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Basic Concepts in Financial Time Series 

Random Matrix Theory 
◦  Meaning of eigenvalues and eigenvectors 
◦  Eigenvalue distribution for random correlation matrix 
◦  Interpreting empirical eigenvalue distribution 

Extensions of Random Matrix Theory 
◦  Autoregressive random matrix theory (ARRMT) 
◦  Time-lag random matrix theory (TLRMT) 
◦  Global factor model (GFM) 

(Application of RMT in portfolio optimization) 



Price (Si,t ): 
index i at time t 

Return: 

Magnitude of return: 

1950 

1987 Black Monday 

2001 internet bubble 

2011 

2008 subprime mortgage crisis 

22% price drop 



For time series {Xt} and {Yt}, 
}  Cross-correlation 
 

}  Autocorrelation 

}  Time-lag Cross-correlation 

Properties: 

Example: highly correlated 
France and Italy indices 

Standard deviations 

<> Denotes average 

time lag 



Simulate return autocorrelations: AR(1) 

Simulate magnitude autocorrelations:  
GARCH(1,1) 



6 Stocks 
6x6 Correlation matrix 
 
 
 
Symmetric matrix 
Main diagonal=1 
 
 

Meaning of eigenvalues?  

Eigenvalue decomposition 
 

Explained by random 
matrix theory (RMT) 

Annual Return of 6 US stocks 



} Original RMT 
}  Aim: find existence of collective behavior 
}  method: compare the eigenvalue distribution between 
   (1) a symmetric random matrix and  
   (2) a Hamiltonian matrix 
 
} RMT in Econophysics 
}  Aim: find existence of cross-correlation in multiple 

time series 
}  Method: compare the eigenvalue distribution of  
    (1) a Wishart matrix (random correlation matrix) and  
    (2) empirical cross-correlation matrix 
 

Wishart matrix: sample correlation matrix for uncorrelated time series 



Cross-correlation distribution 
between 2 uncorrelated time 
series, each with length T=2000. 

Sample correlation distribution: 
Cij~N(0,1/T) 
Gaussian  distribution with 
mean zero and variance 1/T 

Sample cross-correlations between independent time series are not zero 
if time series are of finite length. 

Mathematically: Cij=0 
 

Statistically: Cij falls in                        , with 95% probability. 
1 1( 1.96 ,1.96 )
T T

−

95% confidence interval 



Principal Components  
•  Linear combination of individual time series 
•  Orthogonal transformation of correlated time series  
 

Eigenvectors (Factor Loadings) 
•  Weight of each individual time series in a principal component 
 

Eigenvalues 
•  Variance of each principal component 
•  Measures the significance of a factor 

𝑁 time series with length 𝑇  time series with length 𝑇        𝑁 principal components  principal components 

Not all of them are significant 

Compare them with the eigenvalues of Wishart matrix to find out the 
number of significant factors 



}  Eigenvalue distribution of a 
Wishart matrix when 𝑁,  𝑇→  ∞ 

}  Only determine by 𝜎 and 𝑄≡𝑇/𝑁  and 𝑄≡𝑇/𝑁  

}  Has an upper and lower bound 
𝜆↓± = 𝜎↑2 (1±√1/𝑄 )↑2  𝑃(𝜆)= 𝑄/2𝜋𝜎↑2     √( 𝜆↓+ −𝜆)(𝜆− 𝜆↓− ) /𝜆  



Largest eigenvalue of uncorrelated time series 

Significant 
factors 

Eigenvalue distribution of Wishart 
matrix 

From: Plerou et. al., 1999, PRL., 2002, PRE. (422 stocks from S&P 500, 1737 daily 
returns) 

Largest eigenvalue (not shown): 
Average behavior 
(Bahavior of the whole market) 

Noise 

Other large eigenvalues: 
Subgroups 
(Sectors, industries, …)  



Procedure 
(1) Wishart matrix: 𝜆↓+ = 𝜎↑2 (1+√1/𝑄 )↑2  
(2) Empirical eigenvalues: 𝜆↓1 > 𝜆↓2 >…>𝜆↓𝑁  
(3) Significant factors: 𝜆↓𝑖 > 𝜆↓+  
(4) Noise: 𝜆↓𝑖 < 𝜆↓+  

