
THE JOURNAL OF CHEMICAL PHYSICS 134, 064507 (2011)

Waterlike glass polyamorphism in a monoatomic isotropic Jagla model
Limei Xu,1,2,a) Nicolas Giovambattista,3 Sergey V. Buldyrev,4 Pablo G. Debenedetti,5

and H. Eugene Stanley6

1WPI-AIMR, Tohoku University, Sendai, Miyagi 980-8577, Japan
2International Center for Quantum Materials, Peking University, Beijing 100871, China
3Department of Physics, Brooklyn College of the City University of New York, Brooklyn, New York 11210, USA
4Department of Physics, Yeshiva University, New York, New York 10033, USA
5Department of Chemical and Biological Engineering, Princeton University, Princeton,
New Jersey 08544-5263, USA
6Center for Polymer Studies and Department of Physics, Boston University, Boston, Massachusetts 02215, USA

(Received 20 July 2010; accepted 8 November 2010; published online 9 February 2011)

We perform discrete-event molecular dynamics simulations of a system of particles interacting with
a spherically-symmetric (isotropic) two-scale Jagla pair potential characterized by a hard inner core,
a linear repulsion at intermediate separations, and a weak attractive interaction at larger separations.
This model system has been extensively studied due to its ability to reproduce many thermodynamic,
dynamic, and structural anomalies of liquid water. The model is also interesting because: (i) it is
very simple, being composed of isotropically interacting particles, (ii) it exhibits polyamorphism in
the liquid phase, and (iii) its slow crystallization kinetics facilitate the study of glassy states. There is
interest in the degree to which the known polyamorphism in glassy water may have parallels in liquid
water. Motivated by parallels between the properties of the Jagla potential and those of water in the
liquid state, we study the metastable phase diagram in the glass state. Specifically, we perform the
computational analog of the protocols followed in the experimental studies of glassy water. We find
that the Jagla potential calculations reproduce three key experimental features of glassy water: (i) the
crystal-to-high-density amorphous solid (HDA) transformation upon isothermal compression, (ii) the
low-density amorphous solid (LDA)-to-HDA transformation upon isothermal compression, and (iii)
the HDA-to-very-high-density amorphous solid (VHDA) transformation upon isobaric annealing at
high pressure. In addition, the HDA-to-LDA transformation upon isobaric heating, observed in water
experiments, can only be reproduced in the Jagla model if a free surface is introduced in the simu-
lation box. The HDA configurations obtained in cases (i) and (ii) are structurally indistinguishable,
suggesting that both processes result in the same glass. With the present parametrization, the evolu-
tion of density with pressure or temperature is remarkably similar to the corresponding experimental
measurements on water. Our simulations also suggest that the Jagla potential may reproduce features
of the HDA-VHDA transformations observed in glassy water upon compression and decompression.
Snapshots of the system during the HDA-VHDA and HDA-LDA transformations reveal a clear seg-
regation between LDA and HDA but not between HDA and VHDA, consistent with the possibility
that LDA and HDA are separated by a first order transformation as found experimentally, whereas
HDA and VHDA are not. Our results demonstrate that a system of particles with simple isotropic pair
interactions, a Jagla potential with two characteristic length scales, can present polyamorphism in the
glass state as well as reproducing many of the distinguishing properties of liquid water. While most
isotropic pair potential models crystallize readily on simulation time scales at the low temperatures
investigated here, the Jagla potential is an exception, and is therefore a promising model system for
the study of glass phenomenology. © 2011 American Institute of Physics. [doi:10.1063/1.3521486]

I. INTRODUCTION

Monoatomic liquids with isotropic interactions usu-
ally exhibit simple thermodynamic behavior,1 in contrast to
network-forming systems such as water,2 silica,3 or silicon.4

It had long been believed that in order for a liquid to have
complex, waterlike properties such as negative thermal ex-
pansion, it is necessary for it to possess the key feature
of anisotropic interactions. Forty years ago, Hemmer and

a)Author to whom correspondence should be addressed. Electronic mail:
limei.xu@wpi-aimr.tohoku.ac.jp.

Stell5, 6 showed that monoatomic systems interacting via core-
softened pair potentials can show structural transitions in the
solid phase. These pair potentials are characterized by a repul-
sive hard core part decorated by a shoulder or ramp that “soft-
ens” the repulsion between atoms at very short distances [see,
e.g., Fig. 1(a)]. Numerous subsequent studies have shown
that core-softened potentials can exhibit a range of anoma-
lous properties,7 such as density or diffusion anomalies, that
are known to occur in water8–13 and liquid metals.14–16 It is
now understood that anisotropic interactions, such as hydro-
gen bonds, are not necessary for a liquid to have anoma-
lous, waterlike properties17 and that core-softened potentials
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FIG. 1. (a) The spherically-symmetric two-scale Jagla potential with attrac-
tive and repulsive ramps. Here a is the hard-core diameter, b = 1.72a is the
soft-core diameter, and c = 3a is the long distance cutoff. (b) Phase diagram
of a system of particles interacting with the Jagla potential (Ref. 19). We
indicate LDL and HDL spinodal lines (solid blue). The LDL-HDL coexis-
tence (dashed red) line ends in a liquid-liquid critical point. Tg are the glass
transformation temperatures of HDA (up triangles) and LDA (down trian-
gles). We also indicate the melting line of the hcp crystal (solid green line
with rhombi). We calculate Tg based on the computational equivalent of the
differential scanning calorimetry method: (i) obtain the isobaric specific heat
C p(T ) upon heating the glass, and (ii) obtain Tg based on C p(T ) following
the procedure of Ref. 19. We use a heating rate of 10−5 q0 for HDA and a
faster heating rate of 8.9 × 10−4 q0 for LDA to avoid crystallization. The
nonmonotonic behavior of the LDA glass transition temperature with pres-
sure is related to the diffusion anomaly (increase of diffusivity upon com-
pression) of the Jagla LDL which exists in the region of positive pressures
and low temperatures (Ref. 22).

