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Chapter 1

Effect of Trends on Detrended

Fluctuation Analysis

1.1 Overview

Detrended fluctuation analysis (DFA) is a scaling analysis method used to estimate long-
range power-law correlation exponents in noisy signals. Many noisy signals in real systems
display trends, so that the scaling results obtained from the DFA method become difficult
to analyze. We systematically study the effects of three types of trends — linear, periodic,
and power-law trends, and offer examples where these trends are likely to occur in real data.
We compare the difference between the scaling results for artificially generated correlated
noise and correlated noise with a trend, and study how trends lead to the appearance of
crossovers in the scaling behavior. We find that crossovers result from the competition
between the scaling of the noise and the “apparent” scaling of the trend. We study how
the characteristics of these crossovers depend on (i) the slope of the linear trend; (ii) the
amplitude and period of the periodic trend; (iii) the amplitude and power of the power-law
trend and (iv) the length as well as the correlation properties of the noise. Surprisingly, we
find that the crossovers in the scaling of noisy signals with trends also follow scaling laws —
i.e. long-range power-law dependence of the position of the crossover on the parameters of

the trends. We show that the DFA result of noise with a trend can be exactly determined by

3

the superposition of the separate results of the DFA on the noise and on the trend, assu

that the noise and the trend are not correlated. If this superposition rule is not follo
this is an indication that the noise and the superimposed trend are not independent
that removing the trend could lead to changes in the correlation properties of the noise
addition, we show how to use DFA appropriately to minimize the effects of trends, and
to recognize if a crossover indicates indeed a transition from one type to a different t
of underlying correlation, or the crossover is due to a trend without any transition in

dynamical properties of the noise.

1.2 Introduction to this chapter

Many physical and biological systems exhibit complex behavior characterized by long-ra
power-law correlations. Traditional approaches such as the power-spectrum and correla
analysis are not suited to accurately quantify long-range correlations in non-stationary
nals — e.g. signals exhibiting fluctuations along polynomial trends. Detrended fluctua
analysis (DFA) [1-4] is a scaling analysis method providing a simple quantitative param
— the scaling exponent oz — to represent the correlation properties of a signal. The ad
tages of DFA over many methods are that it permits the detection of long-range correlati
embedded in seemingly non-stationary time series, and also avoids the spurious detectio:
apparent long-range correlations that are artifact of non-stationarity. In the past few ye
more than 100 publications have utilized the DFA as method of correlation analysis,
have uncovered long-range power-law correlations in many research fields such as car
dynamics [5-23], bioinformatics [1,2,24-34], economics [35-47], meteorology [48-50], g
ogy [51], ethology [52] etc. Furthermore, the DFA method may help identify different st
of the same system according to its different scaling behaviors — e.g. the scaling expo:
« for heart inter-beat intervals is different for healthy and sick individuals [14,16,17,5
The correct interpretation of the scaling results obtained by the DFA method is crul
for understanding the intrinsic dynamics of the systems under study. In fact, for all syst

where the DFA method was applied, there are many issues that remain unexplained. On|




the common challenges is that the correlation exponent is not always a constant (indepen-

dent of scale) and crossovers often exist — i.e. change of the scaling exponent « for different
range of scales [5,16,35]. A crossover usually can arise from a change in the correlation
properties of the signal at different time or space scales, or can often arise from trends in the
data. In this paper, we systematically study how different types of trends affect the appar-
ent scaling behavior of long-range correlated signals. The existence of trends in times series
generated by physical or biological systems is so common that it is almost unavoidable. For
example, the number of particles emitted by a radiation source in an unit time has a trend
of decreasing because the source becomes weaker [54,55]; the density of air due to gravity
has a trend at different altitude [56]; the air temperature in different geographic locations
and the water flow of rivers have a periodic trend due to seasonal changes [49,50,57-59];
the occurrence rate of earthquakes in certain area has trend in different time period [60].
An immediate problem facing researchers applying scaling analysis to time series is whether
trends in data arise from external conditions, having little to do with the intrinsic dynamics
of the system generating noisy fluctuating data. In this case, a possible approach is to
first recognize and filter out the trends before we attempt to quantify correlations in the
noise. Alternatively, trends may arise from the intrinsic dynamics of the system, rather
than being an epiphenomenon of external conditions, and thus may be correlated with the
noisy fluctuations generated by the system. In this case, careful considerations should be
given if trends should be filtered out when estimating correlations in the noise, since such
7intrinsic” trends may be related to the local properties of the noisy fluctuations.

Here we study the origin and the properties of crossovers in the scaling behavior of noisy
signals, by applying the DFA method first on correlated noise and then on noise with trends,
and comparing the difference in the scaling results. To this end, we generate artificial time
series — anticorrelated, white and correlated noise with standard deviation equal to one —
using the modified Fourier filtering method introduced by Makse et al. [61]. We consider
the case when the trend is independent of the local properties of the noise (external trend).

We find that the scaling behavior of noise with a trend is a superposition of the scaling of

the noise and the apparent scaling of the trend, and we derive analytical relations base
the DFA, which we call “superposition rule”. We show how this “superposition rule”
be used to determine if the trends are independent of the noisy fluctuation in real data,
if filtering these trends out will no affect the scaling properties of the data.

