George Kingsley Zipf (1902-1950)

(1949): Human behavior and the principle of least effort
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Rank
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

Name
New York City, New York
Los Angeles, California
Chicago, Illinois
Houston, Texas
Philadelphia, Pennsylvania
Phoenix, Arizona
San Antonio, Texas
San Diego, California
Dallas, Texas
San Jose, California
Detroit, Michigan
Indianapolis, Indiana
Jacksonville, Florida
San Francisco, California
Columbus, Ohio
Austin, Texas
Memphis, Tennessee
Baltimore, Maryland
Fort Worth, Texas
Charlotte, North Carolina

Population
8,143,197
3,844,829
2,842,518
2,016,582
1,463,281
1,461,575
1,256,509
1,255,540
1,213,825
912,332
886,671
784,118
782,623
739,426
730,657
690,252
672,277
635,815
624,067
610,949

Rank-ordered citations of 100 physicists

8

Figure 2 | Data collapse of each ci(r) along a universal curve. A
comparison of 100 rank-citation profiles ci(r) demonstrates the statistical
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Zipf Distribution of U.S. Firm
Sizes
Robert L. Axtell
Analyses of firm sizes have historically used data that included limited samples
of small firms, data typically described by lognormal distributions. Using data
on the entire population of tax-paying firms in the United States, I show here
that the Zipf distribution characterizes firm sizes: the probability a firm is larger
than size s is inversely proportional to s. These results hold for data from
multiple years and for various definitions of firm size.
Firm sizes in industrial countries are highly
skew, such that small numbers of large firms
coexist alongside larger numbers of smaller
firms. Such skewness has been robust over
time, being insensitive to changes in political
and regulatory environments, immune to
waves of mergers and acquisitions (1), and
unaffected by surges of new firm entry and
bankruptcies. It has even survived large-scale
demographic transitions within work forces
(e.g., women entering the labor market in the
United States) and widespread technological
change. The firm size distribution within an
industry indicates the degree of industrial
concentration, a quantity of particular interest
for antitrust policy.
Beginning with Gibrat (2), firm sizes have
often been described by lognormal distributions. This distribution is a consequence of
the “law of proportional effect,” also known
as Gibrat’s law, whereby firm growth is treated as a random process and growth rates are
independent of firm size (3). Such distributions are skew to the right, meaning that
much of the probability mass lies to the right
of the modal value. Thus, the modal firm size
is smaller than the median size, which, in
turn, is smaller than the mean.
The upper tail of the firm size distribution
has often been described by the Yule (1) or
Pareto (also known as power law, or scaling)
distributions (4, 5). For a discrete Paretodistributed random variable, S, the tail cumulative distribution function (CDF) is

cial phenomena, including percolation processes (9), immune system response (10),
frequency of word usage (4 ), city sizes (4,
11), and aspects of Internet traffic (12).
From an analysis using a sample of firms
in Standard & Poor’s COMPUSTAT, a commercially available data set, it has been reported that U.S. firm sizes are approximately
lognormally distributed (13). The COMPUSTAT data cover nearly all publicly traded
firms in the United States—some 10,776
firms in 1997, almost 4300 of which had
more than 500 employees.
Firms covered by
10
COMPUSTAT collectively employed over
52 million people, approximately one-half of
the U.S. work force. However, these data are
unrepresentative of the overall population of
U.S. firms. Data from the U.S. Census Bureau put the total number of firms that had
employees sometime during 1997 at about
5.5 million, including over 16,000 having
more than 500 employees. Furthermore, the
Census data have a qualitatively different
character than the COMPUSTAT data. Census data display monotonically increasing
numbers of progressively smaller firms, a
shape the lognormal distribution cannot reproduce, and suggesting that a power law
distribution may apply. As shown in Table 1
(14 ), the mean firm size in the COMPUSTAT data is 4605 employees (6349 for firms
larger than 0), whereas in the Census data it is
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Elementary derivation of the Zipf law
Rules of the model:
• At each time step a person is born in a city.
• All cities have approximately the same birth rate.
• With very small probability a person creates a new city.
Properties:
• The total population, n0, of the cities existing at time t0 is
proportional to t0 : n0~t0
• The rank of the city created at time t is proportional to t: R~t0
• The ratio of the size of this city to the total population remains
the same K/n ~1/n0 => K~1/n0~1/t0
• Finally: K~1/t0~1/R => K~1/R
Conclusion:
• Size is inversely proportional to its rank.

Our goal is to build a simple model which
would explain this graph

Preferential Attachment Model

22

P(g)

P(g)

Crossover in P(g) from Exp. to Power Law

g, growth rate
P(g) same as Pold(n) and Pnew(n).

g, growth rate
1. for small g,
P(g) ≈ exp[- |g| (2 / Vg)1/2].
2. for large g, P(g) ~ g-3 .