Aim 
(1) Test significance of correlations in multiple time series 
(2) Find number of significant factors 
(3) Reduce noise in correlation matrix 



Efficient  Fron,er    
H.  Markowitz  (1952)

Calculate	  efficient	  fron/er:	  
𝒘↓eff = arg min┬𝑤  𝒘↑𝑇 Σ𝒘    	  
Subject	  to	  	  

𝒘↑𝑇 𝝁=   𝜇↓∗ ,       𝒘↑𝑇 𝟏  =  1	  
	  
	  
Solu/on:	  

𝐴= 𝝁↑𝑇 𝚺↑−1 𝟏 
𝐵= 𝝁↑𝑇 𝚺↑−1 𝝁 

𝐶= 𝟏↑𝑇 𝚺↑−1 𝟏 
𝐷=𝐵𝐶−𝐴 
𝒘↓eff ={𝐵𝚺↑−1 𝟏−𝐴𝚺↑−1 𝝁+ 𝜇↓∗ (𝐶𝚺↑−1 
𝝁−𝐴𝚺↑−1 𝟏)}/𝐷 

𝒘↓minvar = 𝚺↑−1 𝟏/𝐶 
	  
	  

Given:	  
Individual	  return	  𝝁,	  Covariance	  matrix	  Σ,	  Por<olio	  return	   𝜇↓∗ 	  
	  

Calculate:	  
Weigh	  𝒘↓𝑒𝑓𝑓 	  that	  minimize	  the	  por<olio	  risk	  𝒘↑𝑇 Σ𝒘	  



Minimum  Variance  Por?olio:  Cumula,ve  Return

AEer	  Applying	  RMT	  in	  	  
construc/ng	  the	  minimum	  
variance	  por<olio,	  we	  
increased	  returns	  and	  reduced	  
risk. 

μ	   σ	  
Markowitz	   0.0001443	   0.0086652	  

RMT	   0.0002205	   0.0080505	  

Por<olio:	  
404	  stocks	  from	  S&P	  500,	  rebalancing	  at	  the	  end	  of	  each	  year	  



Problem 
◦  Wishart matrix assumes no autocorrelation 
◦  Autocorrelation can impact eigenvalue distribution 
◦  We should not compare empirical eigenvalue 

distribution of autocorrelated time series with 𝜆↓+  

Action 
◦  Quantify autocorrelation in empirical time series 
◦  Compare its eigenvalues with the largest eigenvalue 

from simulated time series with no crosscorrelations 
but same autocorrelations as the empirical time series 



AR(1) Model: 

Autocorrelation: 

𝐴(Δ𝑡)= 𝜙↑Δ𝑡  



Variance	  

Correla,on  distribu,on  for  different  AR(1)  Coefficient

Variance	  of	  sample	  
crosscorrela/on	  



Eigenvalue  distribu,on  for  different  AR(1)  Coefficient

Autocorrela/on	  in	  /me	  series	  may	  influence	  the	  eigenvalue	  distribu/on	  for	  
uncorrelated	  /me	  series	  

Eigenvalue	  to	  compare	  with	  empirical	  eigenvalues	  

Noise	  detected	  by	  RMT	  

Actual	  Noise	  

AR(1)	  Process	  
𝑋↓𝑡 =𝜙𝑋↓𝑡−1 + 𝜖↓𝑡 	  

Variance	  of	  correla/on	  
Var(𝑟)= 1/𝑇 1+ 𝜙↑2 /1− 𝜙↑2  	  

Equivatlent	  length	  
𝑇↑∗ =𝑇1− 𝜙↑2 /1+ 𝜙↑2  	  

Equivalent	  𝑄	  	  
𝑄↑∗ = 𝑇↑∗ /𝑁	  
	  

Wishart	  Matrix:	   𝜆↓+ = (1+√1/𝑄 )↑2 	  



Procedure 
(1) Fit AR models, get 𝜙  
(2) Simulate time series using the estimated 𝜙  
(3) Calculate largest eigenvalue 
(4) Repeat (1)-(3) 
(5) Distribution of largest eigenvalue 
(6) For small data sets, choose 95th percentile 
(7) Compare with empirical eigenvalues 