The outline of this section is as follows. In Sec.1.3, we review the algorithm of the
method, In Sec. 1.4, we consider the effect of a linear trend. In Sec. 1.5, we study a peri:
trend, and in Sec. 1.6 the effect of power-law trend. We systematically study all resul
crossovers, their conditions of existence and their typical characteristics associated with
different types of trends. Further, we discuss some general rules regarding the effec

trends in Sec. 1.7. Finally, Sec. 1.8 contains a summary.

1.3 Detrended Fluctuation Analysis (DFA) Method

Using a modified Fourier filtering method [61], we can generate stationary uncorrela
correlated, and anti-correlated signals u(k) (k = 1,2,3, ..., Nmax) with a standard deviaj
o = 1. This method consists of the following steps:

(a) First, we generate an uncorrelated and Gaussian distributed sequence 7(k)
calculate the Fourier transform coefficients 7(q).

(b) The desired signal u(k) must exhibit correlations, which are defined by the for
the power spectrum

5(q) = (u(g)u(—q)) ~ ¢~ =7, (

where u(gq) are the Fourier transform coefficients of u(k) and + is the correlation expon

Thus, we generate u(q) using the following transformation:

u(q) = [S(@)]"*n(q), (

where S(g) is the desired power spectrum in Eq. (1.1).
(c) We calculate the inverse Fourier transform of u(g) to obtain u(k).

Next, we briefly introduce the DFA method, which involves the following steps [1]:
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Figure 1.1: Algorithm of DFA method.
(a) The correlated signal u(k). (b) The integrated signal: y(i) = Y 4_;[u(k) — (u)]. The
vertical dotted lines indicate a box of size n = 100, the solid straight lines segments are the

estimated linear “trend” in each box by least-squares fit.

(4) Starting with a correlated signal u(k), where k = 1,.., Njpgy and Npqep is the length
of the signal, we first integrate the signal u(k) and obtain y(i) = Y5_;[u(k) — (u)], where
(u) is the mean.

(i1) The integrated signal y(i) is divided into boxes of equal length n.

(#4) In each box of length n, we fit y(7), using a polynomial function of order ¢ which
represents the ¢rend in that box. The y coordinate of the fit line in each box is denoted by
yn (i) (see Fig. 1.1, where linear fit is used). Since we use a polynomial fit of order ¢, we
denote the algorithm as DFA-£.

(iv) The integrated signal y(i) is detrended by subtracting the local trend y, (i) in each
box of length n.

(v) For a given box size n, the root mean-square (r.m.s.) fluctuation for this integrated

and detrended signal is calculated:

(1.3)

where

is called detrended fluctuation function.

(vi) The above computation is repeated for a broad range of scales (box sizes n
provide a relationship between F(n) and the box size n.

A power-law relation between the average root-mean-square fluctuation function
and the box size n indicates the presence of scaling: F(n) ~ n®. The fluctuations
be characterized by a scaling exponent «, a self-similarity parameter which represents
long-range power-law correlation properties of the signal. If o = 0.5, there is no correlal
and the signal is uncorrelated (white noise); if @ < 0.5, the signal is anti-correlate
a > 0.5, the signal is correlated (We note that when 0 < v < 1, a and  have the follo

relation: « = (2 —7)/2).

1.4 Noise with linear trends
First we consider the simplest case: correlated noise with a linear trend. A linear trend
u(i) = Ari (

is characterized by only one variable — the slope of the trend, Ar. For convenience,
denote the r.m.s. fluctuation function for noise without trends by F,(n), linear trend:

Fi,(n), and noise with a linear trend by Fyp,(n).

1.4.1 DFA-1 on noise with a linear trend

Using the algorithm of Makse [61], we generate correlated noise with standard devia
one, with a given correlation property characterized by a given scaling exponent a.

apply DFA-1 to quantify the correlation properties of the noise and find that only in cer
good fit region the r.m.s. fluctuation function F,)(n) can be approximated by a power-

function [62].




F,(n) = bon® (1.6)
where by is a parameter independent of the scale n. We also derive analytically the r.m.s.
fluctuation function for linear trend only for DFA-1 and find that [62]

Fi,(n) = koApLn“t (1.7)

where kg is a constant independent of the length of trend N4z, of the box size n and of

the slope of the trend Ap,. We obtain aj, = 2.

6
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Figure 1.2: Crossover behavior of the r.m.s. fluctuation function for noise with superposed
linear trends.

The length of the noise (with correlation exponent a = 0.1) is Ny = 2%7, and the slopes
of superposed linear trends are Ay, = 2716,2712,9-8 For comparison, we show F,(n) for
the noise (thick solid line) and Fj,(n) for the linear trends (dot-dashed line) (Eq.(1.7)). The
results show that a crossover at a scale ny for Fp(n). For n < ny, the noise dominates

and Fyr,(n) = F(n). For n > ny, the linear trend dominates and F1,(n) = Fi,(n).