can serve as coarse-grained models of more complex molecu-
lar systems,18 and are good model systems for studying the
thermodynamics of waterlike anomalies in general.19 Re-
cently, a different type of monoatomic model for water, which
includes a three-body (anisotropic) interaction, has been in-
troduced that reproduces many of the structural, dynamic and
thermodynamic properties of water.20

One of the most interesting properties of core-softened
potentials is the fact that they can show polyamorphism, i.e.,
the presence of two or more liquid or glassy states.8, 21, 22

The concept of polyamorphism is relatively new. This phe-
nomenon was first demonstrated in glassy water,23, 24 and
was subsequently proposed for liquid water25 and partially
tested for bulk26, 27 and confined water28 and observed in
other substances such as phosphorous,29 germanium,30 the
liquid metal Ce55Al45,31 triphenyl-phosphite,32 and in yt-
trium oxide-aluminum oxide melts [(Al2O3)1−x (Y2O3)x with
x ≈ 0.20].33–35 A helpful recent review is Ref. 36.

An example of a core-softened potential that exhibits
polyamorphism is shown in Fig. 1(a). The phase diagram for
this model system [Fig. 1(b)]22, 37 includes two liquid phases
separated by a first-order transition line, which ends in a
liquid-liquid critical point (LLCP). This LLCP, unrelated to
the liquid-gas critical point, is located above the glass tran-
sition temperature Tg(P) and the melting temperature Tm(P),
and can therefore be studied in equilibrium simulations.22 The
two liquids, referred to as low-density liquid (LDL) and high-
density liquid (HDL), transform to low-density amorphous
(LDA) and high-density amorphous (HDA) solids upon fast
isobaric cooling.19

Most studies of core-softened potential systems have fo-
cused on the liquid state. Little attention has been paid to
the behavior of these model systems in the glassy state, and
to comparing simulation results to experiments. A probable
reason underlying this situation is the fact that atomic sys-
tems with isotropic interactions crystallize easily in com-
puter simulations, even when the accessible simulation time
scales are several orders of magnitude shorter than those em-
ployed in experiments. The Jagla pair potential of Fig. 1(a)
is an exception, and the corresponding system can be stud-
ied in the deeply supercooled state using molecular dynam-
ics simulations.19 To our knowledge, there is no systematic
study to date based on molecular dynamics (MD) simulations
that investigates the extent to which monodisperse systems
of particles interacting via core-softened potentials are able
to reproduce vitreous polyamorphism, such as is observed
experimentally.

Jagla used a Monte Carlo (MC) simulation to systemat-
ically investigate the low temperature behavior of models of
the general form of that shown in Fig. 1(a), both with and
without an attractive ramp, in both two and three dimensions.8

Of particular relevance to this work, he studied the influ-
ence of attractions on low-temperature phase behavior, in-
cluding the appearance of an LDL-HDL polyamorphic tran-
sition terminating at a LLCP. In this work, we extend Jagla’s
investigations at low temperatures and explore all amorphous-
amorphous and crystal-amorphous transformations known to
occur in water.

In actual experiments, compression/decompression and
cooling/heating rates can play a crucial role. Our choice of
using MD instead of MC simulations is motivated by the fact
that time, and hence compression/decompression and cool-
ing/heating rates, are well-defined in the MD case. This al-
lows us to compare different transformations obtained in sim-
ulations under similar computational protocols. For example,
we can compare how the low-pressure glass and the low-
pressure crystal evolve upon compression when the same
compression rate is used.

The phenomenology of water in the glass state is very
rich (for a helpful review, see Ref. 38). When the low-pressure
stable ice (ice Ih) is compressed at T = 77 K, it transforms
to a HDA ice above P ≈ 1 GPa.23 If HDA is decompressed
at the same temperature and then heated at P = 1 bar, it
transforms abruptly to LDA ice, at T ≈ 117 K.23 LDA and
HDA can be interconverted upon compression and decom-
pression at T ≈ 135 K.39 A third amorphous state, called
very-high-density amorphous (VHDA) ice, has been proposed
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to exist at P > 1 GPa and T > 130 K.38, 40 In this work, we
study these transformations using discrete-event molecular
dynamics simulations41 of a system of particles interacting
via the pair potential shown in Fig. 1(a). For this parametriza-
tion, a quantitative comparison of calculated (P ,T ,ρ) values
with experimental data for liquid water is possible (see Ref.
18), and here we extend this comparison to the glass state.

We present simulation details in the next section and
we describe the pressure-induced amorphization of the low-
pressure crystal in Sec. III. We study the transformations be-
tween the LDA and HDA forms of the Jagla potential in
Sec. IV and the formation of VHDA at high pressure in Sec.
V, where we also compare the HDA-LDA and the VHDA-
HDA transformations during isotropic stretching simulations.
We present conclusions and suggestions for further investiga-
tion in Sec. VI.

