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How to quantify? Number of nodes of degree k [new]

Erdos-Renyi distribution (exponential tail)

Exponential Tail

Scale-free distribution (power law tail)

Power Law Tail

–λ

Courtesy: Barabasi 1999 plane



3

18 Statistical physics of biological motion
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Fig. 2.1. (a) Functions that have well defined characteristic scales (i.e., when
all moments are finite) do not have scale-free properties. (b) In contrast,
power law functions have diverging moments and scale free properties. If the
scale on the x-axis is changed, then the “zoomed” or dilated function remains
unchanged except for a scaling factor. Scale invariance characterizes fractal
phenomena and power laws constitute the “signature” of scale invariance.
Whereas exponentials appear straight on semilog plots (c), power laws appear
as straight lines on double log plots (d)

“Dummies Guide” to Discovering if a network is scale free:



4

Real world example of  

scale-free networks:  Internet

Faloutsos et. al., SIGCOMM ’99 
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 3 types of networks...

Erdös-Rényi 
(Exponential tail) 

Adv: solvable 
Disadv: not realistic

Watts-Strogatz 
(“re-wire”) 

Adv: Small world 
Disadv: not realistic

Scale-free 
(Power law tail) 

Adv: more realistic 
Disadv: not solvable
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Unlike clearly defined ‘real-world’ net-
works1, social networks tend to be
subjective to some extent2,3 because

the perception of what constitutes a social
link may differ between individuals. One
unambiguous type of connection, however,
is sexual contact, and here we analyse the
sexual behaviour of a random sample of
individuals4 to reveal the mathematical fea-
tures of a sexual-contact network. We find
that the cumulative distribution of the
number of different sexual partners in one
year decays as a scale-free power law that
has a similar exponent for males and
females. The scale-free nature of the web of
human sexual contacts indicates that strat-
egic safe-sex campaigns are likely to be the
most efficient way to prevent the spread of
sexually transmitted diseases.

Many real-world networks1 typify the
‘small-world’ phenomenon5, so called
because of the surprisingly small average
path lengths between nodes6,7 in the 
presence of a large degree of clustering3,6

(Fig. 1). Small-world networks are classed
as single-scale, broad-scale or scale-free,
depending on their connectivity distribu-
tion, P(k), where k is the number of links
connected to a node8. Scale-free networks,
which are characterized by a power-law
decay of the cumulative distribution
P(k)!k!", may be formed as a result of
preferential attachment of new links
between highly connected nodes9,10.

We analysed the data gathered in a 1996
Swedish survey of sexual behaviour4. The
survey involved a random sample of 4,781
Swedes (aged 18–74 years) and used struc-
tured personal interviews and question-

naires. The response rate was 59%, which
corresponds to 2,810 respondents. Two
independent analyses of non-response error
revealed that elderly people, particularly
women, are under-represented in the sam-
ple; apart from this skew, the sample is rep-
resentative in all demographic dimensions.

Connections in the network of sexual
contacts appear and disappear as sexual
relations are initiated and terminated. To
investigate the connectivity of this dynamic
network, in which links may be short-lived,
we first analysed the number, k, of sex part-
ners over a relatively short time period —
the 12 months before the survey. Figure 2a
shows the cumulative distribution, P(k), for
female and male respondents. The data
closely follow a straight line in a double-
logarithmic plot, which is consistent with 
a power-law dependence. Males report a
larger number of sexual partners 
than females11, but both show the same 
scaling properties.

These results contrast with the exponen-
tial or gaussian distributions — for which
there is a well-defined scale — found for
friendship networks8. Plausible explana-
tions for the structure of the sexual-contact
network described here include increased
skill in acquiring new partners as the num-
ber of previous partners grows, varying
degrees of attractiveness, and the motiva-
tion to have many new partners to sustain
self-image. Our results are consistent with
the preferential-attachment mechanism of
scale-free networks: evidently, in sexual-
contact networks, as in other scale-free 
networks, ‘the rich get richer’9,10.

We next analysed the total number of

partners, ktot, in the respondent’s life up to
the time of the survey. This value is not 
relevant to the instantaneous structure of
the network, but may help to elucidate the
mechanisms responsible for the distribu-
tion of number of partners. Figure 2b shows
the cumulative distribution, P(ktot): for
ktot#20, the data follow a straight line in a
double-logarithmic plot, which is consis-
tent with a power-law dependence in the
tails of the distribution.