Next we apply the DFA-1 method to the superposition of a linear trend with correlated
noise and we compare the r.m.s. fluctuation function Fyy,(n) with Fy(n) [see Fig.1.2]. We

observe a crossover in Fyp(n) at scale n = ny. For n < ny, the behavior of Fyy(n) is

very close to the behavior of F;(n), while for n > n, the behavior of Fyr,(n) is very c

to the behavior of F1,(n). A similar crossover behavior is also observed in the scalin,
the well-studied biased random walk [63,64]. It is known that the crossover in the bia
random walk is due to the competition of the unbiased random walk and the bias [see Fig
of [64]]. We illustrate this observation in Fig. 1.3, where the detrended fluctuation functi
(Eq. (1.4)) of the correlated noise, Y, (i), and of the noise with a linear trend, Y, (i)
shown. For the box size n < ny as shown in Fig. 1.3(a) and (b), Y;1(i) = Y;(i).
n > ny as shown in Fig. 1.3(c) and (d), Y;(¢) has distinguishable quadratic backgro
significantly different from Y7,(7). This quadratic background is due to the integration of
linear trend within the DFA procedure and represents the detrended fluctuation func
Y7, of the linear trend. These relations between the detrended fluctuation functions Y (¢
different time scales n explain the crossover in the scaling behavior of Fyy(n): from
close to 7, (n) to very close to F1,(n) (observed in Fig.1.2).

The experimental results presented in Figs.1.2 and 1.3 suggest that the r.m.s. fluctua
function for a signal which is a superposition of a correlated noise and a linear trend
be expressed as:

[Fo(m)]* = [FL())* + [Fy () (

We provide an analytic derivation of this relation in 1.7.1, where we show that Eq.(1.8) h
for the superposition of any two independent signals — in this particular case noise ar
linear trend. We call this relation the “superposition rule”. This rule helps us underst,
how the competition between the contribution of the noise and the trend to the r.1
fluctuation function Fy,(n) at different scales n leads to appearance of crossovers [63].
Next, we ask how the crossover scale ny depends on: (i) the slope of the linear trend
(ii) the scaling exponent « of the noise, and (iii) the length of the signal Ny,q,. Surprisin
we find that for noise with any given correlation exponent « the crossover scale ny i
follows a power-law scaling relation over several decades: ny ~ (Ar)? (see Fig. 1.4).
find that in this scaling relation, the crossover exponent 6 is negative and its value depe

on the correlation exponent « of the noise — the magnitude of  decreases when « increa;
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Figure 1.3: Comparison of the detrended fluctuation function for noise Y;,(7) and for noise
with linear trend Yy, (i) at different scales.

(a) and (c) are Y}, for noise with a = 0.1; (b) and (d) are Yy, for the same noise with a
linear trend with slope Aj, = 27!2 (the crossover scale ny = 320 see Fig. 1.2). (a) (b) for
scales n < ny the effect of the trend is not pronounced and Y, = Y1, (i.e. Y3, > ¥1); (c)(d)

for scales n > ny, the linear trend is dominant and Y; < Y.

We present the values of the “crossover exponent” 6 for different correlation exponents a
in Table 1.1.

To understand how the crossover scale depends on the correlation exponent « of the
noise we employ the superposition rule [Eq.(1.8)] and estimate nx as the intercept between

F,(n) and Fi,(n). From the Egs. (1.6) and (1.7), we obtain the following dependence of 7

1/(a—ag) 1/(a=2)
mo= () ~ (43?) (1.9)
0 0

This analytical calculation for the crossover exponent —1/(a, — «) is in a good agreement

on «:

Figure 1.4: The crossover ny of Fyy,(n) for different noises with a linear trend.
We determine the crossover scale ny based on the difference A between log F}, (noise)
log F1, (noise with a linear trend). The scale for which A = 0.05 is the estimated cross
scale ny. For any given correlation exponent « of the noise, the crossover scale n, exhi
a long-range power-law behavior ny ~ (AL)O7 where the crossover exponent 6 is a func

of a [see Eq.(1.9) and Table 1.1].

with the observed values of 6 obtained from our simulations [see Fig.1.4 and Table 1.1]
Finally, since the Fy,(n) does not depend on Nyyq, as we show in Eq.(1.7), we find t
ny does not depend on N,,q,. This is a special case for linear trends and does not al

hold for higher order polynomial trends.

1.4.2 DFA-2 on noise with a linear trend

Application of the DFA-2 method to noisy signals without any polynomial trends lead
scaling results identical to the scaling obtained from the DFA-1 method, with the excep
of some vertical shift to lower values for the r.m.s. fluctuation function F,(n) [see |
However, for signals which are a superposition of correlated noise and a linear trend
contrast to the DFA-1 results presented in Fig. 1.2, Fyp(n) obtained from DFA exhi

no crossovers, and is exactly equal to the r.m.s. fluctuation function F),(n) obtained fi
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Table 1.1: The crossover exponent 6 from the power-law relation between the crossover
scale ny and the slope of the linear trend A;, — nyx ~ (AL)G — for different values of the

correlation exponents « of the noise.

o ) ~1/(2-a)
0.1 -0.54 -0.53
0.3 -0.58 -0.59
0.5 -0.65 -0.67
0.7 -0.74 -0.77
0.9 -0.89 -0.91
103 ‘ ‘ ‘ -12 :
Noise with linear trend (A =2 ~):|
ca=01 ;
10° oa=03
*a=05 a
- o =07
ECL/ 10 +0=09
— Noise
10° 7% <t et
107 : ; ; !
10° 10" 10° 10° 10*
n

Figure 1.5: Comparison of the r.m.s. fluctuation function F(n) for noise with different
types of correlations (lines) and Fyr,(n) for the same noise with a linear trend (symbols) for
DFA-2.