II. SIMULATIONS

Our results are based on discrete-event MD simula-
tions14, 37, 41–43 of a system composed of N = 1728 particles
interacting via the discretized version of the Jagla potential
shown in Fig. 1(a). This pair potential is characterized by two
length scales,8 a hard-core distance r = a and a soft-core dis-
tance r = b = 1.72a. The attractive part of the pair potential
extends up to r = c = 3a and has a minimum energy −U0.

All quantities reported in this work are in reduced units.
Distances and energies are in units of a and U0, respectively.
Time, t , is calculated in units of a

√
m/U0, where m is the

particle mass. The density ρ ≡ N/L3, is calculated in units
of a−3. Pressure units are U0/a3 and temperature units are
U0/kB .

We perform simulations at constant pressure and tem-
perature. During the isothermal compression/decompression
simulations, we increase/decrease the pressure by �P each
time interval �t . The compression/decompression rates are
qP ≡ �P/�t . We calculate qP in units of q0

P ≡ a−4
√

U 3
0 /m.

Similarly, for the isobaric cooling/heating simulations, we
increase/decrease the temperature by �T each time inter-
val �t , the cooling/heating rate being qT ≡ �T/�t . We
calculate qT in units of q0

T ≡ a−1k−1
B

√
U 3

0 /m. The com-
pression/decompression and cooling/heating rates can be re-
lated to experimental situations upon assigning the following
values to a, U0 and m:18

� a = 0.27 nm (the position of the first peak of the
oxygen-oxygen pair correlation function in water),

� U0 = 4.75 kJ/mol (which assures that the Jagla model
has the same value of the maximum temperature of
the locus of the maximum density in the T -P plane,
T ≈ 285 K, as that observed in water), and

� m = 36 g/mol (since the mass of two water molecules
can be identified with the mass of one particle in the
Jagla liquid18).

As a result, q0
T = 7.7 × 1014 K/s and q0

P = 5.4
× 1012 kbar/s. This value of q0

T implies that the slowest
cooling/heating rate used in this work (= ±10−5 q0

T ) is of the
same order of magnitude as the slowest cooling/heating rate
used in the MD simulation of extended simple point charge

(SPC/E) water in Ref. 44. Similarly, the resulting value of
q0

P implies that the slowest compression/decompression rate
used in this work (= ±10−8q0

P ) is approximately 4 orders of
magnitude smaller than that used in MD simulation of TIP4P
water in Ref. 45.

Although the Jagla potential with the parametrization
used in this work exhibits waterlike anomalies, it also has
distinctly non-waterlike features. Specifically, the phase di-
agram of our Jagla potential [Fig. 1(b)] features a coexistence
line between LDL and HDL that has a positive slope in the
(P, T ) plane. In contrast, experimental data and thermody-
namic considerations indicate that this slope must be negative
for water.2 An LDL-HDL coexistence line with negative slope
can be obtained with the Jagla potential if one uses a differ-
ent parametrization than the one used here,21 but this model
easily crystallizes above the LLCP critical temperature and
therefore is not convenient for studying polyamorphism.

Another distinction between water and the particular pa-
rameterization of the Jagla model used here is the fact that the
region of density anomaly in water extends to negative pres-
sures, so that the maximum temperature of the locus of maxi-
mum densities in water lies in the region of negative pressure.
In the Jagla model with the present parameters, in contrast,
density anomalies occur only at positive pressures.

III. HIGH-DENSITY AMORPHOUS SOLID
FROM LOW-PRESSURE CRYSTAL

In 1984, Mishima et al.23 observed that compressing ice
Ih at T = 77 K above P ≈ 1 GPa produces a glass, which is
called HDA ice. This was the first time that a glass was formed
by pressure-induced amorphization (PIA) of a crystal. PIA of
crystals in other substances was observed soon thereafter.46–53

In our first set of simulations, we follow the protocol used
in the PIA experiments of Ref. 23. Specifically, we compress
the low-pressure hcp crystal of the Jagla potential19 at con-
stant temperature T = 0.1. This temperature is well below the
glass transition temperature Tg and the melting temperature
Tm of the Jagla model.19

Figure 2(a) shows the volume of the system V (P) as a
function of pressure obtained from our simulations. To ob-
tain the hcp crystal, we slowly cool LDL at constant volume
to low temperature T = 0.1, and then equilibrate the sys-
tem for 42 000 time units at the same volume (L/a = 18.6)
and higher temperature (T = 0.225), which results in a bet-
ter crystal structure. The resulting hcp crystal is further equi-
librated for a long time (t = 50 000) at P = 0.2, T = 0.1
before all the calculations involving hcp are performed. For
P � 1.25 to a very good approximation, V (P) decreases lin-
early with pressure, indicating that the hcp crystal is com-
pressed elastically. We observe a similar behavior at high
pressure, P � 1.6. The abrupt change in volume that occurs at
P ≈ 1.35 corresponds to the transformation of the hcp crystal
into an amorphous solid.

The behavior of V (P) obtained in simulations is strik-
ingly similar to the results obtained in experiments for the
case of glassy water. Figure 2(b) shows the piston displace-
ment d(P) as a function of pressure for ice Ih samples com-
pressed at T = 77 K.23 The sample undergoes elastic com-
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FIG. 2. Crystal-to-HDA transition on compression followed by decompres-
sion of HDA. (a) Simulations: Pressurization of hcp crystal at T = 0.1 results
in HDA (circles). An apparent first-order transition occurs at P = 1.35 , and
is indicated by the sharp drop in volume. The dashed vertical lines indicate
the pressures at which the hcp (violet) and HDA (green) radial distribution
functions shown in Fig. 3 were obtained. The hcp-to-HDA transition is not
reversible as the volume of HDA barely changes upon decompression at the
same temperature, T = 0.1 (squares). (b) Experiments: Piston displacement
as a function of pressure for four samples of ice Ih compressed at T = 77
K. The resemblance between panels (a) and (b) is evident. The sample pres-
sure is ≈ 0.9 times the nominal pressure. Adapted with permission from O.
Mishima, L. D. Calvert, and E. Whalley, Nature (London) 310, 393 (1984).
Copyright 1984, Nature.

pression while d(P) ∝ P at low and high pressures, but d(P)
changes suddenly at P ≈ 1.2 GPa when ice Ih converts to
HDA.

