.
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