Our most important finding is the scale-
free nature of the connectivity of an 
objectively defined, non-professional social
network. This result indicates that the 
concept of the ‘core group’ considered in
epidemiological studies12 must be arbitrary,
because there is no well-defined threshold
or boundary that separates the core group
from other individuals (as there would be
for a bimodal distribution).

Our results may have epidemiological
implications, as epidemics arise and propa-
gate much faster in scale-free networks 
than in single-scale networks6,13. Also, the
measures adopted to contain or stop the
propagation of diseases in a network need
to be radically different for scale-free net-
works. Single-scale networks are not sus-
ceptible to attack at even the most
connected nodes, whereas scale-free net-
works are resilient to random failure but are
highly susceptible to destruction of the

brief communications
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The web of human sexual contacts
Pro m isc u o us in d ivid u a ls are th e vu ln era b le n o d e s to targ e t in sa f e -s e x c a m p a ig ns.

Figure 1 It’s a small world: social networks have small average
path lengths between connections and show a large degree of
clustering. Painting by Idahlia Stanley.

Figure 2 Scale-free distribution of the number of sexual partners for females and males. a, Distribution of number of partners, k, in the
previous 12 months. Note the larger average number of partners for male respondents: this difference may be due to ‘measurement bias’
— social expectations may lead males to inflate their reported number of sexual partners. Note that the distributions are both linear, 
indicating scale-free power-law behaviour. Moreover, the two curves are roughly parallel, indicating similar scaling exponents. For
females, "$2.54%0.2 in the range k#4, and for males, "$2.31%0.2 in the range k#5. b, Distribution of the total number of part-
ners ktot over respondents’ entire lifetimes. For females, "tot$2.1%0.3 in the range ktot#20, and for males, "tot$1.6%0.3 in the
range 20&ktot&400. Estimates for females and males agree within statistical uncertainty.
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F. Liljeros, C. R. 
Edling, L. A. N. 
Amaral, H. E. Stanley, 
and Y. Aberg,

 "The Web of 
Human 
Sexual 
Contacts," 
Nature 411, 
907-908 
(2001). 
[Citations: 914 ISI, 
1233 Google 
Scholar].
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Unlike clearly defined ‘real-world’ net-
works1, social networks tend to be
subjective to some extent2,3 because

the perception of what constitutes a social
link may differ between individuals. One
unambiguous type of connection, however,
is sexual contact, and here we analyse the
sexual behaviour of a random sample of
individuals4 to reveal the mathematical fea-
tures of a sexual-contact network. We find
that the cumulative distribution of the
number of different sexual partners in one
year decays as a scale-free power law that
has a similar exponent for males and
females. The scale-free nature of the web of
human sexual contacts indicates that strat-
egic safe-sex campaigns are likely to be the
most efficient way to prevent the spread of
sexually transmitted diseases.

Many real-world networks1 typify the
‘small-world’ phenomenon5, so called
because of the surprisingly small average
path lengths between nodes6,7 in the 
presence of a large degree of clustering3,6
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double-logarithmic plot, which is consis-
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tails of the distribution.
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network. This result indicates that the 
concept of the ‘core group’ considered in
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because there is no well-defined threshold
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from other individuals (as there would be
for a bimodal distribution).
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Figure 1 It’s a small world: social networks have small average
path lengths between connections and show a large degree of
clustering. Painting by Idahlia Stanley.

Figure 2 Scale-free distribution of the number of sexual partners for females and males. a, Distribution of number of partners, k, in the
previous 12 months. Note the larger average number of partners for male respondents: this difference may be due to ‘measurement bias’
— social expectations may lead males to inflate their reported number of sexual partners. Note that the distributions are both linear, 
indicating scale-free power-law behaviour. Moreover, the two curves are roughly parallel, indicating similar scaling exponents. For
females, "$2.54%0.2 in the range k#4, and for males, "$2.31%0.2 in the range k#5. b, Distribution of the total number of part-
ners ktot over respondents’ entire lifetimes. For females, "tot$2.1%0.3 in the range ktot#20, and for males, "tot$1.6%0.3 in the
range 20&ktot&400. Estimates for females and males agree within statistical uncertainty.
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Q1:  A  “LAW” OF HUMAN BEHAVIOR?    Q2:  WHY CARE?    