In both simulations and experiments, the conversion from
the low pressure crystal to the amorphous solid appears to
be first-order since ∂ P/∂V ≈ 0 during the transformation.
Moreover, in both cases, the crystal-amorphous solid transfor-
mation is not reversible in that the isothermal decompression
of HDA solids does not result in ice Ih in actual experiments,
nor do simulations recover the hcp crystal.

To test whether the PIA of the hcp crystal indeed results
in an amorphous state, we calculate the radial distribution
function (RDF), g(r ), of the hcp crystal and HDA (Fig. 3).
The RDF of the hcp crystal shows clear maxima for large val-
ues of r , an indication of long-range order. Instead, the RDF
of HDA shows maxima only for r/a � 3.2, indicating that
HDA is characterized by short-range order and, thus, has an
amorphous structure. Figure 3 also shows that, during the hcp
crystal-to-HDA transition, particles separated by a distance
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FIG. 3. Demonstration that the structure at P = 1.6 is amorphous, while the
structure at P = 1.2 is crystalline at T = 0.1 (see Fig. 2). Radial distribution
function, g(r ), of hcp at P = 1.2 and HDA at P = 1.6. During the transi-
tion, particles separated by a distance r/a ≈ 1.72 = b/a, corresponding to
the minimum of the pair potential interaction (Fig. 1), move closer to a sepa-
ration distance r/a ≈ 1, corresponding to the hard-core of the pair potential
interaction. Thus, for any given particle, neighboring particles in the second
neighbor shell move toward the first shell upon compression, also resulting
in a loss of long-range order, as evidenced by the disappearance of the g(r )
maxima when going from P = 1.2 (hcp) to P = 1.6 (HDA).

r/a = 1.72 = b/a, corresponding to the minimum of the pair
potential interaction [Fig. 1(a)], move closer to a separation
r/a = 1, corresponding to the hard-core of the pair potential
interaction. The amorphous character of HDA is also con-
firmed by Figs. 4(a) and 4(b) which show snapshots of the
system in the hcp crystal and HDA states, respectively.

IV. TRANSFORMATIONS BETWEEN LOW-DENSITY
AND HIGH-DENSITY AMORPHOUS SOLIDS

A. Isobaric heating of recovered high-density
amorphous solid

Experiments on water indicate that if HDA is recovered
at ambient pressure and T = 77 K, and is then heated isobari-
cally, it transforms to an LDA solid at T ≈ 117 K.23 This sec-
ond form of glassy water is structurally similar to the glasses
obtained by hyperquenching the liquid at normal pressure
(hyperquenched glassy water, HGW) or by vapor deposition
on a cold plate (amorphous solid water, ASW).54–57 In both
cases, appropriate annealing is usually required.

We test whether an HDA-to-LDA transformation can be
reproduced in simulations using the Jagla potential. To do
this, we heat an HDA configuration at P = 0.1 until the
equilibrium liquid is recovered. The HDA is obtained upon
compression of hcp at T = 0.1, followed by isothermal de-
compression down to P = 0.1 (Fig. 2). Figure 5 shows the
temperature dependence of the volume upon isobaric heat-
ing performed at a heating rate 10−5 q0

T . A sharp change in
volume occurs in the range T ≈ 0.25−0.35. It is tempting to
associate this change in volume with the HDA-to-LDA trans-
formation. However, we find that at P = 0.1 the glass tran-
sition temperature of HDA is T HDA

g (P) ≈ 0.26 ± 0.01 [see
Fig. 1(b)]. We estimate Tg using the computational equiv-
alent of the “differential scanning calorimetry” procedure,
as described in detail in Ref. 19, namely by estimating a
crossover point at which the specific heat begins to increase
sharply upon heating. We also find that when HDA is an-
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FIG. 4. Snapshots of the system during the hcp-to-HDA transition at
T = 0.1 (see Fig. 2): (a) hcp (P = 1.2) and (b) HDA (P = 1.6).
(c) Snapshot of the system corresponding to LDA at T = 0.1. LDA is ob-
tained upon isochorically quenching the equilibrium liquid followed by long
time equilibration at P = 0.1 and T = 0.1.

nealed at T = 0.27 and P = 0.1 it transforms to a liquid
with a relaxation time of approximately 7000 time units. We
estimate the relaxation time as the time at which the root mean
square displacement of particles due to diffusion is equal to
the hard core diameter a. Note that T HDA

g approximately co-
incides with the temperature at which the volume starts to
change abruptly in Fig. 5. Therefore, the sharp change of
volume in Fig. 5 occurs in the liquid phase and thus can-
not be related to the HDA-to-LDA transformation. Moreover,
since the HDL spinodal line at P = 0.1 occurs at T = 0.3
[Fig. 1(b)], the system is in the HDL phase over the approx-
imate range 0.26 < T < 0.3 and in the LDL phase above
approximately T = 0.3. Interestingly, the slope of the V (T )
curve in Fig. 5 changes at T = 0.3, i.e., at the temperature at
which HDL transforms to LDL.