The slope of the linear trend is Ay, = 2712, F,1(n) = F,(n) because the integrated linear
trend can be perfectly filtered out in DFA-2, thus Y7,(¢) = 0.

DFA-2 for correlated noise without trend (see Fig. 1.5). These results indicate that a linear
trend has no effect on the scaling obtained from DFA-2. The reason for this is that by
design the DFA-2 method filters out linear trends, i.e. Yi(i) = 0 (Eq.( 1.4)) and thus

Fy.(n) = F,(n) due to the superposition rule (Eq. (1.8)). For the same reason, polynomial

trends of order lower than ¢ superimposed on correlated noise will have no effect on
scaling properties of the noise when DFA-/ is applied. Therefore, our results confirm that
DFA method is a reliable tool to accurately quantify correlations in noisy signals embed
in polynomial trends. Moreover, the reported scaling and crossover features of F'(n) car

used to determine the order of polynomial trends present in the data.

1.5 Sinusoidal trend

In this section, we study the effect of sinusoidal trends on the scaling properties of n
signals. For a signal which is a superposition of correlated noise and sinusoidal trend,
find that based on the superposition rule (see 1.7.1) the DFA r.m.s. fluctuation func
can be expressed as

[Fis(m)]* = [Fy(n)]® + [Fs(m)?, (1

where Fys(n) is the r.m.s. fluctuation function of noise with a sinusoidal trend, and F;
is for the sinusoidal trend. First we consider the application of DFA-1 to a sinuso
trend. Next we study the scaling behavior and the features of crossovers in Fys(n)
the superposition of correlated noise and sinusoidal trend employing the superposition

[Eq.(1.10)]. At the end of this section, we discuss the results obtained from higher or

DFA.

1.5.1 DFA-1 on sinusoidal trend

Given a sinusoidal trend u(i) = Agsin (27i/T) (i = 1,..., Npaz), where Ag is the amplit
of the signal and T is the period, we find that the r.m.s. fluctuation function Fs(n) does
depend on the length of the signal Ny,q., and has the same shape for different amplitt
and different periods [Fig. 1.6]. We find a crossover at scale corresponding to the perio
the sinusoidal trend

nox ~ T, (1
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and does not depend on the amplitude Ag. We call this crossover nox for convenience, as
we will see later. For n < ngax, the r.m.s. fluctuation Fs(n) exhibits an apparent scaling

with the same exponent as Fi,(n) for the linear trend [see Eq. (1.7)]:
Ac
Fs(n) = kl?%as (1.12)

where kj is a constant independent of the length Ny, of the period T and the amplitude
Ag of the sinusoidal signal, and of the box size n. As for the linear trend [Eq.(1.7)], we
obtain ag = 2 because at small scales (box size n) the sinusoidal function is dominated
by a linear term. For n > nayx, due to the periodic property of the sinusoidal trend, Fs(n)

is a constant independent of the scale n:
Ag-T. (1.13)

The period T" and the amplitude Ag also affects the vertical shift of Fg(n) in both regions.
We note that in Egs.(1.12) and (1.13), Fg(n) is proportional to the amplitude Ag, a behavior

which is also observed for the linear trend [Eq. (1.7)].

1.5.2 DFA-1 on noise with sinusoidal trend

In this section, we study how the sinusoidal trend affects the scaling behavior of noise
with different type of correlations. We apply the DFA-1 method to a signal which is a
superposition of correlated noise with a sinusoidal trend. We observe that there are typically
three crossovers in the r.m.s. fluctuation F,,S(n) at characteristic scales denoted by nix,
nax and ngx [Fig. 1.7]. These three crossovers divide F,,s(n) into four regions, as shown in
Fig. 1.7(a) (the third crossover cannot be seen in Fig. 1.7(b) because its scale nsy is greater
than the length of the signal). We find that the first and third crossovers at scales n1x and
ngx respectively [see Fig. 1.7] result from the competition between the effects on F,g(n) of
the sinusoidal signal and the correlated noise. For n < nix (region I) and n > n3yx (region
1V), we find that the noise has the dominating effect (Fy(n) > Fs(n)), so the behavior of

Fy,s(n) is very close to the behavior of Fy(n) [Eq. (1.10)]. For nix < n < ngx (region II)

10°

Figure 1.6: R.m.s. fluctuation function Fs(n) for sinusoidal functions of length Nyep =
with different amplitude Ag and period 7.

All curves exhibit a crossover at nax ~ 7'/2, with a slope ag = 2 for n < nayx, and a
region for n > nax. There are some spurious singularities at n = j% (7 is a positive inte

shown by the spikes.

and nax < n < ngx (region III) the sinusoidal trend dominates (Fs(n) > F,(n)), thus
behavior of Fyg(n) is close to Fg(n) [see Fig. 1.7 and Fig. 1.8].

