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Motivations

* The structural properties of boundaries

are important 1n spread of disease on
networks.

* Little attention has been paid to the
boundaries of networks.



Questions

1. How do we define the boundaries of
networks?

2. What are the structural properties of
network boundaries?

3. How do we apply network boundaries
to the study of disease spread?



Part 1
Networks: definition and properties

* Node (vertex) & link (edge)

dAB:3

* Distance d between two given nodes.
* Average distance d (diameter) of a network.

Small-world networks — 4 = 10g N

N=10° — d = 6 “six-degree separation”



Part 1
Network: definition and properties

* Degree: number of links a node has k
* Degree distribution P(k)

Poisson distribution Power-law distribution
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Part 1
Answer to Q1: How to define the boundary of network?

cluster of 3 nodes

1. Define nodes, which at
cluster of 1 node

distance € from root, as shell{ . ®
Number of nodes on shell:
b=l B,=3 K L
"= B2 e
2. Define all nodes outside shdil .~/ ‘@
where £ >d , as the boundaries. rg,t shell 1

If we choose boundaries as nodes outside shell 2
a) The number of clusters in boundaries: M,=3
b) The sizes of cluster in boundaries: S,=3, 1, 1

Why do we de fine bounda riesi nthi sw ay ?
Because, epidemic starts from random node, spreads along shortest path.



Answer to Q2: What are the structures of network boundaries?

1. average degree < k, > of nodes cluster of 3 nodes
on Sheuf cluster of 1 node I
2. P(B,) of number of nodes B ¢
on shell €, where ¢>d. & T el 2 ¢
o P(M,)of number of clusters M, o @
formed by the boundary nodes. ~ / @
rg)t shell 1

4. Number of clusters 7(S,) of
size S, in the boundary.

o 5, 2as function of the diameter d ¢
of the cluster



Answer to Q2: What are the structures of network boundaries?

1. average degree < k, > of nodes
on shell?’ o T

2. P(B,) of number of nodes B, \ delll .
on shell T, where > d. ° o

o P(M,)of number of clusters M, o O - shell 2
formed by the boundary nodes. . e

4. Number of clusters 7(S,) of
size S, in the boundary.

o 5, 2as function of the diameter d ¢
of the cluster



Part I1 Structure of boundaries: <k, >

ER network <k>=6

<k¢>: average degree of oo oo o % 4 |
nodes on shell € 6 . |
On the boundaries, A_ 4 [soER N=10%) )
when > =
V 3_ -
<k, >- k_. | .
0 | | | | | |
Boundary nodes have o2 40 / 5o
smaller degrees. Note:d =8 for ER with <k>=6

Do the diluted degrees yield different structural properties
from the bulk of the network?



Part 11 .
“ Structure of boundaries: 2, (B;)

B ¢ the number of nodes on [~ ,‘ ER nletworkl )
shell S R
Probability distribution function:
P(B,)probability of having B, f
Cumubftlis destlidn = i
function: S ]
8
S
Q

P, (B;) probability of having
more than B, nodes

-d=8 . _
(B,) = I P(B)dB Note for ER with <k>=6

Pcum (Bf) ~ Bf_l.O & P(Bf) ~ Bf_z.o

Univ ersal power-law holds for

ER with different <k>, SF with ”
different A, and different real

DY N

cum

Do different networks have
similar boundary properties?



Part 11

Structure of boundaries: P(M¢)

M ;: number of clusters

in the boundaries (£>d) .

On the boundaries:
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Note:d =5 for SF with N=2.5

holds for ER with different <k>, SF with different A\, and

different real networks.



Part 11
Structure of boundaries: n(S,)

S ' S1Z¢ of clusters in the ER network

boundaries (£>d) ——— |

10°F slope=-3.0 i
n(S,): number of clusters of ) T =9
, 10°F -
size 9. ~ |
g |
S10'F .
_30 102:_ ER .
n(Sf) ~ Sf <k>=6
10/ 5——— '

10 Size of Clilster, s,
Note:d =8 for ER with <k>=6

holds for ER with different <k>, SF with different A\, and
different real networks.



Part 11

HEP: High Energy Physics
citations network

If A cites B /
or B cites A
[ W

Paper A Paper B

34,401 papers (nodes) and 420,784 citations (links)



Part I Structure of boundaries: S¢vs d¢

P HEP: High Energy Physics

d., : the diameter of cluster L
4 ’ citations network

formed by nodes outsid e 10%F ‘
shell T §
_ 5 10°;
S £ df ) 50l

Clusters follow Eq.(1) are fractals .

The clusters in the | o N

: 1077 T _ 10
boundaries are fractal d
clusters. Note: d =4.2 for HEP.

De spite t he diffe ren ce of the netw orks,
th eirb oun dary struc ture s are simil ar!

[1] A. Bunde and S. Havlin, Fractals and
disordered system (Springer, 1996).



Part 111
Answer to Q3: How to apply boundaries to the study of

disease spread?

(Susceptible - Infected - Recovered) model
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* Disease spread starts from one random chosen node in the

network.
* For each time step, an infected node has probability p to infect
each of its uninfected neighboring nodes.

After time step T, infected nodes are recovered which are no
longer infective and cannot be infected again.



Part I Application of boundaries:
disease spread 1n network

f pfraction of nodes o utside HEP: High Energy Physics
shell ¢ citations network (p=0.1,1=10)
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spread speed decreases.



Summary

 We find a power law for P

cum

(B,) with a

universal exponent “-1” for many types of
networks (-2 for probability distribution
function).

* Boundaries have interesting structural
properties.

* Boundaries have important applications in
disease epidemic on networks.



Thank you!