Note that a necessary condition to find the HDA-
to-LDA transition upon isobaric heating is that T HDA

g (P)
> T HDL

spinodal(P). Figure 1 suggests that this may occur only at
P < 0, so an HDA-to-LDA transformation may be observ-
able in the present simulations only at negative pressure. The
lowest pressure at which we can determine the HDL spinodal
is P = 0.0 at which the liquid HDL transforms into LDL at

0 0.1 0.2 0.3 0.4 0.5 0.6
k

B
T/U
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V
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3

HDA

LDLP=0.1

T
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T
g

HDL

HDA

FIG. 5. Volume as a function of temperature as HDA is heated isobarically
at P = 0.1. HDA is obtained by compressing hcp [see Fig. 2(a)] at T = 0.1,
followed by isothermal decompression down to P = 0.1. HDA converts to
HDL at the glass transition temperature T HDA

g ≈ 0.26, and HDL converts to

LDL at the HDL spinodal temperature T HDL
spinodal ≈ 0.3.

T = 0.27 after 3000 time units while the relaxation time is
400 time units. Note that the Tg(P) line for HDA is quite
steep in Fig. 1(b), thus it must cross the HDL spinodal at some
pressure between P = −0.05 and P = −0.1 if we assume,
for the purpose of extrapolation, that both the glass transition
and the spinodal loci for HDL are linear in the (P, T ) plane
[see Fig. 1(b)]. The precise determination of their crossing
point is not possible at present, because of the large numer-
ical uncertainty in the Tg value (Tg = 0.26 ± 0.01). We at-
tempted to confirm that HDA transforms to LDA at P < 0 by
aging HDA at P = −0.25 and T = 0.2, but find that HDA
spontaneously transforms into LDL after 104 time units. For
this pressure, it is impossible to determine Tg for HDA, since
the system remains in a glassy state until it transforms into
LDL. We confirmed this by calculating the root mean square
displacement of particles during HDA aging, and find that
this quantity remains less than 0.7a during the entire aging
process.

For P < 0.0, the HDA spinodal is not well defined since
the temperature at which HDA transforms to LDL decreases
with the decreasing heating rate even at the slowest heating
rates we are able to achieve. For example, at P = −0.25 and
q = 4 × 10−5 q0

T the transformation of HDA into LDL occurs
at approximately T = 0.25 ± 0.01 and varies across the HDA
samples studied. In contrast, for aging at the same pressure,
the transition occurs at T = 0.2 as stated above. We make
sure that the resulting state is LDL by performing the com-
putational equivalent of differential scanning calorimetry of
LDL (see Ref. 19 for details) at P = −0.25 which shows that
T LDA

g ≈ 0.18. We also find that at P = −0.25 and T = 0.2
the relaxation time in the resulting LDL is 1700 time units.
Not surprisingly, the resulting LDL crystallizes into hcp after
equilibrating at T = 0.2 and P = −0.25 for 6000 time units.
In this case the slope of the volume versus temperature plot is
positive, both for HDA and LDL, since P = −0.25 lies below
the region of the density anomaly.

To test if HDA may transform directly into LDA upon
isobaric heating we perform similar aging simulations at
P = −0.5. At negative pressures the LDA glass transition
temperature drops sharply with pressure [Fig. 1(b)]. In par-
ticular, T LDA

g = 0.15 at P = −0.5. We find that at these con-
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ditions HDA can survive without any noticeable changes for
the entire length of our simulations (105 time units). At P
= −0.5, we were able to observe the transformation from
HDA to LDL only at T = 0.18, after aging the system for
3.4 × 104 time units. The resulting low density phase is
clearly in the liquid state (relaxation time is only 100 time
units). It is likely that this trend will continue at even lower
pressures. Therefore, we conclude that in the Jagla model
LDA cannot be obtained from HDA by isobaric heating.

Note, however, that in real experiments with water, the
recovered sample of HDA has a free surface in contact with
the piston or with the atmosphere, while in computer simu-
lations we use periodic boundary conditions and the system
needs to overcome an energetic barrier in order to create an
interface between HDA and LDA, which may require much
larger negative pressures than the actual transformation be-
tween HDA and LDA once the interface is created. In order
to verify this hypothesis we perform the additional following
simulations. We cut the HDA sample of N = 1728 particles
and insert into a simulation box a wide slab of vacuum par-
allel to the xy-plane. After this we perform constant volume
simulations, keeping periodic boundary conditions and select-
ing the x = 15.5 and y = 15.5 dimensions of the simulation
box, which roughly correspond to zero stress in x and y di-
rections. The measured component of the stress tensor in z
direction is strictly zero, while the x and y components fluc-
tuate slightly below zero due to the surface tension between
different states. We perform recovery simulations at three dif-
ferent temperatures T = 0.175, 0.19, and 0.2, all below the
LDA glass transition temperature at P = 0, which we esti-
mate at T LDA

g = 0.22 [Fig. 1(b)]. To confirm that this esti-
mation is correct we perform constant pressure (P = 0) and
temperature simulations by quenching bulk LDL. We see that
in all three cases the relaxation time is longer than our max-
imum simulation time 105. At T = 0.175, we observe the
quick formation of two thin (about 4.6a in depth) LDA lay-
ers on both sides of the HDA slab, which do not grow with
time [Fig. 6(a)]. At T = 0.19 the LDA layers grow slowly
but steadily and we estimate that the complete disappearance
of the HDA slab would happen in 3 × 105 time units. This
corresponds to a HDA-LDA interface velocity of 2 × 10−5