To better understand why there are different regions in the behavior of Fys(n), we
sider the detrended fluctuation function [Eq. (1.4)] of the correlated noise Y} (i), and of
noise with sinusoidal trend Y;s. In Fig. 1.8 we compare Y (i) and Y,g(i) for anticorrel
and correlated noise in the four different regions. For very small scales n < niy, the e
of the sinusoidal trend is not pronounced, Y;s(i) ~ Y (i), indicating that in this scale re
the signal can be considered as noise fluctuating around a constant trend which is filt
out by the DFA-1 procedure [Fig. 1.8(a)(b)]. Note, that the behavior of Y;s [Fig. 1.8
is identical to the behavior of Yy, [Fig. 1.3(b)], since both a sinusoidal with a large pe
T and a linear trend with small slope Ap, can be well approximated by a constant tr
for n < nix. For small scales njx < n < nax (region II), we find that there is a domi
quadratic background for Yg(i) [Fig. 1.8(d)]. This quadratic background is due to

integration procedure in DFA-1, and is represented by the detrended fluctuation func
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o Noise + sinusoida
— Sinusoidal trend

— Correlated Noise: — Anticorrelated

F(n)
F(n)

Figure 1.7: Crossover behavior of the root mean square fluctuation function Fyg(n) (cir-
cles) for correlated noise (of length Nyar = 2'7) with a superposed sinusoidal function
characterized by period T'= 128 and amplitude Ag = 2.

The r.m.s. fluctuation function Fy(n) for noise (thick line) and Fs(n) for the sinusoidal
trend (thin line) are shown for comparison. (a) Fys(n) for correlated noise with o = 0.9.
(b) F,s(n) for anticorrelated noise with a = 0.9. There are three crossovers in Fyg(n), at
scales nix, nax and nzx (the third crossover can not be seen in (b) because it occurs at
scale larger than the length of the signal). For n < n1x and n > nsx, the noise dominates
and Fys(n) = F,(n) while for n1x < n < nsyx, the sinusoidal trend dominates and F,g(n) ~
Fs(n). The crossovers at nix and nzx are due to the competition between the correlated
noise and the sinusoidal trend [see Fig. 1.8], while the crossover at nax relates only to the

period T of the sinusoidal [Eq. (1.11)].

of the sinusoidal trend Yg(¢). It is similar to the quadratic background observed for linear
trend Y;p,(¢) [Fig. 1.3(d)] — i.e. for n1x < n < nax the sinusoidal trend behaves as a linear
trend and Yg(é) ~ YL(¢). Thus in region II the “linear trend” effect of the sinusoidal is
dominant, Yy > Y;, which leads to Fyg(n) ~ Fgs(n). This explains also why Fyg(n) for
n < ngx (Fig. 1.7) exhibits crossover behavior similar to the one of Fyp(n) observed for
noise with a linear trend. For nayx < n < nzx (region III) the sinusoidal behavior is strongly
pronounced [Fig. 1.8(f)], Ys(¢) > Y;(¢), and Y;g(i) &~ Ys(¢) changes periodically with period

equal to the period of the sinusoidal trend 7. Since Y;s(i) is bounded between a minimum

Anticorrelated noise Anticorrelated noise + sin. trend
2 2

@ (b)

>.
2 P 2 L
1 2 383 4 5 6 7 1 2 3 4 5 6 7
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Figure 1.8: Comparison of the detrended fluctuation function for noise, ¥;,(¢) and noise
sinusoidal trend, Y;s(7) in four regions.

The same signals as in Fig. 1.7 are used. Panels (a)-(f) correspond to Fig. 1.7(b)
anticorrelated noise with exponent o = 0.1, and panels (g)-(h) correspond to the Fig. 1.
for correlated noise with exponent a = 0.9. (a)-(b) For all scales n < nix, (c)(d)

nax > n > nix, (€)(f) For noy <n < nzx (i.e. n>>T/2), (g)(h) for n > nsy.

and a maximum value, Fys(n) cannot increase and exhibits a flat region (Fig. 1.7). At
large scales, n > ngyx, the noise effect is again dominant (Ys(i) remains bounded, whil
grows when increasing the scale) which leads to F,s(n) ~ F;(n), and a scaling beha
corresponding to the scaling of the correlated noise.

First, we consider n;x. Surprisingly, we find that for noise with any given correla
exponent « the crossover scale njx exhibits long-range power-law dependence of the pe
T — nix ~ TP, and the amplitude Ag — nix ~ (As)eAI of the sinusoidal trend

Fig. 1.9(a) and (b)]. We find that the ”crossover exponents” i and 641 have the s
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Figure 1.9: Dependence of the three crossovers in F,g(n) for noise with a sinusoidal trend
on the period T, and amplitude Ag of the sinusoidal trend.

(a) Power-law relation between the first crossover scale nix and the period T for fixed
amplitude Ag and varying correlation exponent «, (b) Power-law relation between the first
crossover niyx and the amplitude of the sinusoidal trend Ag for fixed period T and varying
correlation exponent «, (c) The second crossover scale nay, (d) Power-law relation between
the third crossover ngx and T for fixed amplitude Ag and varying « trend, (e) Power-law

relation between the third crossover nsy and Ag for fixed 7" and varying a.

magnitude but different sign — 611 is positive while 41 is negative. We also find that

the magnitude of f11 and 057 increases for the larger values of the correlation exponents a

of the noise. We present the values of 11 and 04; for different correlation exponent « in

Table 1.2. To understand these power-law relations between njx and 7', and between nx

and Ag, and also how the crossover scale nix depends on the correlation exponent o we

employ the superposition rule [Eq. 1.10] and estimate n;x analytically as the first intercept
th

nf of F,(n) and Fs(n). From Egs. (1.12) and (1.6), we obtain the following dependence

of nix on T, Ag and a:

(b T 1/(2—a)
= () -

From this analytical calculation we obtain the following relation between the two cross
exponents f; and 6,1 and the correlation exponent a: 1 = — a1 = 1/(2—a), w
is in a good agreement with the observed values of 611, 051 obtained from simulations
Fig. 1.9(a) (b) and Table 1.2].

