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ABSTRACT: Systems of particles with interactions given by
the Jagla core-softened pair potential are known to exhibit
water-like thermodynamic anomalies and a liquidliquid phase
transition. The drawback of the Jagla potential is that it is
characterized by discontinuous forces acting between particles
and thus is not suitable for standard molecular dynamics (MD)
simulations. Here we introduce a smooth version of the Jagla
potential based on two Fermi distributions and study the
properties of a system of particles interacting via this new
“FermiJagla” pair potential by using standard MD simulations. We ﬁnd that the liquid based on the FermiJagla potential retains most of the properties of the liquid based on the original
Jagla potential. Namely, it exhibits the following water-like anomalies: (i) decrease of density, (ii) increase of compressibility, kT(T,P),
and (iii) increase of isobaric speciﬁc heat, CP(T,P), upon isobaric cooling, and (iv) increase of diﬀusivity upon isothermal
compression. The FermiJagla potential also exhibits (i0 ) density minima, (ii0 ) compressibility minima, (iii0 ) isobaric speciﬁc heat
minima upon isobaric cooling, and (iv0 ) diﬀusivity minima upon isothermal compression. As in the Jagla model case, we ﬁnd a
liquidliquid phase transition (LLPT) and a liquidliquid critical point in the equilibrium liquid. Contrary to the case of the
original Jagla model liquid, the LLPT line for the FermiJagla potential has a negative slope in the PT plane that extends well
above the crystallization temperature. This feature makes the FermiJagla potential a better candidate to reproduce the behavior of
tetrahedral liquids including water, for which the LLPT line observed in simulations has also negative slope. In the glass state, the
FermiJagla pair potential results in reversible polyamorphism between low- and high-density amorphous solids (LDA and HDA,
respectively). We also ﬁnd that HDA results from pressure-induced amorphization of the model’s low pressure crystal, as observed
in water and other materials. The FermiJagla pair potential, being a smooth function of the interparticle separation, can be easily
implemented in standard MD simulation codes. Moreover, since spontaneous crystallization for the FermiJagla potential can be
avoided by fast cooling, it can be used to study the phenomenology of glasses.

I. INTRODUCTION
Most substances have one liquid phase and can be brought
into one glass state, e.g., by rapidly cooling the liquid. However,
roughly 25 years ago, experiments at low temperature showed
that a single substance, water, could exist in at least two diﬀerent
glass states; such glass states being separated by an apparent ﬁrstorder phase transition.1,2 The observation of more than one glass
state in a single substance gave origin to the concept of “polyamorphism” (see, e.g., refs 37). Polyamorphism is not limited
to the glass state (glass polymorphism) but can also occur in the
liquid state (liquid polymorphism). Although more than 40 years
ago theoreticians noticed that liquid polymorphism could exist
in classical liquids (see, e.g., refs 8 and 9), such an idea was not
set on ﬁrm grounds until the work of Poole et al.10 based on
computer simulations of water. These simulations indicate that
water could have, in addition to two glass states, two diﬀerent
liquid states. Their simulations showed that these two liquid
states, low- and high-density liquid (LDL and HDL, respectively), were separated by a ﬁrst-order phase transition line
ending in a liquidliquid critical point (LLCP).
r 2011 American Chemical Society

At present, there is a large number of substances that are
known to exhibit liquid or glass polymorphism. Examples
include monatomic systems, such as silicon,11 germanium,12 and
phosphorus,13,14 molecular systems, such as water,1,2 as well as
multicomponent systems, such as SiO2,15 Ce75Al25 metallic
glasses,16,17 and Al2O3Y2O3 melts.18 Experimental evidence
indicating the existence of an LLPT in the molecular systems
n-butanol,19,20 triphenyl phosphite (TPP),2123 and binary mixtures containing TPP24 have also been reported. Liquid polymorphism may not be a rare phenomenon and many substances
have been suggested to exhibit LLPT (see, e.g., refs 2527).
Many of these polyamorphic substances are relevant to technological applications. For example, the garnet Y3Al5O12 in the
Al2O3Y2O3 system is commonly used as a host material in
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Figure 1. (a) Comparison of the FermiJagla pair interaction potential studied in this work (red curve) and the Jagla pair potential (black curve)
previously proposed to model the properties of water. (b) The Jagla model results in an interparticle force that is a discontinuous function of the particle
separation, r (black curve). The FermiJagla potential is smooth, with a pair interaction force that is a continuous function of r (red curve).

various solid-state lasers28 and silicon plays a central role in
electronic and photovoltaic applications. Water, an ubiquitous
liquid in Earth, is also relevant in technological application and, in
particular, it plays a central role in biology and chemistry.29,30
The presence of liquidliquid or glassglass transitions in
these substances, and possibly the existence of an LLCP, can
be crucial in the determination of the thermodynamic, structural,
and dynamical properties of these substances. In particular,
the presence of an LLCP could aﬀect the properties of these
substance at temperatures and pressures in the phase diagram far
from the location of the LLCP, originating anomalous properties
in these liquids. It follows that the performance of these substances
in engineering applications, and their eﬀect in biological systems
for the case of water, could be largely aﬀected by the presence of
more than one liquid states.
The ﬁeld of polyamorphism is relatively new and much eﬀort
has been spent in order to obtain a general picture of the
thermodynamic and dynamical properties of polyamorphic substances. Much of our knowledge of polyamorphic substances is
based on computer simulations. This is, in part, because polyamorphism in experiments may occur at low-temperatures where
crystallization cannot be avoided, such as in the case of liquid
water, or at thermodynamic conditions where experiments may be
diﬃcult to perform, e.g., high pressures.31 Fortunately, model
systems for computer simulations are available where these
problems can be avoided. Examples include realistic computer
simulation models of water,3235 silica,36 silicon,3739 and germanium.12,40 In addition, there is a large family of monatomic model
systems that can also exhibit polyamorphism. In these model
systems, particles interact via isotropic pair interaction potentials
that are characterized by a hard-core decorated by a core-softened
part;41,42 an example of such potentials is shown in Figure 1a.
Core-softened pair potentials have been proposed as models
for metals, such as cerium and cesium,41,42 polymer solutions,43 as
well as coarse-grain models of molecular systems, such as water.44
With appropriate parametrization, core-softened potentials are
remarkable model liquids that exhibit anomalous properties
observed, e.g., in tetrahedral liquids such as silica and water.45
They can also exhibit polyamorphism, both in the liquid4649
and glass state.45,50,51 A particular subfamily of core-softened pair
potentials, the “ramp” and Jagla models, have been studied
extensively in the past due to the similarities in their phase
diagram with that of water (see, e.g., the review articles 52 and 53).
In some cases, such similarities are not only qualitative but can be
extended to the quantitative level.44