velocity units (
√

U0/m). If we use U0 = 4.75 kJ/mol and
m = 0.036 kg/mol, this velocity is about 7 mm per second.
At T = 0.2 we observe a complete disappearance of the HDA
slab in 2.8 × 104 time units [see Fig. 6(b)], which corresponds
to a velocity of interface motion of 1.2 × 10−4√U0/m, or
4.5 cm per second. Recall that Mishima23 found that HDA,
recovered at atmospheric pressure, transforms to LDA at
117 K. This value is equal to 0.86Tg if one accepts the LDA
glass transition temperature Tg = 136 K.58 In our simulations
0.86Tg = 0.189, which is in very good agreement with the
temperature 0.19 at which we observe slow motion of the
HDA-LDA interface.

B. Isothermal compression of low-density
amorphous solid

Experiments on many substances, such as metallic
glasses,31 water,23 phosphorous,29 silicon,59 triphenyl-
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FIG. 6. (a) Snapshot of the system during HDA recovery at T = 0.175 taken
at 104 time units after any change in the system stops. In this simulation, the
system is composed of an HDA slab with free surfaces in order to enable the
HDA-to-LDA transformation. Particles in the LDA and HDA phases are rep-
resented by white and red spheres, respectively. (b) Number of particles with
different number of nearest neighbors nn (separated by a distance ri j < 1.3a)
as function of time during HDA recovery at T = 0.2. At this temperature,
HDA transforms continuously to LDA and, in this particular simulation run,
the system fully transformed to LDA after 2.8 × 104 time steps. In LDA,
most particles have ≤ 1 nearest neighbors.

phosphite,60 and yttrium oxide-aluminum oxide
melts [(Al2O3)1−x (Y2O3)x with x ≈ 20],33, 35 display
polyamorphism.36 In some of these materials, polyamor-
phism can be observed in the glassy state and both LDA and
HDA can be produced. For example, in the case of water,
isothermal compression of LDA (or, alternatively, HGW or
ASW) at T = 77 K results in HDA at P � 0.6 GPa.23, 61

Although the LDA-to-HDA transformation is not reversible
upon decompression at T = 77 K,23 HDA converts back
to LDA if the compression–decompression processes are
performed at T ≈ 135 K.39 To test whether the LDA-to-HDA
transformation can be observed in simulations using the Jagla
potential, we first create LDA at low pressure. As discussed
in the previous section, we cannot obtain LDA configurations
following the experimental procedure (i.e., isobaric heating
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FIG. 7. LDA-to-HDA transformation and subsequent decompression of
HDA from (a) simulations using the Jagla potential and (b) water experiments
(adapted from Ref. 23). In the simulations, LDA is obtained upon isochori-
cally quenching the equilibrium liquid followed by long time equilibration at
P = 0.1 and T = 0.1. LDA is then compressed at T = 0.1 and transformed
to HDA at P ≈ 0.7 (circles), as indicated by the sharp change in volume.
The transformation is not reversible at this temperature, as the volume of
HDA barely changes upon decompression at T = 0.1 (squares). In the ex-
periments (Ref. 23), LDA is obtained by isobaric heating of recovered HDA
at zero-pressure above ≈ 117 K. LDA is then cooled back to T = 77 K and
compressed at the same temperature. The HDA-to-LDA transformation oc-
curs at P ≈ 0.6 GPa. The qualitative agreement between (a) simulations and
(b) experiments is evident.

of recovered HDA) at low pressures. However, we can create
a low-density amorphous solid by cooling the liquid.19 We
obtain LDA by quenching isochorically the equilibrium liq-
uid along L/a = 17.8 at a rate ≈ 3 × 10−4 q0

T from T = 0.4
to T = 0.1, followed by equilibration of 10 000 time units
at T = 0.1 and P = 0.1. At this rate, the entire cooling run
lasts 1000 time units, which is about 30 times shorter than the
time needed for the crystallization of hcp. A snapshot of the
Jagla system corresponding to LDA at T = 0.1 and P = 0.1
is shown in Fig. 4(c). This glass obtained in simulations
corresponds to the HGW produced in experiments. In the
case of water, the slight difference in properties between
ASW, HGW, and LDA is subtle, and all low-pressure glasses
(HGW, ASW, and LDA) are collectively identified as LDA.62

Thus, we will refer to the low-pressure glass obtained in
simulations by quenching the liquid as LDA.

We follow the experimental protocol used in the discov-
ery of the LDA-to-HDA transformation upon compression.23

Specifically, we compress LDA at T = 0.1 from P = 0.1 to
P = 2.5, as done in the simulations of Sec. III to study the
PIA of the hcp crystal. The volume as function of pressure
during the compression simulation is shown in Fig. 7(a). Fig-
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FIG. 8. (a) RDF g(r ) of LDA and HDA at T = 0.1, P = 0.1. The RDFs of
HDA obtained upon compression of hcp (Fig. 2) and LDA (Fig. 7) are barely
distinguishable. During the transformation, particles separated by a distance
r/a ≈ 1.72 = b/a, corresponding to the minimum of the pair potential inter-
action (Fig. 1), move closer to a separation distance r/a ≈ 1, corresponding
to the hard-core of the pair potential interaction. (b) Comparison of the RDFs
of LDA and hcp at T = 0.1 and P = 0.1 showing that LDA is indeed amor-
phous. The RDF of LDA is almost constant for r/a > 4 while extrema are
present in the RDF of hcp.

ure 7(b) shows results from experiments on water where LDA
ice is compressed at T = 77 K. The similarity between ex-
periments and simulations is remarkable, as for both there is
a sharp change in volume which corresponds to a transforma-
tion from LDA to HDA. The transformation resembles a first-
order transition. Above and below the transformation pressure
(≈ 0.7, simulations; ≈ 0.6 GPa, experiment), compression re-
sults in elastic deformation of the amorphous solids, i.e., vol-
ume, is proportional to pressure.