Aim 
Adjust RMT for autocorrelated time series 



Histogram of AR(1) Coefficients 

Data: Change of air pressure in 95 US cities 



RMT  and  ARRMT  for  Daily  Air  Pressure  of  95  US  Ci,es

RMT	  
•  11	  significant	  
factors	  

ARRMT	  
•  8	  significant	  factors 



(Podobnik, Wang et. al., 2010, EPL.) 
}  Aim: extend RMT to time lag correlation matrix 
}  Unsymmetrical matrices, eigenvalues are complex numbers 
}  Use singular value decomposition (SVD) instead of eigenvalue 
}  Largest singular value: strength of correlation 

 
 
     

　Lag=0 GE MSFT JNJ 

GE 1 0.579 0.538 

MSFT 0.579 1 0.56 

JNJ 0.538 0.56 1 

　Lag=1 GE MSFT JNJ 

GE 0.378 0.499 0.551 

MSFT 0.528 0.339 0.295 

JNJ 0.635 0.659 0.499 

Correlation matrix for lag=0 and lag=1 





We find: 
(1) Short-range return cross-correlations (after time lag=2) 
(2) Long-range magnitude cross-correlation (scaling exponent=0.25) 

magnitudes 

returns 



}  Aim: explain cross-correlations using one single process. 
}  Assumption: Each individual index fluctuates in response to one 

common process, the “global factor” Mt . 

What is the global factor? 
}  A linear combination of all individual index returns 

}  The weight of each index return is calculated using statistical method. 
 

Global factor 

Measures dependence of Ri,t on Mt 

mean return unsystematic noise 

individual return 

Wang et. al., 2011, PRE. 



}  Variance of global factor---- Cross-correlation among 
individual indices (holds for both returns and magnitudes) 

}  Autocorrelation of global factor---- Time lag cross-
correlation among individual indices 

Conclusion: 
   Cross-correlation among individual indices decay in the same 

pattern as the autocorrelation of the global factor.  

Return cross-correlation 

Magnitude cross-correlation 

AM = autocorrelation of global factor 

GFM explains the reason for the long range 
magnitude cross-correlations. 



}  Aim: Linear regression with unobservable Mt 

 
}  Basis: Least total squared errors 

}  Calculation: Eigenvalue decomposition  (C=U+DU) 
         (1) The principal components are related with the 

eigenvectors. 
       (2) Mt = the first principal component 
 
}  Procedure: 
       (1) Find Mt using eigenvalue decomposition. 
       (2) Linear regression, find µ, bi , epsilon. 

 

 

Correlation matrix 

Eigenvalue matrix 

Unknown, linear combinition of Ri,t 

Eigenvector matrix 



Subprime mortgage crisis Internet bubble 



}  Only 3 eigenvalues above Wishart maximum (significant). 
}  The largest eigenvalue (global factor) constitute 31% of total variance, and 

75% of total variance of 3 significant principal components. 
}  Conclusion: the single global factor is sufficient in explaining correlations. 

Eigenvalues above and below Wishart maximum. 

Wishart maximum 

Global factor 

3 eigenvalues above Wishart maximum 

Insignificant principal components 
(eigenvalues below Wishart maximum) 



}  Define risk: volatility (time dependent standard deviation) 
       volatility=expected standard deviation of a time series at time t given information 

till time t-1. 
}  How to calculate risk: Apply GARCH to global factor 
 

 
 
 
 
}  Historical risk and expectation of future risk 

Coefficients estimated using maximum likelihood (MLE) 