Universality---6 examples

24

Universality---6 more examples
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Behavior of the distribution for large time intervals
•

Since

•

We expect by Central Limit
Theorem that P(R) for larger
times to converge to a
Gaussian

•

Indeed a generated power
law distribution with the
same exponent ζR converges
quickly to Gaussian under
aggregation. Consider

Convergence of generated iid variables

Do large returns arise from large market activity ?
For this to be possible, since

we expect
In sharp contrast, we
find:

too large to explain

Fluctuations in market activity too mild to explain fat tails of returns.

http://polymer.bu.edu/hes (PDF of published papers)
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Data analyzed (Gopikrisnan/Plerou/Liu/...)
Trades and Quotes (TAQ) database
•

2 years 1994-95

•

1000 stocks largest by market cap on Jan 1, ’94 (200 million records)

To test “universality”, also analyze other databases, including:
Center for Research in Security Prices (CRSP) database
•

35 years 1962-96

•

approximately 6000 stocks

Tick data for the London Stock Exchange
•

2 yrs 2000-01

•

250 stocks.

Transactions data from the Paris Bourse
•

30 stocks; 1994-95

⇥
H

After-Dinner Drink: theory/model?
H. Eugene Stanley: Scaling, universality, and renormalization
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Two specific microscopic interaction
r almost sufficient to encompass the
necessary for static critical phenom-

is the Q-state Potts model (Potts,
e assumes that each spin i can be in
ble discrete orientations
i ( i
o neighboring spins i and j are in the
en they contribute an amount ⌅J to
a configuration. If i and j are in difthey contribute nothing. Thus the
nian is [Fig. 2(a)]

⌃⇤ i , j↵,

(12a)

FIG. 2. Schematic illustrations of the possible orientati
the spins in (a) the s-state Potts model, and (b) the nmodel. Note that the two models coincide when Q⇥2
⇥1. (c) North-south and east-west ‘‘Metro lines.’’
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the Potts hierarchy is depicted as a north-south ‘‘M
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versality classes. Two specific microscopic interaction
Q=1,
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versality classes necessary for static critical phenomavoiding random walk
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corresponds
to n=0.
The first of these
is the Q-state Potts
model (Potts,
⌅ H⇧

a T /a H ⇥

2; Wu, 1982). One assumes that each spin i can be in
of Q possible discrete orientations
i ( i
,2, . . . ,Q). If two neighboring spins i and j are in the
me orientation, then they contribute an amount ⌅J to
total energy of a configuration. If i and j are in difent orientations, they contribute nothing. Thus the
eraction Hamiltonian is [Fig. 2(a)]
H⇤ d,s ↵ ⇥⌅J

⌃⇤
⌦
⇥ ij

i , j↵,

(12a)

ere ⌃ ( i , j )⇥1 if i ⇥ j , and is zero otherwise. The
ular brackets in Eq. (12a) indicate that the summan is over all pairs of nearest-neighbor sites ⇥ ij . The
eraction energy of a pair of neighboring parallel spins
⌅J, so that if J 0, the system should order ferromagically at T⇥0.
The second such model is the n-vector model (Stan1968), characterized by spins capable of taking on a
tinuum of states [Fig. 2(b)]. The Hamiltonian for the
ector model is
H⇤ d,n ↵ ⇥⌅J

S361

S i •S j .
⌦
⇥ ij

(12b)

re,
the
spin
S i ⇧(S i1 ,S i2 , . . . ,S in )
is
an
imensional unit vector with ⌦ ⌥n ⇥1 S i2⌥ ⇥1, and S i inters isotropically with spin S j localized on site j. Two
ameters in the n-vector model are the system dimennality d and the spin dimensionality n. The parameter
s sometimes called the order-parameter symmetry
mber; both d and n determine the universality class of
ystem for static exponents.
Mod. Phys., Vol. 71, No. 2, Centenary 1999

FIG. 2. Schematic illustrations of the possible orientations of
the spins in (a) the s-state Potts model, and (b)
31the n-vector
model. Note that the two models coincide when Q⇥2 and n
⇥1. (c) North-south and east-west ‘‘Metro lines.’’