In this work we introduce a core-softened, isotropic, pair interaction potential based on the Jagla model47,48 [see Figure 1a] in
which the linear ramps are replaced by two Fermi functions.
Contrary to the Jagla pair potential case, this new FermiJagla
pair potential is smooth, resulting in forces between particles
that are continuous functions of the interparticle separations (see
Figure 1b). Although slight modiﬁcations in pair interaction
potentials can result in drastic changes in the corresponding
liquid’s properties, we ﬁnd that the FermiJagla potential
preserves the main properties of the original Jagla model. Speciﬁcally, it exhibits both liquid and glass polymorphism and a LLCP in
the equilibrium liquid domain, well separated from the crystallization region. The FermiJagla potential has an advantage, with
respect to the Jagla potential, that it shows a liquidliquid phase
transition (LLPT) line with a negative slope in the P vs T plane.
Identifying monatomic model systems with a negatively sloped
LLPT line has been challenging,54 while it is an important feature of
the majority of real polyamorphic systems, such as silicon,55 yttrium
oxidealuminum oxide melts,56 and water,6 in which the LLPT line
in the P vs T plane has, or it is expected to have, a negative slope.
This work is organized as follows. In the next section, we
deﬁne the FermiJagla pair interaction potential used in this
work and discuss the computer simulation details. In section III
we discuss the phase diagram of the model, including the LLPT
and the water-like anomalous properties that the FermiJagla
liquid exhibits at temperatures above the LLCP. Both thermodynamic and dynamical properties are described. In section IV,
we show that the FermiJagla system exhibits glass polymorphism. In particular, it is shown that MD simulations using the
FermiJagla potential can indeed reproduce the transformation
between low- and high-density amorphous solids (LDA and
HDA, respectively) upon compression and decompression,
which are observed in polymorphic glasses. We also observe
the pressure-induced amorphization of the model’s low-pressure
crystal, which results in HDA. A summary of the results is
provided in section V.

II. COMPUTER SIMULATIONS
FermiJagla Pair Interaction Potential. We perform molecular dynamics (MD) simulations of a system of particles interacting via a smooth pair interaction potential defined in eq 1 and
shown in Figure 1a. Our potential is based on the Jagla potential47,48
in which linear ramps are replaced by Fermi distributions and
the hard sphere repulsion is replaced by a power law repulsion.
14230
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Table 1. Pair Interaction Potential Parameters Used in eq 1a

a

n

A0

A1

A2

B0

B1

B2

20

4.56

28.88

1.36

1.00

3.57

2.36

See Figure 1a.

The Jagla potential was originally proposed to model the behavior of water and silica45 and has been extensively studied in the
past.46,51,54 A smooth version of the Jagla potential has been
introduced by Jagla himself45 to study polymorphic glasses of
binary mixtures; the choice of using binary mixtures in ref.,45
instead of monodisperse liquids, was justified in order to avoid
crystallization. The functional form of our potential is simpler
than the one proposed by Jagla. Also our potential is infinitely
differentiable for any values of intermolecular distance, while the
Jagla potential diverges at the hard-core distance. As the original
Jagla potential, the FermiJagla potential also has a hard-core
part at short particle separations, r, a core-softened part at
intermediate particle separations, followed by an attractive part at
larger particle separations. This potential is characterized by two
length scales, defined by the effective hard-core distance a, and
the wide potential minimum located at r ≈ 2a (we note, however,
that the effective length scales of this pair potential are r ≈ a and
r ≈ 1.7a; see section III.A).
The functional form of the FermiJagla pair interaction
potential of Figure 1(a) is given by
2
6
6
UðrÞ ¼ E0 6ða=rÞn þ
4



A
 0

A1
1 þ exp
ðr=a  A2 Þ
A0
3

ð1Þ

7
B
 0
7
5
B1
1 þ exp
ðr=a  B2 Þ
B0

The parameters Ai and Bi (i = 0,1,2) are provided in Table 1 (the
parameters ɛ0 and a are irrelevant since they deﬁne respectively
the unit of energy and length). The advantage of the pair
potential given in eq 1, relative to the Jagla potential, is that it
is a smooth function of r, i.e., its ﬁrst derivative with respect to r is
a continuous function. It follows that the forces between particles
resulting from eq 1 are continuous functions of r, see Figure 1b.
Smooth isotropic potentials that exhibit water-like anomalies
have been proposed in the past; see, e.g., refs 43, 49, and 5762.
The success of such potentials to exhibit water-like properties
varies and, not surprisingly, the properties of the corresponding
liquids are extremely sensitive to the details of the pair interaction
potential considered (see, e.g., refs 48, 58, and 6367). The goal
of this work is to obtain a smooth pair interaction potential
that exhibits not only the anomalous properties of liquid water
but also polyamorphism in both the liquid and glassy state. The
Jagla potential exhibits polyamorphism in the liquid and glassy
state45,46,50,51 and, hence, our choice of using it as a starting point
to deﬁne U(r).
The rationale behind the particular functional form of U(r) in
eq 1 is to generate a family of pair interaction potentials that can
be easily tuned with the change of a few parameters. The three
terms in eq 1 have a simple interpretation in deﬁning the shape
of U(r). Speciﬁcally, the ﬁrst term is mainly responsible of the
hard-core part of the pair potential and prevents particles from