Forecasted using recursion with estimated coefficients 



1st PC 2nd PC 3rd PC
USA 1 S&P 500 INDEX
Mexico 2 MEXICO BOLSA INDEX
UK 3 FTSE 100 INDEX
Germany 4 DAX INDEX
France 5 CAC 40 INDEX
Spain 6 IBEX 35 INDEX
Sw itzerland 7 SWISS MARKET INDEX
Italy 8 FTSE MIB Index
Portugal 9 PSI 20 INDEX
Ireland 10 IRISH OVERALL INDEX
Netherlands 11 AEX-Index
Belgium 12 BEL 20 INDEX
Luxembourg 13 LUXEMBOURG LuxX INDEX
Denmark 14 OMX COPENHAGEN 20 INDEX
Finland 15 OMX HELSINKI INDEX
Norw ay 16 OBX STOCK INDEX
Sw eden 17 OMX STOCKHOLM 30 INDEX
Austria 18 AUSTRIAN TRADED ATX INDX
Greece 19 Athex Composite Share Pr
Poland 20 WSE WIG INDEX
Czech Republic 21 PRAGUE STOCK EXCH INDEX
Hungary 22 BUDAPEST STOCK EXCH INDX
Romania 23 BUCHAREST BET INDEX
Slovenia 24 SBI20 Slovenian Total Mt
Estonia 25 OMX TALLINN OMXT
Turkey 26 ISE NATIONAL 100 INDEX
Malta 27 MALTA STOCK EXCHANGE IND
RSA 28 FTSE/JSE AFRICA TOP40 IX
Morocco 29 CFG 25           CFG 25
Nigeria 30 Nigeria Index    Index
Kenya 31 Kenya SE         NSE 20
Israel 32 TEL AVIV 25 INDEX
Oman 33 MSM30 Index
Qatar 34 DSM 20 Index
Mauritius 35 MAURITIUS STOCK EXCHANGE
Japan 36 NIKKEI 225
Hong Kong 37 HANG SENG INDEX
China 38 SHANGHAI SE B SHARE INDX
Australia 39 ALL ORDINARIES INDX
New  Zealand 40 NZX ALL INDEX
Pakistan 41 KARACHI 100 INDEX
Sri Lanka 42 SRI LANKA COLOMBO ALL SH
Thailand 43 STOCK EXCH OF THAI INDEX
Indonesia 44 JAKARTA COMPOSITE INDEX
Malaysia 45 FTSE Bursa Malaysia KLCI
Philippines 46 PSEi - PHILIPPINE SE IDX
Mongolia 47 MSE Top 20 Index

}  PC1: American and EU countries 
}  PC2: Asian and Pacific countries 
}  PC3: Middle east countries 

Application: 
Multiple Global Factors 

3 significant principal components (PCs) 

Wang et., al., working paper. 

Statistically, the world economy 
can be grouped as 3 sectors. 

Global factor Sectors 



(1) Large correlation between 
    Western and Asian economies 
(2) Small correlation between Middle East  
    Economy and the other 2 groups 
(3) Each group has its own financial crises. 
(4) The 2008 market crash influenced all 
    3 groups, indicating globalization  
    (large volatility correlation). 



}  Duan Wang 
}  wangduan@bu.edu 



Eigenvectors:  Implied  Par,cipa,on  Number

Defini/on	  
𝑁↓𝑝 ≝1/∑𝑖=1↑𝑁▒𝑣↓𝑖↑4  	  
Interpreta/on	  
A	  rough	  es/ma/on	  of	  how	  many	  
individuals	  contribute	  to	  the	  PC.	  

Two	  extreme	  cases	  
(1)	  	  𝑣↓𝑖 = 1/√𝑁  ,	  for	  all	  𝑖’s.	  𝑁↓𝑝 =𝑁.	  

(2)	  	  𝑣↓1 =1,	   𝑣↓𝑖≠1 =0.	     𝑁↓𝑝 =1.	  

For	  Wishart	  matrix	  



Empirical  Implied  Par,cipa,on  Number

422	  stocks	  from	  S&P	  500,	  1737	  daily	  returns 
Wishart	  Matrix	  
Similar	  par/cipa/on	  number	  for	  all	  
PCs	  

	  

Empirical	  Correla/on	  Matrix	  
•  First	  PC	  has	  370	  par/cipants	  (87.7%	  

of	  all	  stocks)	  
Global	  market	  factor	  

•  First	  few	  PCs	  has	  large	  𝑁↓𝑝 	  
Sectors	  or	  industry	  groups	  

•  Last	  few	  PCs	  has	  small	  𝑁↓𝑝 	  
Small	  subgroups	  



Empirical  Implied  Par,cipa,on  Number 

First	  Eigenvector 
• All	  posi/ve,	  similar	  weights	  
•  Indica/ng	  global	  factor 