Next, we consider ngx. Our analysis of the r.m.s. fluctuation function Fg(n) for
sinusoidal signal in Fig. 1.6 suggests that the crossover scale Fs(n) does not depend on
amplitude Ag of the sinusoidal. The behavior of the r.m.s. fluctuation function F,g(n)
noise with superimposed sinusoidal trend in Fig. 1.7(a) and (b) indicates that nax
not depend on the correlation exponent « of the noise, since for both correlated (o =
and anticorrelated (o = 0) noise (T and Ag are fixed), the crossover scale ngy rem:
unchanged. We find that nsx depends only on the period T' of the sinusoidal trend
exhibits a long-range power-law behavior ngyx ~ T9T2 with a crossover exponent g
(Fig. 1.9(c)) which is in agreement with the prediction of Eq.(1.11).

For the third crossover scale n3x, as for nyx we find a power-law dependence on the
riod T, ngx ~ T?73, and amplitude Ag, ngyx ~ (As)e’“,of the sinusoidal trend [see Fig. 1.
and (e)]. However, in contrast to the njx case, we find that the crossover exponents
and 63 are equal and positive with decreasing values for increasing correlation expon
«. In Table 1.3, we present the values of these two exponents for different correlation e
nent a. To understand how the scale n3x depends on T', Ag and the correlation expor
« simultaneously, we again employ the superposition rule [Eq. (1.10)] and estimate ng
the second intercept n&, of F,(n) and Fs(n). From Egs. (1.13) and (1.6), we obtain

following dependence:

1 1/a
=|———AsT . 1
113x (2\/§7Tb0 s ) (

From this analytical calculation we obtain 13 = 63 = 1/« which is in good agreen
with the values of 613 and a3 observed from simulations [Table 1.3].

Finally, our simulations show that all three crossover scales nix, nox and ngx do
depend on the length of the signal N4, since Fy(n) and Fg(n) do not depend on Ny,
shown in Egs. (1.6), (1.10), (1.12), and (1.13).
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Table 1.2: The crossover exponents 01 and 641 characterizing the power-law dependence

of nix on the period T and amplitude Ag obtained from simulations: nix ~ 7Tt and

Nix ~ (As)g‘“‘1 for different value of the correlation exponent « of noise.

a  Op Oa1 1/(2—a)
0.1 0.55 0.54 0.53
0.3 0.58 0.59 0.59
05 0.66 0.66  0.67
0.7 0.74 0.75 0.77
0.9 0.87 0.90 0.91

Table 1.3: The crossover exponents 63 and 043 for the power-law relations: ngy ~ 7073

and N3y ~ (As)gAS for different value of the correlation exponent « of noise.

a O3 Oa3 1/a
0.4 2.29 2.38 2.50
0.5 1.92 1.95 2.00
0.6 1.69 1.71 1.67
0.7 1.39 1.43 1.43
0.8 1.26 1.27 1.25
0.9 1.06 1.10 1.11

1.5.3 Higher order DFA on pure sinusoidal trend

In the previous Sec. 1.5.2, we discussed how sinusoidal trends affect the scaling behavior of

correlated noise when the DFA-1 method is applied. Since DFA-1 removes only constant

trends in data, it is natural to ask how the observed scaling results will change when we

apply DFA of order ¢ designed to remove polynomial trends of order lower than ¢. In this

section, we first consider the r.m.s. fluctuation Fg for a sinusoidal signal and then we study

the scaling and crossover properties of Fs for correlated noise with superimposed sinusoidal

signal when higher order DFA is used.

We find that the r.m.s. fluctuation function Fg does not depend on the length of the

signal Ny, and preserves a similar shape when different order-¢ DFA method is used

Fs(n)

10

Figure 1.10: Comparison of the results of different order DFA on a sinusoidal trend.
The sinusoidal trend is given by the function 64 sin(27i/2!) and the length of the sign
Nyaz = 27, The spurious singularities (spikes) arise from the discrete data we use for

sinusoidal function.

[Fig. 1.10]. In particular, Fg exhibits a crossover at a scale nax proportional to the pe
T of the sinusoidal: nay ~ T9T2 with @y &~ 1. The crossover scale shifts to larger va!
for higher order ¢ [Fig. 1.6 and Fig. 1.10]. For the scale n < nay, Fg exhibits an appa
scaling: Fg ~ n®S with an effective exponent ag = ¢+ 1. For DFA-1, we have { =1
recover g = 2 as shown in Eq. (1.12). For n > nay, Fs(n) is a constant independen
the scale n, and of the order ¢ of the DFA method in agreement with Eq. (1.13).