overlapping with one another. The second term is a Fermi
distribution (where r plays the role of energy) that is mainly
responsible for the core-softened part of U(r). The parameters
A0 and A2 deﬁne the amplitude and location (Fermi’s energy) of
this distribution, respectively. The slope of the Fermi distribution, at its Fermi energy, is controlled by the parameter A1 and
can be used to alter the slope of the core-softened part (i.e., the
negatively sloped ramp) of U(r). The third term of eq 1 is an
inverted Fermi distribution and is mainly responsible for the
positively sloped ramp of U(r). The parameters B0 and B2 deﬁne
the amplitude and location (Fermi energy) of the distribution,
whereas B1 can be used to tune the slope of U(r) at r ≈ B2. In this
work, we will consider the parameters given in Table 1. They
have been chosen in order for the smooth pair interaction
potential to reproduce the forces between particles deﬁned in
the Jagla model, at separations r ≈ 1.2 and 2.2 [see Figure 1b].
These values of r correspond approximately to the location of
the midpoint of the ramps in the Jagla pair interaction potential
[Figure 1a].
Simulation Details. All simulations are performed for a
system of N = 1728 particles. Simulations in the liquid state are
performed at constant volume and temperature (NVT-ensemble);
constant pressure and temperature (NPT-ensemble) simulations
are performed to study the glass state. The temperature is
controlled by rescaling periodically the particle’s velocities68 every
100 simulation time steps. Quantities are reported in reduced
units. Energies and temperatures are reported in units of ɛ0 and
ɛ0/kB, respectively, where kB is the Boltzmann constant. Distances are reported in units of a, which corresponds approximately to the hard-core distance of U(r) [see Figure 1a]. Times
are give in units of a(m/ɛ0)1/2. This choice of units define the
units of all other quantities; for example, pressure and density
units are ɛ0/a3 and m/a3, respectively. NVT ensemble simulations are performed for at least 9.9  106 time steps, starting
from an equilibrated, high-temperature liquid configuration. The
particle’s mean-square displacement obtained at a given
T indicates that particles diffuse for at least 23 particle
diameters, suggesting that simulations are run for long enough
times in order for equilibrium to be reached. The computer
simulation time step is dt = 0.001; a cutoff distance of rc = 4.0 is
used in the calculation of the pair interactions.
We also perform cooling simulations in the NVT ensemble to
obtain approximate isochores in the PT phase diagram of
the system. In these cases, the temperature of the thermostat is
reduced by ΔT = 105 every time interval Δt = 0.1, resulting in
a ﬁxed cooling rate of qT  ΔT/Δt = 104 (qT units are ɛ3/2
0 /
(m1/2kBa)).
Computer simulations of compression and decompression of
glasses and crystals are performed at constant temperature and
pressure (NPT ensemble). In these cases, the temperature of the
system is kept constant while the pressure is controlled using
a Berendsen barostat.69 Upon compression or decompression,
the barostat pressure is increased by ΔP = (1.27  107 every
time step (Δt = 0.001), resulting in a compression/decompres1/2 4
a )).
sion rate of qP = (1.27  104 (qP units are ɛ3/2
0 /(m
A quantitative connection between units and rates from
computer simulations using the Jagla model and physical units
for the case of real water is provided in ref 51. The same
connection between simulations and water physical units of
ref 51 applies to this work. In particular, a separation between
particles of r = a, in our model liquid, corresponds to the distance
between nearest neighbors in water, ∼0.27 nm. Moreover, by
14231
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Figure 2. (a) phase diagram of a system of particles interacting via the FermiJagla pair potential [Figure 1a]. The system exhibits a liquidliquid ﬁrstorder phase transition line (red curve) that ends at a liquidliquid critical point (LLCP, empty red circle). The LDL and HDL spinodal lines are
represented by purple up- and down-triangles, respectively. A magniﬁcation of the LLCP region is shown in (b). The supercritical liquid exhibits extrema
lines in dynamical and thermodynamical properties. Magenta line is the maximum (full squares, Fmax) and minimum (empty square, Fmin) density line.
Green lines are maximum compressibility lines (full diamonds, kmax). Blue lines are the maximum (right-triangles, Dmax) and minimum (left-triangles,
Dmin) diﬀusivity lines. The low-pressure kmax and Fmax lines intersect one another at point “A”, where the slope of the Fmax line is inﬁnite. Crystallization
occurs only at low pressures; the orange curve indicates approximately the temperature at which the liquid spontaneously crystallizes. Thin black lines are
isochores obtained upon cooling the liquid continuously; black dots are results from constant volume and temperature simulations.

using the same argument of ref 44, one can associate a particle in
our model liquid to one water molecule plus one-quarter of each
of its four nearest neighbors (two molecules in total).

III. LIQUID POLYMORPHISM: PHASE DIAGRAM AND
ANOMALOUS PROPERTIES
Figures 2a and 2b show the phase diagram for a system of
particles interacting via the FermiJagla pair potential. Figure 2a
is qualitatively similar to the phase diagram obtained in ref 70
from discrete MD simulations using the Jagla pair interaction
potential. In particular, it exhibits an LLPT line ending in an
LLCP. It also shows extrema lines in various thermodynamic
properties, such as density and compressibility, implying that the
liquid exhibits some of the anomalous properties found in water,
such as the increase of compressibility upon isobaric cooling and
the presence of density maxima. The properties of polyamorphic,
monatomic liquids composed of particles interacting via coresoftened isotropic pair potentials are discussed in detail in, e.g.,
refs 52 and 53. In this section, we describe brieﬂy the features of
the phase diagram of Figure 2 and compare it with the phase
diagram of the Jagla model.
A. LiquidLiquid Phase Transition. Figure 2a shows the
liquid isochores in the PT plane corresponding to the potential
of eq 1. The intersection of these isochores indicates that the
system exhibits a LLPT. Figure 2b shows the region of the phase
diagram where the LLPT occurs. The LLCP is located at TC0 ≈
0.18 and PC0 ≈ 0.35. Figure 2b also shows the LDL and HDL
spinodal lines at T < TC0 which define the boundaries of the
regions where these liquids can be found.
One of the most interesting observations of Figure 2(b) is that
the slope of the LLPT line is slightly negative, dP/dT|coexistence =
0.08 at T ≈ 0.17. From the Clapeyron relation,71 it follows
that LDL has less entropy (i.e., is more ordered) than HDL.
Experiments in common polyamorphic substances, such as water,6
silicon,55 and yttrium oxide-aluminum oxide melts,56 indicate
that, at least for these cases, the slope of the LLPT line should
be negative. In this regard, we note that the Jagla model liquid,
with the parametrization corresponding to Figure 1a, exhibits a
LLPT line that is positively sloped in the PT plane. Although
reparameterization of the Jagla model can lead to negatively