Both the Potts and n-vector hierarchies are generalization of the simple Ising model of a uniaxial ferromagnet. This is indicated schematically in Fig. 2(c), in which
the Potts hierarchy is depicted as a north-south ‘‘Metro
line,’’ while the n-vector hierarchy appears as an eastwest line. The various stops along the respective Metro
lines are labeled by the appropriate value of s and n.
The two Metro lines have a correspondence at the Ising
model, where Q⇥2 and n⇥1.
Along the north-south Metro line (the Q-state hierarchy), Kasteleyn and Fortuin showed that the limit Q
⇥1 reduces to the random percolation problem, which
may be relevant to the onset of gelation (Stauffer and
Aharony, 1992; Bunde and Havlin, 1996). Stephen demonstrated that the limit Q⇥0 corresponds to a type of
treelike percolation, while Aharony and Müller showed
that the case Q⇥3 has been demonstrated to be of relevance in interpreting experimental data on structural
phase transitions and on absorbed monolayer systems.
The east-west Metro line, though newer, has probably
been studied more extensively than the north-south line;
hence we shall discuss the east-west line first. For n⇥1,
the spins S i are one-dimensional unit vectors which take
on the values ⇤1. Equation (12b), H(d,1), is the Ising
Hamiltonian, which has proved extremely useful in interpreting the properties of the liquid-gas critical point
(Levelt Sengers et al., 1977). This case also corresponds
to the uniaxial ferromagnet introduced previously.
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Pillar 1 (continued):
Experimental test of
data collapse (Pillar
1):
Equation of
State for 5 different
magnets near their
respective critical
points.

C. Renormaliza

Pillar 2: Universality
First hint: all 5
magnets have same
scaled equation of
state.

FIG. 1. Experimental MHT data on five different magnetic
materials plotted in scaled form. The five materials are CrBr3 ,
EuO, Ni, YIG, and Pd3Fe. None of these materials is an idealized ferromagnet: CrBr3 has considerable lattice anisotropy,
EuO has significant second-neighbor interactions. Ni is an
itinerant-electron ferromagnet, YIG is a ferrimagnet, and
Pd3Fe is a ferromagnetic alloy. Nonetheless, the data for all
materials collapse onto a single scaling function, which is that
calculated for the d⇤3 Heisenberg model [after Milošević
and
32
Stanley (1976)].

power) vs a scaled ( divided by H to some different
power).
The predictions of the scaling hypothesis are supported by a wide range of experimental work, and also
by numerous calculations on model systems such as the
n-vector model. Moreover, the general principles of
scale invariance used here have proved useful in interpreting a number of other phenomena, ranging from
elementary-particle physics (Jackiw, 1972) to galaxy
structure (Peebles, 1980).
B. Universality

The second theme goes by the rather pretentious
name ‘‘universality.’’ It was found empirically that one
could form an analog of the Mendeleev table if one partitions all critical systems into ‘‘universality classes.’’ The
concept of universality classes of critical behavior was
first clearly put forth by Kadanoff, at the 1970 Enrico
Fermi Summer School, based on earlier work of a large
number of workers including Griffiths, Jasnow and Wortis, Fisher, Stanley, and others.
Consider, e.g., experimental M-H-T data on five diverse magnetic materials near their respective critical
points (Fig. 1). The fact that data for each collapse onto
a scaling function supports the scaling hypotheses, while
the fact that the scaling function is the same (apart from
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Pillar 3: RENORMALIZATION
GROUP
Kadanoff site-to-cell coarsegraining successively tames the
problem of an infinite
correlation length.
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Example: Q=1 Potts model for
d=1 (1d percolation)
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fa
FIG. 3. The Kadanoff-cell transformation applied to the example of one-dimensional percolation. The site level in (a) is
characterized by a single parameter p—the probability of a site
being occupied. The cell level in (b) is characterized by the
parameter p —the probability of a cell being occupied. The
relation between the two parameters, p and p , is given by the
renormalization transformation R(p) of Eqs. (14) and (15).
Also shown are successive Kadanoff-cell transformations. After each transformation, the correlation length ⇤ (p) is halved.
The corresponding value of occupation probability is reduced
to p p b p 2 , thus taking the system ‘‘farther away’’ from the
critical point p p c 1. Occupied sites and cells are shown
solid, while empty sites and cells are open.

p

p b.

(15)

C. Fixed points of the renormalization transformation

The actual choice of the function R b (p) varies, of
course, from one problem to the other. However the
remaining steps to be followed after selecting a suitable
R b (p) are essentially the same for all problems. First,
we note [Fig. 3(c)] that on carrying out the renormalization transformation, the new correlation length ⇤ (p ) is

m
aw
th
its
he
no
p.
po

T
m
ob
di
fix
de
tw

is
m
w
fix

po

98
77.
erm,
ees

rige

35

Fig. 2. Tail cumulative distribution function of
U.S. firm sizes, by receipts in dollars. Data are
for 1997 from the U.S. Census Bureau, tabulated in bins whose width increases in powers of
10. The solid line is the OLS regression line
through the data and has slope of 0.994 (SE "
0.064; adjusted R2 " 0.976).

effect on the overall firm size distribution.
There are a variety of stochastic growth
processes that converge to Pareto and Zipf
distributions (1, 5, 17, 18). Empirically, there
is support for Gibrat-like processes in which
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