~ 2

F. Liljeros, C. R. Edling, L. A. N. Amaral, H. E. Stanley, and Y. Aberg,    Nature 411 (2001). 
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Worry:  Artifact of “scale-free imagination”???
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EXAMPLE: Network Immunization Strategies

• Immunize at least a critical fraction fc (“Immunization threshold”) of the number 
of individuals so that only isolated clusters of susceptible individuals remain. 

• Effective without  detailed  knowledge of the network.

Large (global) cluster of 
susceptible individuals

Small (local) clusters of 
susceptible individuals

f = 0 f = fc f = 1

Susceptible 
individuals

REQUIREMENTS of an efficient immunization strategy:
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Three immunization strategies

Random: Targeted: Acquaintance:

• High immunization 
threshold 

• No prior network 
information needed

• Low immunization 
threshold 

• Need to know hubs (highly 
connected individuals) 

• Low immunization 
threshold 

• No prior network 
information needed

H H H

H H H

Example: Immunize 2 of the 9 nodes in a scale-free network 
Question: What is chance to stop the spread? 

2/9 1 7/9

H = Hubs

Real world example: Stopping spread of heresy in Middle Ages 
Ormerod/Roach -- The medieval inquisition: scale-free networks & the suppression of heresy
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R. Cohen et al. "Efficient Immunization Strategies for Computer 
Networks and Populations," Phys. Rev. Lett. 91, 247901 (2003).

Real world example: Stopping spread of heresy in Middle Ages 
Ormerod/Roach -- “The medieval inquisition: scale-free networks & 
the suppression of heresy”
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Optimal Path: Minimize total “cost” 

Lab
Airport

20
5

2 6

Shortest path = Log N 
Optimal path =  N1/3 

Log N << N1/3 

ex: N=106 , log106 << (106)1/3

Shortest path =  N 0.50 

Optimal path =  N 0.61 

N0.50  <  N 0.61 

ex: (106)0.50 < (106)0.61

For this example:

Shortest path: 3 (cost = 60 ) 
Optimal path: 5 (cost = 47 )

Shortest path: 2 (cost = 22 ) 
Optimal path: 3 (cost = 13 )

Generally:

Lab

Airport

50

5

47

9

19
3

43

16

15

11
6

1

L. A. Braunstein, S. V. Buldyrev, R. Cohen, S. Havlin, and H. E. Stanley,  
``Optimal Paths in Disordered Complex Networks''  Phys. Rev. Lett.  {\bf 91}, 168701.



13

4/11/10 11:43 AMFor Want of a Nail (proverb) - Wikipedia, the free encyclopedia

Page 1 of 7http://en.wikipedia.org/wiki/For_Want_of_a_Nail_(proverb)

For Want of a Nail (proverb)

"Knight" Variation

-JLA: The Nail
DC Comics, 1998
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For Want of a Nail

From Wikipedia, the free encyclopedia

"For Want of a Nail" is a proverbial rhyme showing that small
actions can result in large consequences.

Analysis
This proverb has been around in many forms for centuries
(see historical references below), and describes a situation
where permitting some small undesirable situation will
allow gradual and inexorable worsening. The rhyme is thus
a good illustration of the "butterfly effect", and ideas
presented in chaos theory, involving sensitive dependence
on initial conditions; the initial condition being the presence
or absence of the horseshoe nail.[1]

An important thing to note is that these chains of causality

For want of a nail the shoe was lost.
For want of a shoe the horse was lost.
For want of a horse the rider was lost.
For want of a rider the battle was lost.

For want of a battle the kingdom was lost.
And all for the want of a horseshoe nail.

For want of a nail the shoe was lost,
for want of a shoe the horse was lost,
for want of a horse the knight was lost,
for want of a knight the battle was lost,
for want of a battle the kingom was lost.
So it a kingdom was lost - all for want of a nail.

"For sparinge of a litel cost, Fulofte time a man 
hath lost, The large cote for the hod."; 
For sparing a little cost often a man has lost the 
large shed for the head. (c 1390  Confessio Amantis)