Figure 3. Liquid isotherms in the Pv plane (v = V/N). Isotherms at
T = 0.14, 0.15, 0.16, and 0.17 are shifted respectively by ΔP = 0.4, 0.3,
0.2, and 0.1; isotherms at T = 0.19, 0.20, and T = 0.22 are shifted by
ΔP = 0.1, 0.2, and 0.3, respectively. Above the LLCP temperature, TC0 =
0.18, isotherms decrease monotonically with v while, at T < TC0 ,
isotherms exhibit unphysical oscillations indicating phase separation
into LDL and HDL. The isotherm at T = 0.15 is shown in the inset. The
horizontal line indicates the coexistence pressure (shifted by ΔP = 0.3)
obtained by applying the “lever rule”.71 The radial distribution functions
of the liquid at the state points indicated by L, H, and L + H [which
correspond to pure LDL (v = 3.375), HDL (v = 2.460), and a mixture of
LDL and HDL (v = 2.945), respectively] are shown in Figure 4.

sloped LLPT lines,54 crystallization in these cases easily occurs
and makes it diﬃcult the access of the LDL-HDL coexistence region
using computer simulations.54 As shown in Figure 2a, this is not the
case for the smooth pair interaction potential of eq 1 since the
crystallization line is well-separated from the LLCP. As shown in
Figure 2, crystallization occurs only in the LDL phase. At high
pressure, crystallization of HDL is not observed in the present
simulations, HDL forming a glass at very low temperatures. Similar
observations, i.e., crystallization of LDL and absence of crystallization of HDL, were reported in ref 52 from MD simulations using
the Jagla model. It is probable that the fast crystallization of LDL in
both the Jagla and FermiJagla models is due to the similarities in
the structure of LDL and HCP crystal [see Figures 4a and 9c].
The LLCP, LL coexistence, and spinodal lines in Figure 2 are
determined from Figure 3, which shows the P(v) isotherms of
14232

dx.doi.org/10.1021/jp205098a |J. Phys. Chem. B 2011, 115, 14229–14239

The Journal of Physical Chemistry B

Figure 4. Radial distribution functions (RDFs) of (a) LDL, (b) HDL,
and (c) a mixture of LDL and HDL at T = 0.15. The volume of the liquids
are indicated in the inset of Figure 3 by the symbols L, H, and L + H,
respectively. Shown in (c) are the RDFs of the mixture and the corresponding approximation given by eq 2, using the RDFs of LDL and
HDL shown in (a) and (b). The RDFs in (c) practically overlap, as
expected if the liquid is indeed experiencing an LDL-HDL ﬁrst-order
phase transition at T = 0.15.

the liquid at diﬀerent temperatures; v = V/N. The P(v) isotherms
show an unphysical region of negative compressibility for
T < 0.18, indicating that the system separates into two liquid
phases, LDL and HDL, at these temperatures. The nonmonotonic behavior of P(v) is analogous to the van der Waals loops
in the isotherms of real gases. In the MD simulations the
nonmonotonic behavior of P(v) is observed due to periodic
boundary conditions allowing the two coexisting phases to form
a ﬂuctuating boundary connecting the opposite sides of the
simulation box. The surface tension of this boundary creates a
negative contribution to the pressure which becomes stronger as
the volume decreases. At T = TC0 = 0.18, P(v) shows an inﬂection
point at P = PC0 ≈ 0.35 and v = vC0 ≈ 2.9 (corresponding to a
density number N/V ≈ 0.345), which deﬁnes the location of the
LLCP. The maxima and minima of the P(v) isotherms deﬁne the
LDL and HDL spinodal lines, respectively, whereas the coexistence line in Figure 2 is obtained by applying the “lever rule” to
the P(v) isotherms.71 At T = 0.15, the volume per particle of HDL
and LDL at the coexisting pressure are vHDL = 2.502 and vLDL =
3.322 (see inset of Figure 3), resulting in a molar volume ratio
of vHDL/vLDL ≈ 0.75. Interestingly, the molar volume ratio of
water HDA and LDA at T = 130140 K is vHDA/vLDA = 0.79; see
Figure 2 of ref 72. We note that the lowest temperature at which
we can determine reliable isotherms is T = 0.14.
The structural properties of LDL and HDL are similar to those
observed in the case of the Jagla model liquid. The radial
distribution functions (RDFs) of LDL and HDL at T = 0.15
are shown in Figures 4a and 4b, respectively. These RDFs
correspond to the state points denoted as “L” and “H” in the
inset of Figure 3. In LDL, nearest neighbors are separated in
average by a distance r2 = 1.7, as indicated by the location of the
ﬁrst peak of the RDF shown in Figure 4a. This distance is slightly
smaller than the location of the minimum in the FermiJagla
pair potential shown in Figure 1a. As LDL transforms to HDL,
nearest neighbors move closer to each other, from an average
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separation r2 to a typical distance r1 = 1. These characteristic
distances are deﬁned by the location of the ﬁrst two peaks in the
RDF shown in Figure 4c. The value r1 corresponds approximately to the hard-core radius of the smooth pair interaction
potential shown in Figure 1a. We note that the ratio r1/r2 ≈ 0.59
is close to the ratio between the ﬁrst and second shell radii in
water, ∼0.6. The relevance of the value for r1/r2 in order for a
monatomic liquid to reproduce water-like properties has been
discussed in detail in refs 66 and 67 based on computer
simulations of Jagla model liquids with no attractive part (these
liquids do not exhibit LLPTs).
It is expected that if there is a phase transition between LDL
and HDL, the RDF of the liquid in the coexistence region should
be well-approximated by a linear superposition of the RDFs of
LDL and HDL. To show that this is the case for the present
system, we calculate the RDF of the system at the state point
indicated as “L+H” in the inset of Figure 3. The RDF for the
mixture is shown in Figure 4c. We also include the RDF resulting
from the approximation
gðrÞ ¼ x gLDL ðrÞ þ ð1  xÞ gHDL ðrÞ