Next, we consider Fyg(n) when DFA-¢ with a higher order ¢ is used. We find that
all orders ¢, Fys(n) does not depend on the length of the signal Ny, and exhibits t
crossovers — at small, intermediate and large scales — similar behavior is reported
DFA-1 in Fig. 1.7. Since the crossover at small scales, n1x, and the crossover at large sc
nax, result from the “competition” between the scaling of the correlated noise and the e:
of the sinusoidal trend (Figs. 1.7 and 1.8), using the superposition rule [Eq. (1.10)] we
estimate n1x and ngx as the intercepts of F,(n) and Fg(n) for the general case of DF.

For nj« we find the following dependence on the period T, amplitude Ag, the correla
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exponent « of the noise, and the order ¢ of the DFA-¢ method:
iy ~ (T/Ag)"/ 1) (1.16)

For DFA-1, we have ¢ = 1 and we recover Eq. (1.14). In addition, n1x is shifted to larger
scales when higher order DFA-/ is applied, due to the fact that the value of Fg(n) decreases
when ¢ increases (ag = ¢ + 1, see Fig. 1.10).

For the third crossover observed in Fjg (n) at large scale n3x we find for all orders ¢ of

the DFA-{ the following scaling relation:
nax ~ (TAg)Y. (1.17)

Since the scaling function F;(n) for correlated noise shifts vertically to lower values when
higher order DFA-/ is used, n3x exhibits a slight shift to larger scales.

For the crossover nayx in Fyg(n) at Fys(n) at intermediate scales, we find: nox ~ T.
This relation is independent of the order ¢ of the DFA and is identical to the relation found
for Fs(n) [Eq. (1.11)]. nax also exhibits a shift to larger scales when higher order DFA is
used [see Fig. 1.10].

The reported here features of the crossovers in F,g(n) can be used to identify low-
frequency sinusoidal trends in noisy data, and to recognize their effects on the scaling prop-
erties of the data. This information may be useful when quantifying correlation properties

in data by means of scaling analysis.

1.6 Power-law trend

In this section we study the effect of power-law trends on the scaling properties of noisy
signals. We consider the case of correlated noise with superposed power-law trend u(i) =
Api*, when Ap is a positive constant, i = 1, ..., Nyag, and Nyqe is the length of the signal.
We find that when the DFA-1 method is used, the r.m.s. fluctuation function Fyp(n) exhibits
a crossover between two scaling regions [Fig. 1.11]. This behavior results from the fact that

at different scales n, either the correlated noise or the power-law trend is dominant, and

. . 10
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10 ( 2N0ise+ ositive power—law trend KA () N-egatlve.}\
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Figure 1.11: Crossover behavior of the r.m.s. fluctuation function Fyp(n) (circles)
correlated noise (of length Ny, = 2'7) with a superimposed power-law trend u(i) = A
The r.m.s. fluctuation function F(n) for noise (solid line) and the r.m.s. fluctuation f
tion Fp(n) (dash line) are also shown for comparison. (a) F,p(n) for noise with correla
exponent ay = 0.9, and power-law trend with amplitude Ap = 1000/(N,mm)0'/1 and p
tive power A = 0.4; (b) F,p(n) for Brownian noise (integrated white noise, ay = 1.5),

power-law trend with amplitude Ap = 0.01/ (N,,Luw)70'7 and negative power A = —0.7.

can be predicted by employing the superposition rule:
(Epm)]® = [Fy(n)]* + [Fp(n)]?, (1

where Fy(n) and Fp(n) are the r.m.s. fluctuation function of noise and the power-
trend respectively, and F,p(n) is the r.m.s. fluctuation function for the superpositio
the noise and the power-law trend. Since the behavior of F(n) is known (Eq. (1.6)

Sec. 1.7.1), we can understand the features of Fyp(n), if we know how Fp(n) depends on
characteristics of the power-law trend. We note that the scaling behavior of F,p(n) disple
in Fig. 1.11(a) is to some extent similar to the behavior of the r.m.s. fluctuation func
Fy.(n) for correlated noise with a linear trend [Fig. 1.2] — e.g. the noise is dominan
small scales n, while the trend is dominant at large scales. However, the behavior Fp(r
more complex than that of F1,(n) for the linear trend, since the effective exponent a

Fp(n) can depend on the power A of the power-law trend. In particular, for negative va
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of A, Fp(n) can become dominated at small scales (Fig. 1.11(b)) while F;(n) dominates
at large scales a situation completely opposite of noise with linear trend (Fig. 1.2) or
with power-law trend with positive values for the power A. Moreover, Fp(n) can exhibit
crossover behavior at small scales [Fig. 1.11(b)] for negative A which is not observed for
positive A. In addition Fp(n) depends on the order ¢ of the DFA method and the length
N of the signal. We discuss the scaling features of the power-law trends in the following

three subsections.

1.6.1 Dependence of Fp(n) on the power X

First we study how the r.m.s. fluctuation function Fp(n) for a power-law trend u(i) = Api*

depends on the power A\. We find that
Fp(n) ~ A]:’n&*7 (1419)

where ) is the effective exponent for the power-law trend. For positive A we observe no
crossovers in Fp(n) (Fig. 1.11(a)). However, for negative X there is a crossover in Fp(n) at
small scales n (Fig. 1.11(b)), and we find that this crossover becomes even more pronounced
with decreasing A or increasing the order ¢ of the DFA method, and is also shifted to larger
scales [Fig. 1.12(a)].