Figure 7 also shows the decompression curve of HDA
for both experiment and simulation cases. In both cases, the
LDA-to-HDA transformation is not reversible at the consid-
ered temperatures (T = 0.1, simulation; T = 77 K, experi-
ment). In order to compare the structures of LDA and HDA,
we show in Fig. 8(a) the corresponding RDFs at P = 0.1 and
T = 0.1. For the case of HDA, we include the RDF obtained
after compression of the hcp crystal (Fig. 2) and of LDA (Fig.
7). Both RDFs practically overlap, suggesting that the same
amorphous solid results upon pressurization of the hcp crys-
tal and LDA. Note that the same HDA is formed also in the
water experiments by compressing ice Ih or LDA.23

The RDFs of both LDA and HDA display sharp max-
ima for small values of r . As r increases, the maxima in both
RDFs decrease, indicating that these structures have no long-
range order, i.e., LDA and HDA are indeed amorphous. Note
that the structure of LDA is similar to that of the hcp crystal
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[see Fig. 8(b)], but long-range order is observable only in the
hcp crystal.

Figure 8(a) also shows that when going from LDA to
HDA, particles separated by a distance r/a = 1.72 = b/a,
corresponding to the minimum of the pair potential interac-
tion [Fig. 1(a)], move closer so their new separation is r/a
= 1, which corresponds to the hard-core part of the pair po-
tential interaction. The structural changes in the LDA to HDA
transformation are analogous to those observed in glassy wa-
ter. For comparison, we note that in the case of water, LDA ice
has a local structure similar to that of the low pressure ice (ice
Ih), water molecules being surrounded by four nearest neigh-
bors in a tetrahedral arrangement. When going from LDA to
HDA, water molecules approach each other and, in the case
of HDA, water molecules have an extra (fifth) neighbor lo-
cated in the interstitial space between their first and second
shell.63

V. TRANSFORMATIONS BETWEEN HIGH-DENSITY
AND VERY-HIGH-DENSITY AMORPHOUS SOLIDS

A. Annealing high-density amorphous solid
at high pressure

In 2001, experimental results on high-pressure glassy
water raised the possibility that a third form of amorphous
ice could exist,40 called VHDA ice. VHDA was originally
obtained by producing HDA (via PIA of ice Ih) at
T = 77 K, followed by annealing (i.e., isobarically heating)
to T ≈ 165 K at P ≈ 1.1 GPa. Experiments also show that
VHDA does not convert back to HDA upon isobaric cooling
back to T = 77 K.40 Whether VHDA is a new phase of glassy
water or a relaxed version of HDA is an unresolved question
of considerable current interest.38, 45, 64–68, 70

In this section we discuss whether the same phenomenol-
ogy observed in the HDA-to-VHDA transformation in water
is reproduced in our Jagla potential simulations. To do this, we
first obtain HDA by compressing LDA at T = 0.1 to P = 2.0,
as done in the simulation of Sec. IV B. Then, we heat HDA
at P = 2.0 to a temperature just below the glass transition
temperature. Figure 9(a) shows the evolution of volume upon
heating HDA. For comparison, Fig. 9(b) shows analogous re-
sults obtained in water experiments, i.e., the change in volume
when HDA ice is heated isobarically at P = 1.1 GPa (HDA
was obtained by PIA of ice Ih at T = 77 K).40 Results from
simulations and experiments are qualitatively similar, indicat-
ing that HDA becomes denser upon annealing, resulting in a
VHDA. In both cases, the HDA-to-VHDA transformation is
smooth. In the simulation case, at P = 2.0 the glass transition
is estimated to be at Tg > 0.27 [see Fig. 1(b)] so most of the
volume changes shown in Fig. 9(a) correspond to the system
being in the glass state.

As found in water experiments, simulations show that
cooling VHDA back to the starting temperature does not re-
sult in HDA. Instead, the VHDA density continues to in-
crease upon cooling [Fig. 9(a)]. As is found experimentally,
VHDA can be decompressed at low temperature and recov-
ered at P ≈ 0. In our simulations, we decompress VHDA
at T = 0.1 and recover VHDA at T = 0.1 and P = 0.1 (not
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FIG. 9. HDA-to-VHDA transformation from (a) simulations and (b) exper-
iments (from Ref. 40). In the simulation, the HDA configuration is obtained
by compression of LDA at T = 0.1 to P = 2. VHDA is then obtained upon
isobaric heating of HDA at P = 2. In the experiment, HDA is obtained upon
compression of ice Ih at T = 77 K to P = 1.1 GPa. VHDA is then obtained
upon isobaric heating of HDA at P = 1.1 GPa. Simulations and experiment
show a similar HDA-to-VHDA transformation. This transformation is not re-
versible as indicated in (a), which is also in agreement with experiments.

shown). We find that at these conditions the density of VHDA
(VVHDA ≈ 1.3) is ≈ 10% larger than the density of recovered
HDA (VHDA ≈ 1.45). Interestingly, at normal pressure and
T = 77 K, the VHDA ice density is 9% larger than the HDA
density.40

Isobaric heating of recovered VHDA at P = 0.1 shows
similar results to those of Fig. 5 for HDA. Upon heating,
the glass transition is reached first and VHDA transforms to
HDL (at T ≈ 0.25). Upon further heating the HDL-spinodal
line is crossed and HDL transforms to LDL (at T ≈ 0.3). At
P = 0.1 no VHDA-to-LDA transformation occurs.