ð2Þ

where x = 0.46 and (1  x) are the fractions of the system in the
LDL and HDL phase, respectively, and are obtained from the
inset of Figure 3a using the “lever rule”.71 Figure 4c shows that
indeed the RDF of the mixture is well-approximated by eq 2.
B. Liquid Anomalous Properties in the Supercritical Region.
The existence of the LLCP in Figure 2a implies that the liquid
must exhibit, at least, two anomalous properties in the supercritical
region (T > TC0 ): the increase of constant-pressure specific
heat [CP(T, P)] and isothermal compressibility [kT(T, P)] upon
isobaric cooling. These anomalous properties are associated to the
presence of minima and maxima in kT(T, P) and CP(T, P) as
function of temperature, at constant pressure. The location of these
extrema in the PT plane define the minimum and maximum
kT(T, P) lines, kmin and kmax lines, respectively, as well as the
and CP,max line,
minimum and maximum CP(T, P) lines, Cmin
P
respectively. In normal liquids, such lines do not exist; kT(T, P)
and CP(T, P) decrease monotonically upon isobaric cooling since
these quantities are proportional to the liquids’s volume and
entropy fluctuations,73 respectively, which usually become smaller
as the system becomes more distant from the normal gasliquid
critical point. In the presence of the LLCP, kT(T, P) and CP(T, P)
decrease upon isobaric cooling at large enough T, as the liquid
becomes more distant from the gasliquid critical point, but
at certain T they must start to increase as the system approaches to
the LLCP. For the temperatures below the LLCP, one can
expect that kT(T, P) and CP(T, P) must start to decrease upon
cooling again.
In the case of water, computer simulations using the ST2,
TIP4P/2005 and TIP5P models indicate that water has a single
kmax line.32,33,46 This kmax line originates at the LLCP and can
be thought of an extension of the LLPT line (at T < TC0 ) into the
supercritical region.71 Similarly, in the case of the Jagla model
liquid, a kmax line originates at the LLCP and extends into the
supercritical region with a positive slope. However, in this case,
a second kmax line is observed (see Figure 5b of ref 52). This
additional kmax line emerges from the minimum of the LDL
spinodal line, where it crosses the maximum density line, and
extends to higher temperatures in the P vs T plane with negative
slope, until it crosses the maximum density line again at the point
of its maximal temperature.
14233
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Figure 5. (a) Isothermal compressibility, kT(T,P), as function of
temperature at pressures (a) above and (b) below the LLCP pressure.
Insets in (a) and (b) are a magniﬁcation of the corresponding panels at
low temperature. The maxima of kT(T,P) in (a) deﬁne the high-pressure
kmax line of Figure 2a; the maxima in (b) deﬁne the low-pressure kmax
line of Figure 2a.

Similarly to the Jagla model liquid, there are two kmax lines in
the phase diagram of the FermiJagla pair potential. Figures 2a
and 2b show that one of the kmax lines is located above the LLCP,
while the other exists below the LLCP. Simulations at high
temperature show that the kmax lines merge into a common
compressibility minimum line, kmin line, that expands from one
kmax line to the other (not shown). The kmax line located at
P < PC0 corresponds to the maximum compressibility line that
emerges from the LLCP. This line is analogous to the single kmax
line observed in the computer simulations of water.46 We note
that the slope of this kmax line in the PT plane is negative since
the slope of the LLPT line is also negative. Note that the kmax line
located at P > PC0 cannot be associated to the LLCP. This is
because the kmax line that emerges from the LLCP should be a
smooth extension of the LLPT line and thus, its slope should also
be negative for P ≈ PC0 . Instead, the slope of the kmax line located
at P > PC0 is positive for P ≈ PC0 . The possibility for this kmax line
to exhibit a change in slope at P ≈ PC0 , and hence a minimum in
the PT plane, should be ruled out. If this was the case, there
should exist a kmin line in Figure 2b intersecting the kmax line at
its minimum. A kmin line at P ≈ PC0 and T > TC0 is not observed in
the present simulations (Figure 2b).
In analogy with the Jagla model liquid (see Figure 5b of ref 52),
one would expect that the kmax line located at P > PC0 emerges
from an extremum of the HDL spinodal line. It is diﬃcult to
discern from Figure 2b whether this is the case for the smooth
pair potential. Moreover, since the HDL spinodal line in
Figure 2b approaches the LLCP with approximately zero slope,
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one could also expect that the kmax line (located at P > PC0 )
emanates from the LLCP. Figure 2b suggest that this may be
the case for the FermiJagla potential. Elucidating the precise
relationship among the kmax and spinodal lines requires a
detailed characterization of the P ≈ PC0 region of the phase
diagram; this issue will be addressed in a future work.
The plots of kT(T,P) as function of temperature are shown
in Figures 5a and 5b at P < PC0 and P > PC0 , respectively. The
maxima in these ﬁgures deﬁne the kmax lines of Figure 2. The
maxima of kT(P,T) increase as one moves along the kmax lines,
approaching the LLCP.
As expected, we observe a Cmin
P line in the (P, T) plane which
goes almost vertically at T ≈ 0.75 and expands approximately
over the range 0 < P < 0.65. One would also expect to observe a
line emerging from the LLCP in Figure 2a. The Cmax
line
Cmax
P
P
line at temperatures T ≈ TC0
should collapse with the kmax
T
constituting the so-called ‘Widom line’.46 We run constantline.
pressure, cooling simulations in order to detect the Cmax
P
However, no clear maxima were observed. We believe that this is
because, in the present model liquid, the diﬀerence in entropy (S)
between LDL and HDL is small. This is because the slope of the
LLPT line is small and, from the Clapeyron relationship, such a
slope is proportional to ΔS = SHDL  SLDL. Thus, since CP(T, P) =
T(∂S/∂T)P, it follows that the change in CP(T, P), when going
from LDL and HDL, should also be small resulting in weak
speciﬁc heat maxima.
An interesting feature of Figure 2a is the presence of a density
maximum line (Fmax line), deﬁned as the set of temperatures at
which the density reaches a maximum upon isobaric cooling.
Its presence implies that the liquid exhibits a density anomaly, i.e.,
the existence of a range of temperatures at which the liquid
expands upon isobaric cooling (normal liquids become denser
upon cooling). As found in the case of water and Jagla model
liquid,52,70 the Fmax line in Figure 2a has a nose-like shape. For the
FermiJagla potential, the Fmax line extends up to a maximum
temperature T ≈ 0.47 (point “A” in the ﬁgure).
Sastry et al.74 showed that an intimate relationship exists
between the Fmax and kmax
T lines. Speciﬁcally, they showed that
if the slope of the Fmax line in the PT plane is inﬁnite [point A
in Figure 2a] then the Fmax and kmax lines must intersect one
another at that particular point. Figure 2a shows that this is
indeed the case for the kmax line located at P < PC0 .
Thermodynamic arguments indicate that the Fmax line cannot
end at ﬁnite temperature, in isolation. It must either terminate on
a spinodal line75 or merge with a minimum density line, Fmin
line.32 The Fmin line is deﬁned as the set of temperatures in the
PT plane at which the density of the liquid reaches a minimum
upon isobaric cooling. For the FermiJagla potential, it is found
that, at low pressures, the Fmax and Fmin line merge with one
another, see Figure 2a. However, at high pressures, there is no
Fmin line and hence, the Fmax line must end at the LDL or HDL
spinodal line.
To ﬁnd out if the Fmax line terminates on the LDL or HDL
spinodal line, and the precise point on such a spinodal line where
the Fmax line indeed terminates, we consider the results of ref 75.
In ref 75, it is shown that as the spinodal line is approached, it
must be that
αP ðT, PÞ
f þ ∞ as P f Pspinodal
dPspinodal =dT