Next, we study how the effective exponent «y for Fp(n) depends on the value of the
power A for the power-law trend. We examine the scaling of Fp(n) and estimate a) for
—4 < A < 4. In the cases when Fp(n) exhibits a crossover, in order to obtain ay we fit the
range of larger scales to the right of the crossover. We find that for any order ¢ of the DFA-¢

method there are three regions with different relations between a ) and X [Fig. 1.12(b)]:
(i) ax = £+ 1 for A > £—0.5 (region I);
(i) ax =~ A+ 1.5 for —1.5 < XA < £ — 0.5 (region II);

(ili) ax =~ 0 for A < —1.5 (region III).

Figure 1.12: Scaling behavior of r.m.s. fluctuation function Fp(n) for power-law trey

u(i) ~ i*, where i = 1, ..., Njpae and Nyuqe = 217 is the length of the signal.

(a) For A < 0, Fp(n) exhibits crossover at small scales which is more pronounced

increasing the order ¢ of DFA-£ and decreasing the value of A. (b) Dependence of

effective exponent a) on the power A for different order £ = 1,2,3 of the DFA method.

Asymptotic behavior near integer values of A\. Fp(n) is plotted for A — 1 when DFA-

used.

Note, that for integer values of the power A (A = 0,1,...,m — 1), i.e. polynomial trend;

order m — 1, the DFA-¢ method of order £ > m —1 (£ is also an integer) leads to Fp(n)

since DFA-¢ is designed to remove polynomial trends. Thus for a integer values of

power A there is no scaling and the effective exponent «) is not defined if a DFA-¢ met

of order £ > X is used [Fig. 1.12]. However, it is of interest to examine the asympt

behavior of the scaling of Fp(n) when the value of the power X is close to an integer.

particular , we consider how the scaling of Fp(n) obtained from DFA-2 method cha

when A — 1 [Fig. 1.12(c)]. Surprisingly, we find that even though the values of F;

are very small at large scales, there is a scaling for Fp(n) with a smooth convergenc

the effective exponent ay — 2.5 when A — 1, according to the dependence a) ~ \ +

established for region II [Fig. 1.12(b)]. At smaller scales there is a flat region which is

to the fact that the fluctuation function Y'(z) (Eq. (1.4)) is smaller than the precision of

numerical simulation.
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1.6.2 Dependence of Fp(n) on the order ¢ of DFA

Another factor that affects the r.m.s. fluctuation function of the power-law trend Fp(n), is

the order ¢ of the DFA method used. We first take into account that:

(1) for integer values of the power ), the power-law trend u(i) = Api* is a polynomial
trend which can be perfectly filtered out by the DFA method of order ¢ > A, and as
discussed in Sec. 1.4.2 and Sec. 1.6.1 [see Fig. 1.12(b) and (c)], there is no scaling for

Fp(n). Therefore, in this section we consider only non-integer values of A.

(2) for a given value of the power A\, the effective exponent «) can take different values
depending on the order ¢ of the DFA method we use [see Fig. 1.12] — e.g. for fixed
A >0 —0.5, ay = {+ 1. Therefore, in this section, we consider only the case when

A <€ —0.5 (Region II and III).

Since higher order DFA-¢ provides a better fit for the data, the fluctuation function
Y (i) (Eq. (1.4)) decreases with increasing order ¢. This leads to a vertical shift to smaller
values of the r.m.s. fluctuation function F(n) (Eq. (1.3)). Such a vertical shift is observed
for the r.m.s. fluctuation function F,(n) for correlated noise (see [62]), as well as for the
r.am.s. fluctuation function of power-law trend Fp(n). Here we ask how this vertical shift in
F,(n) and Fp(n) depends on the order ¢ of the DFA method, and if this shift has different
properties for Fy(n) compared to Fp(n). This information can help identify power-law
trends in noisy data, and can be used to differentiate crossovers separating scaling regions
with different types of correlations, and crossovers which are due to effects of power-law
trends.

We consider correlated noise with a superposed power-law trend, where the crossover
in Fyp(n) at large scales n results from the dominant effect of the power-law trend
Fyp(n) = Fp(n) (Eq. (1.18) and Fig. 1.11(a)). We choose the power A < 0.5, a range where
for all orders ¢ of the DFA method the effective exponent «y of Fp(n) remains the same
— ie. ay = A+ 1.5 (region II in Fig. 1.12(b)). For a superposition of an anticorrelated

noise and power-law trend with A = 0.4, we observe a crossover in the scaling behavior of
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Figure 1.13: Effect of higher order DFA-/ on the r.m.s. fluctuation function F,p(n)
correlated noise with superimposed power-law trend.

(a) Fyp(n) for anticorrelated noise with correlation exponent o = 0.1 and a power-
u(i) = Api*, where Ap = 25/ (Nmaz)0‘4, Npaz = 217 and A = 0.4. Results for diffe
order ¢ =1,2,3 of the DFA method show (i) a clear crossover from a region at small sc
where the noise dominates Fy,p(n) ~ F,(n), to a region at larger scales where the power