Last	  Eigenvector 
•  Small	  number	  of	  par/cipants	  
•  Indica/ng	  small	  subgroup 

AVB 

EQR SPG 

VNO 



Efficient  Fron,er    
H.  Markowitz  (1952)

Calculate	  efficient	  fron/er:	  
𝒘↓eff = arg min┬𝑤  𝒘↑𝑇 Σ𝒘    	  
Subject	  to	  	  

𝒘↑𝑇 𝝁=   𝜇↓∗ ,       𝒘↑𝑇 𝟏  =  1	  
	  
	  
Solu/on:	  

𝐴= 𝝁↑𝑇 𝚺↑−1 𝟏 
𝐵= 𝝁↑𝑇 𝚺↑−1 𝝁 

𝐶= 𝟏↑𝑇 𝚺↑−1 𝟏 
𝐷=𝐵𝐶−𝐴 
𝒘↓eff ={𝐵𝚺↑−1 𝟏−𝐴𝚺↑−1 𝝁+ 𝜇↓∗ (𝐶𝚺↑−1 
𝝁−𝐴𝚺↑−1 𝟏)}/𝐷 

𝒘↓minvar = 𝚺↑−1 𝟏/𝐶 
	  
	  

Given:	  
Individual	  return	  𝝁,	  Covariance	  matrix	  Σ,	  Por<olio	  return	   𝜇↓∗ 	  
	  

Calculate:	  
Weigh	  𝒘↓𝑒𝑓𝑓 	  that	  minimize	  the	  por<olio	  risk	  𝒘↑𝑇 Σ𝒘	  



Example:  404  stocks  from  S&P  500

Rebalance	  every	  end	  of	  year	  
	  

Use	  data	  from	  past	  5	  years	  to	  
calculate	  𝑤↓eff 	  
At	  the	  end	  of	  2006,	  use	  2002-‐2006	  
	  

Rebalance	  por<olio	  using	  𝑤↓eff 	  
	  

What	  is	  realized	  fron/er	  in	  2007?	  



Example:  404  stocks  from  S&P  500

Rebalance	  every	  end	  of	  year	  
	  

Use	  data	  from	  past	  5	  years	  to	  
calculate	  𝑤↓eff 	  
At	  the	  end	  of	  2006,	  use	  2002-‐2006	  
	  

Rebalance	  por<olio	  using	  𝑤↓eff 	  
	  

What	  is	  realized	  fron/er	  in	  2007?	  
Problem:	  in	  sample	  es/mate	  of	  the	  weights	  	  
does	  not	  minimize	  the	  out	  of	  sample	  error	  



Reason  for  Instability

𝒘↓minvar = 𝚺↑−1 𝟏/𝟏↑𝑇 𝚺↑−1 𝟏   	  
Eigenvalue	  decomposi/on	  
•  𝜮=𝑽  𝑫   𝑽↑−1 	  
•  𝜮↑−1 =𝐕   𝐃↑−1 𝐕↑−1 	  
• 𝑫  =  diag(	   λ↓1 ,   𝜆↓2 ,  …,   𝜆↓𝑁 )	  .	  Eigenvalues	  𝜆↓1 > 𝜆↓2 >…>𝜆↓𝑁 .	  
•  𝑫↑−1 =diag( 𝜆↓1↑−1 ,   𝜆↓2↑−1 ,…,   𝜆↓𝑁↑−1 ).	  	  

Smallest	  eigenvalues	  plays	  larger	  roles	  in	  calcula/ng	  𝒘↓minvar 	  
	  
Smaller	  PCs	  are	  dominated	  by	  noise	  
	  
How	  to	  solve	  the	  problem?	  
Use	  RMT	  to	  determine	  the	  number	  of	  eigenvalues	  we	  should	  keep	  