ð3Þ

were αP(T,P) is the isobaric expansion coeﬃcient, dPspinodal/dT
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Figure 6. Diﬀusion coeﬃcient, D(T,P), as function of density, F = V/N,
for diﬀerent temperatures. The maxima and minima of D(T,P) deﬁne
the Dmax and Dmin lines of Figure 2a, respectively. Lines are guide-to-theeye obtained with 7-order polynomial interpolation.

is the slope of the spinodal line, and Pspinodal is the pressure at the
spinodal line, at the state point of interest. Figure 2b shows that
dPspinodal/dT < 0 along the LDL spinodal line, while dPspinodal/
dT g 0 along the HDL spinodal line. Since αP(T,P) < 0 on the
left side of the Fmax line in Figure 2a, it follows that eq 3 can be
satisﬁed only if the Fmax line terminates at the HDL spinodal line,
crossing the LLPT coexistence line.76 Moreover, since αP(T,P) = 0
along the F max line, it can be shown from eq 3 that, if the
HDL spinodal line has a maximum, which could not be resolved
with the available data in Figure 2a, then the Fmax line in Figure 2b
must terminate at such a maximum; otherwise, the Fmax line must
terminate at the LLCP, at which the HDL spinodal line in
Figure 2b should have a zero slope. In both scenarios, given the
shape of the HDL spinodal line in Figure 2b, the Fmax line would
appear to emerge from the LLCP, as in Figure 2b.
C. Dynamics. Systems of particles interacting via coresoftened pair potentials have the capability to exhibit diffusivity
anomaly, i.e., the increase of diffusivity upon isobaric cooling.
The FermiJagla potential is not an exception. In fact, we find
that the liquid exhibits a maximum diffusivity line (Dmax line),
which is defined as the set of pressures at which the diffusion
coefficient D(T,P) is maximum upon isothermal compression.
The Dmax line is shown in Figure 2a. Simulations also indicate the
presence of a minimum diffusivity line [Figure 2a], Dmin line, at
low pressures (the Dmin line is defined as the set of pressures
at which D(T,P) is minimal upon isothermal compression). In
order to show that D(T,P) has indeed maxima and minima at
constant temperature, we show in Figure 6 the calculated D(T,P)
as function of density for different temperatures.
In the Jagla model liquid, HDL is a “strong” liquid,5 the
diﬀusion coeﬃcient following an Arrhenius law


EA
D ¼ D0 exp 
kB T

ð4Þ

where the constant EA is the activation energy.70 Instead, the
LDL liquid is “fragile”,5 with the diﬀusion coeﬃcient deviating
from an Arrhenius law.70 In the case of computer simulations of
water46 and silicon,38 a similar situation regarding the diﬀusivity
of the liquids holds. However, in these cases, the roles of LDL and
HDL are exchanged: HDL is the fragile liquid, while LDL is the
strong one. Whether LDL or HDL is the strong liquid is
apparently correlated with the slope of the LLPT line and, hence,
with the relative entropy of the liquids. In general, it is apparent

Figure 7. Arrhenius plot of the diﬀusion coeﬃcient, D(T,P), of (a) LDL
and (b) HDL at diﬀerent pressures. In the LDL case, D(T,P) follows an
Arrhenius law (eq 4). As the LLCP is approached (P f PC0 ≈ 0.35),
deviation from the Arrhenius law occurs. In the HDL case, an Arrhenius
law for D(T,P) does not hold. Panels a and b suggest that LDL and HDL
may be considered “fragile” and “strong” liquids, respectively, in Angell’s
classiﬁcation of liquids dynamics.5

that the more ordered liquid is strong (it obeys eq 4), whereas the
less ordered liquid is fragile.
For the smooth potential of eq 1, one would expect that LDL is
strong and HDL is fragile, since the LLPT is negatively sloped in
the P vs T plane, as found in water and silicon simulations.
Figures 7a and 7b show D(T,P) as function of temperature for
LDL and HDL, respectively. Figure 7a shows that, as expected,
LDL follows eq 4 at low pressures. As P f PC0 , small deviations
from the Arrhenius law can be observed. Instead, the data of
Figure 7b for HDL cannot be ﬁtted by eq 4, consistent with the
view that HDL, being less ordered than LDL, is a fragile-like
liquid.