RMT  in  Por?olio  Op,miza,on:  Procedure

Use	  RMT	  to	  decide	  number	  of	  significant	  factors	  𝑀	  	  
	  
Dimension	  reduc/on	  
• 𝑫  =  diag(	   λ↓1 ,   𝜆↓2 ,  …,   𝜆↓𝑁 )	  .	  Eigenvalues	  𝜆↓1 > 𝜆↓2 >…>𝜆↓𝑁 .	  
•  𝑫↓𝑎𝑑𝑗   =  diag(	   λ↓1 ,   𝜆↓2 ,  …,   𝜆↓𝑀,   𝜆↓𝑟  , 𝜆↓𝑟  ,  …, 𝜆↓𝑟  )	  .	   𝜆↓𝑟  ≝1/𝑁
−𝑀 ∑𝑖=𝑀+1↑𝑁▒𝜆↓𝑖  	  
•  𝜮↓𝑎𝑑𝑗 =𝑽   𝑫↓𝑎𝑑𝑗    𝑽↑−1 	  
	  
Use	  adjusted	  covariance	  matrix	  to	  calculate	  fron/er	  and	  weights	  



Realized  Fron,er:  RMT  Applied



Minimum  Variance  Por?olio:    
Cumula,ve  Return

AEer	  Applying	  RMT	  in	  	  
construc/ng	  the	  minimum	  
variance	  por<olio,	  we	  
increased	  returns	  and	  reduced	  
risk. 

μ	   σ	  
Markowitz	   0.0001443	   0.0086652	  

RMT	   0.0002205	   0.0080505	  



Minimum  Variance  Por?olio:  
Turnover  Rate



}  Time-lag RMT (TLRMT) 
}  Global Factor Model (GFM) 
}  Variance Crosscorrelation 
•  Conditional Variance Adjusted 

Regression Model (CVARM) 
•  Conditional Heteroskedasticity 

Adjusted Regression Model (CHARM) 

1st PC 2nd PC 3rd PC
USA 1 S&P 500 INDEX
Mexico 2 MEXICO BOLSA INDEX
UK 3 FTSE 100 INDEX
Germany 4 DAX INDEX
France 5 CAC 40 INDEX
Spain 6 IBEX 35 INDEX
Sw itzerland 7 SWISS MARKET INDEX
Italy 8 FTSE MIB Index
Portugal 9 PSI 20 INDEX
Ireland 10 IRISH OVERALL INDEX
Netherlands 11 AEX-Index
Belgium 12 BEL 20 INDEX
Luxembourg 13 LUXEMBOURG LuxX INDEX
Denmark 14 OMX COPENHAGEN 20 INDEX
Finland 15 OMX HELSINKI INDEX
Norw ay 16 OBX STOCK INDEX
Sw eden 17 OMX STOCKHOLM 30 INDEX
Austria 18 AUSTRIAN TRADED ATX INDX
Greece 19 Athex Composite Share Pr
Poland 20 WSE WIG INDEX
Czech Republic 21 PRAGUE STOCK EXCH INDEX
Hungary 22 BUDAPEST STOCK EXCH INDX
Romania 23 BUCHAREST BET INDEX
Slovenia 24 SBI20 Slovenian Total Mt
Estonia 25 OMX TALLINN OMXT
Turkey 26 ISE NATIONAL 100 INDEX
Malta 27 MALTA STOCK EXCHANGE IND
RSA 28 FTSE/JSE AFRICA TOP40 IX
Morocco 29 CFG 25           CFG 25
Nigeria 30 Nigeria Index    Index
Kenya 31 Kenya SE         NSE 20
Israel 32 TEL AVIV 25 INDEX
Oman 33 MSM30 Index
Qatar 34 DSM 20 Index
Mauritius 35 MAURITIUS STOCK EXCHANGE
Japan 36 NIKKEI 225
Hong Kong 37 HANG SENG INDEX
China 38 SHANGHAI SE B SHARE INDX
Australia 39 ALL ORDINARIES INDX
New  Zealand 40 NZX ALL INDEX
Pakistan 41 KARACHI 100 INDEX
Sri Lanka 42 SRI LANKA COLOMBO ALL SH
Thailand 43 STOCK EXCH OF THAI INDEX
Indonesia 44 JAKARTA COMPOSITE INDEX
Malaysia 45 FTSE Bursa Malaysia KLCI
Philippines 46 PSEi - PHILIPPINE SE IDX
Mongolia 47 MSE Top 20 Index



Variance 



N=2000 
T=8000 



95th Percentile 



}  RMT with existence of multicolinarity 
}  RMT with N>T 

}  (Show Figures Here!) 