IV. GLASS POLYMORPHISM: LOW-DENSITY AND
HIGH-DENSITY AMORPHOUS SOLIDS
Most polymorphic liquids also show, or are believed to show,
polyamorphism in the glass state. Examples include water,72
silicon,77,78 and Al2O3Y2O3 melts.18,56 Other systems, such as
tetrahedral26,27 and core-softened pair interaction liquids,16,52
may also exhibit liquid and/or glass polymorphism. In this
section, we study the glass behavior of the FermiJagla pair
potential. Speciﬁcally, we explore (i) whether this model liquid is
able to exhibit the pressure-induced amorphization (PIA) of its
low pressure crystal, and (ii) whether it exhibits glass polymorphism. This is particular relevant for the FermiJagla pair potential
given the rapid crystallization that usually occurs in MD simulations of systems of particles with smooth interactions.
A. High- and Low-Density Amorphous Solids. Experiments
in water show that isothermal compression of hexagonal ice
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Figure 8. Volume per particle as function of pressure upon compression of the low pressure (HCP) crystal at T = 0.07 (black line) and
subsequent decompression at the same temperature (red line). The
HCP crystal transforms to HDA at P = 0.68 via an apparent ﬁrst-order
phase transition. Decompression of HDA results in LDA at P ≈ 0.14.
The radial distribution function of the system at state points a, b, c, d, and
e are shown in Figure 9.

(the low-pressure, equilibrium form of ice) at T = 77 K produces HDA at P > 1 GPa.1 Similarly, MD simulations using the
Jagla model show that isothermal compression of the corresponding low-pressure crystal results in an HDA solid.51 Next,
we test whether PIA of the low-pressure crystal of our smooth
pair potential, hexagonal closed packed (HCP) crystal, also
produces HDA.
In order to form HDA, we ﬁrst take an HCP crystal conﬁguration at T = 0.16 and P = 0.19 formed spontaneously upon
cooling the liquid at constant V = 19.83 = 7762.4 at our standard
cooling rate qT = 104. The system is then compressed at
constant temperature up to P = 0.1 and then cooled isobarically
to the desired compression temperature. After thermalizing
the system for 105 time steps, the HCP crystal conﬁguration is
compressed. HCP crystal is compressed at T = 0.01, 0.03, 0.05,
0.07, and 0.10, below the crystallization line of LDL [Figure 2a].
In all cases, HCP crystal transforms to HDA rather suddenly. For
example, the volume of the system as function of pressure upon
compression HCP crystal at T = 0.07 is shown in Figure 8. The
sudden change in volume at P = 0.68 indicates that the HCP-toHDA transformation is an apparent ﬁrst-order phase transition.
The compression curve of Figure 8 is remarkably similar to the
compression curve obtained in the PIA of ice Ih in ref 1.
The structure of HCP crystal and HDA at T = 0.07 are shown
in Figure 9, panels a and b, respectively. Figure 9a shows that, as
expected, the RDF of HCP crystal exhibits long-range order as
indicated by the maxima and minima at large values of r.
Compression of HCP crystal up to P = 0.60, before the HCPto-HDA transformation occurs, results in an elastic deformation
(i.e., P is practically a linear function of v; Figure 8). In this range
of pressures, particles get closer to one another and the peaks of
the RDF shift to lower values of r. Comparison of the RDFs of
HCP crystal at P = 0.10 and P = 0.60 indicates that the main
features of the RDF remain, although the RDF starts to become
smoother as the transformation pressure is approached (see, e.g.,
the ﬁrst double peak of the RDF at r ≈ 2.23.8). During the
transformation from HCP crystal to HDA, particles move from
separations r1 ≈ 1.7 (ﬁrst peak of the RDF of HCP crystal) to
separations r2 ≈ 1. The same particle rearrangement was
observed in the LDL-to-HDL transformation (section III.A).
We note that HDA is indeed amorphous, as evidenced by the lack

Figure 9. Radial distribution functions (RDFs) during the compression-induced HCP-to-HDA transformation and subsequent decompression-induced HDA-to-LDA transformation at T = 0.07. The RDFs
correspond to state points marked by a (HCP, P = 0.10), b (HCP, P =
0.60), c (HDA, P = 0.80), d (HDA, P = 1.21), and e (LDA, P = 0.10) in
Figure 8. The RDF corresponding to state point a (HCP, P = 0.10) is
shown in both panels a and c.

Figure 10. Volume per particle as function of pressure upon compression of LDA at T = 0.03 (black line) and subsequent decompression at
the same temperature (red line). LDA transforms to HDA at P = 0.62 via
an apparent ﬁrst-order phase transition. Decompression of HDA results
in LDA at P ≈ 0.01. The radial distribution function of the system at
points a, b, c, d, and e are shown in Figure 11.

of long-range order in its RDF [Figure 9b]. Speciﬁcally, the RDF
of HDA is almost ﬂat for r > 4.2.
Included in Figure 8 is the v(P) curve upon decompression of
HDA at T = 0.07. Figure 8 may be misleading since it could be
interpreted as indicating that the HCP-to-HDA transformation is
apparently reversible, in the sense that the system can be brought
back to the starting pressure and temperature. In fact, the HCPto-HDA transformation is not reversible. A close look to the
system’s structure after decompression at P = 0.1 reveals that the
system is indeed amorphous; that is, decompression of HDA
produces an LDA solid. The RDF of LDA is shown in Figure 9c.
The RDFs of LDA and HCP crystal resemble one another.
However, LDA has only short-range order since its RDF is
mainly ﬂat for approximately r > 6.
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just before they transform to HDA. However, the RDF of HCP
crystal shows sharper maxima and minima than those observed
in the RDF of LDA, even when the HCP crystal is at a higher
temperature than LDA.
The RDFs of HDA in Figures 11b and 9b practically overlap
indicating that the same HDA form is obtained upon compression
of HCP crystal and LDA. Accordingly, the RDFs of recovered
LDA in Figures 11c and 9c also overlap. That the LDA-to-HDA
transformation is indeed reversible is supported by Figure 11c.
Speciﬁcally, this ﬁgure shows that the RDFs of the starting LDA at
P = 0.1 and recovered LDA at the same pressure practically
overlap; that is, they have the same amorphous structure.

Figure 11. Radial distribution functions (RDFs) during the compression-induced LDA-to-HDA transformation and subsequent decompression-induced HDA-to-LDA transformation at T = 0.03. The RDFs
correspond to state points marked by a (LDA, P = 0.10), b (LDA, P =
0.50), c (HDA, P = 0.70), d (HDA, P = 1.20), and e (recovered LDA,
P = 0.0) in Figure 10. The RDF corresponding to state point a (LDA,
P = 0.10) is shown in both panels a and c.

B. Apparent First-Order Phase Transition between Lowand High-Density Amorphous Solids. In polymorphic glasses,

LDA and HDA can usually be interconverted by isothermal
compression and/or decompression. This is the case of, e.g.,
water79,80 and Ce55Al45,16 and the common situation observed in
computer simulations.10,38,51,81 To test whether this scenario also
holds for the FermiJagla potential, we compress LDA at T =
0.01, 0.03, 0.05, 0.07, and 0.10 at the same compression rate used
in section IV.A for the compression of HCP crystal. LDA is
prepared by cooling the liquid isobarically at P = 0.01 to the
desired compression temperature. We use a fast cooling rate of
qT = 103 in order to avoid crystallization.
We observed that crystallization occurs during the compression of LDA at T = 0.05, 0.07, and 0.10. The crystal forms before
LDA can transform to HDA. Crystallization cannot be avoided at
these temperatures even if the compression rate is increased by a
factor of 10. At T = 0.01 and 0.03, crystallization can be avoided
and the LDA-to-HDA transformation is observed. The pressuredependence of the system’s volume upon compressing LDA at
T = 0.03 is shown in Figure 10. The LDA-to-HDA transformation occurs at P = 0.62, as indicated by the sharp change in
volume observed in Figure 10. During the LDA-to-HDA transformation (∂P/∂V)T ≈ 0 and thus, the transformation resembles
a ﬁrst-order phase transition. Upon decompression of HDA at
T = 0.03, LDA suddenly forms at P = 0.01 via an apparent ﬁrstorder phase transition (Figure 10). Thus, similar to the case of
water,72 the LDA-to-HDA transformation is reversible in the
present model liquid.
The structures of the diﬀerent glasses are compared in
Figure 11. Figure 11a shows the RDF of LDA at P = 0.1 and
P = 0.5, just before it transforms to HDA. The similarities in these
RDFs clearly indicate that only minor structural changes occur at
P e 0.5. Comparison of the RDFs of LDA at P = 0.5 and T = 0.03,
Figure 11a, and HCP crystal at P = 0.6 and T = 0.07, Figure 9a,
shows minor diﬀerences in the structure of HCP and LDA

V. SUMMARY AND DISCUSSION
In this work, we have introduced a smooth pair interaction
potential based on the Jagla pair potential that was originally used
to study the anomalous properties of water and silica. We call this
new potential the FermiJagla potential, because we replace the
linear ramps of the original Jagla potential by Fermi functions.
While the Jagla pair potential leads to forces between particles
that are discontinuous functions of the interparticle separations,
this is not the case of the FermiJagla potential. Therefore,
contrary to the Jagla model case, systems of particles interacting
via the FermiJagla potential can be simulated using standard
MD techniques. What makes the FermiJagla potential interesting, in comparison to other common smooth potentials, is that
it exhibits liquid and glass polymorphism, as in the original Jagla
model. We note that even though the FermiJagla and Jagla pair
potentials have similar form, it is not obvious that they should
shear similar thermodynamic properties since minor details in
pair interaction potentials can lead to drastically diﬀerent thermodynamic, structural, and/or dynamical properties.
The main diﬀerence between the Jagla and FermiJagla
potentials is the slope of the corresponding LLPT line. Such a
slope is positive in the Jagla liquid while it is slightly negative in
the FermiJagla potential liquid case. Experiments indicate that
most of the known polyamorphic substances, such as water,
silicon, and yttrium oxidealuminum oxide melts have, or are
expected to have, LLPT with negative slopes in the P vs T
plane. In this regard, the FermiJagla potential is a step forward
toward the modeling of the thermodynamic properties of these
substances. The fact that the LLPT is well separated from
the crystallization region in the smooth potential liquid, suggests
that reparametrization of the model may lead to liquids with
LLPT lines that have larger negative slopes than in the present
case study, as well as positive slopes. We are currently studying
the eﬀects of diﬀerent parametrization of the smooth pair
potential on the LLPT line and will present the results in a
separate work.
We have presented a detailed characterization of the anomalous properties of the liquid in the supercritical region. Speciﬁcally, we were able to locate maximum and minimum (i)
density, (ii) compressibility, and (iii) diﬀusivity lines. We also
found a minima line of constant-pressure speciﬁc heat. However,
we could not identify a maxima line associated to the constantpressure speciﬁc heat. Although such a maxima line must emerge
from the LLCP, the similar entropies of LDL and HDL
(indicated by the small slope of the LLPT line) may make it
diﬃcult to detect maxima in CP(T,P).
Regarding the dynamical properties of the liquids, we showed
that LDL, the more ordered liquid, is strong while HDL, the less
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ordered liquid, is fragile. These results are consistent with
previous work on polymorphic liquids indicating that the strong
versus fragile behavior of the LDL and HDL phases is associated
with their entropies rather than densities, so that the more
ordered phase is strong, while the less ordered phase is fragile.
Accordingly, the dynamic properties of LDL and HDL are
consistent with the observation that the LLPT line is negatively
sloped in the FermiJagla model liquid.
In the last section of this work we showed that the Fermi
Jagla model system exhibits glass polymorphism. Speciﬁcally, it
was shown that the model exhibits the (i) crystal-to-HDA and
(ii) reversible LDAHDA transformations that are commonly
observed in experiments of polyamorphic substances. A detailed
characterization of the crystallization and glass phenomenology
of the FermiJagla model system will be presented in a separate
work. The fact that polyamorphism can be studied in the present
model system makes it a remarkable tool for the study of
the phenomenology of glasses, glass polymorphism, and the
glass transition using MD simulations (in general, smooth pair
interaction potential easily crystallize, even in short MD
simulation time scales).
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