Figure 10 shows the RDFs of HDA and VHDA at P
= 2.0 and T = 1.0. The result of annealing HDA to form
VHDA is to move particles from the second neighbor shell,
r/a ≈ b/a = 1.72 to the first shell, r/a = 1. No structural
changes are observed beyond the second shell.

B. Isothermal compression of high-density
amorphous solid

In experiments, VHDA ice can also be obtained upon
compression of LDA ice at T ≈ 125 K,69 via a multistage
transformation,70–72 such as the sequence LDA → HDA
→VHDA, where LDA transforms to HDA at P ≈ 0.5 GPa,
and HDA then transforms to VHDA at P ≈ 1 GPa. The den-
sity versus pressure plot obtained in these experiments is
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FIG. 10. Radial distribution functions of HDA and VHDA at T = 0.1 and
P = 2.0. VHDA is obtained upon isobaric heating of HDA at P = 2.0 from
T = 0.1 to T = 0.24 and cooled back to T = 0.1 (see Fig. 9).

shown in Fig. 11, where two density steps, one per trans-
formation, can be identified. In our simulations, we only ob-
serve a single density step upon compressing LDA at T = 0.1
[Fig. 7(a)] corresponding to the LDA-to-HDA transformation.
No density step associated with the HDA-VHDA transforma-
tion can be identified. In experiments, the density step associ-
ated with the HDA-VHDA transformation is very sensitive
to the compression rate, and can only be observed at very
slow rates.69 A similar situation seems to occur in simula-
tions. Standard MD simulations of water models,45, 67 such as
SPC/E and TIP4P, do not reproduce the density step associ-
ated to the HDA-VHDA transformation upon compression.
Such a density step has been reported from replica exchange
MD in the liquid state (which allows simulation time scales
much larger than those accessible in standard MD).74 There-
fore, the fast compression rates accessible in our MD com-
puter simulations could be a reason for this discrepancy be-
tween simulations and experiments.

In order to explore the compression rate effects
in our simulations, we age HDA at a temperature of
T = 0.2 and for a range of seven different aging pressures
Page = 0.5, 0.75, 1, 1.25, 1.5, 1.75, and 2.0. All simulations
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FIG. 11. Evolution of density with pressure from experiments where LDA
ice is compressed at T = 125 K and slow compression rate of 20 MPa/min.
Two density steps are observed. The first sharp step corresponds to the LDA-
to-HDA transformation; the second, more gradual density step corresponds
to the HDA-to-VHDA transformation. Adapted with permission from T.
Loerting, C. G. Salzmann, K. Winkel, and E. Mayer, Phys. Chem. Chem.
Phys. 8, 2810 (2006). Copyright 2006, Royal Society of Chemistry.
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FIG. 12. (a) Effects of aging HDA in simulations. (b) Density vs aging time
(tage) as HDA is aged at fixed T = 0.2 and pressures (from bottom to top)
Page = 0.5, 0.75, 1, 1.25, 1.5, 1.75, and 2.0. Empty symbols in (a) indicate
the system density at different tage and P = Page. We chose the symbol color
to match the color of the corresponding ρ(tage) curve shown in (b). Solid and
dashed lines indicate the volume of the system as function of pressure, at
fixed tage. The ρ(P) curves in (a) indicate that as tage increases (see arrow), a
density step develops at approximately P > 0.7, suggesting that if one could
compress HDA at a much slower rate than the rate used in this work, one may
be able to see a smooth density step between HDA and VHDA, analogous to
the smooth density step shown in Fig. 11.

are started from the same configuration of HDA recovered at
T = 0.2 and P = 0.1 [star symbol in Fig. 12(a)]. For each
Page, we take the HDA starting configuration and fix the
barostat pressure to P = Page, keeping T = 0.2. Figure 12(b)
shows the evolution of the system density with aging time
tage for all the values of Page studied. From these data we
construct density versus P curves for different values of tage

[Fig. 12(a)]. The resulting ρ(P) plots indicate that as tage in-
creases a density step develops at approximately P > 0.7.
This suggests that if one could compress the Jagla LDA as
shown in Fig. 7(a), but using a much slower rate than the rate
used in this work, one may be able to see two density steps,
in analogy with the density steps shown in Fig. 11.

C. Isothermal decompression of very-high-density
amorphous solid

In water experiments, decompression of VHDA at
T = 77 K does not result in HDA or LDA; a similar behav-
ior is observed in simulations at T = 0.1. However, experi-
ments indicate that decompression of VHDA at T = 140 K
results in a slow VHDA-to-HDA transformation followed by
a sharp HDA-to-LDA transformation.64 Figure 13 shows the
piston displacement upon decompressing different samples of
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FIG. 13. Evolution of piston displacement with pressure from experiments
where VHDA ice is compressed at T = 140 K with a slow decompres-
sion rate of 20 MPa/min. Numbers in parentheses indicate different sam-
ples taken for structural analysis. These structural studies (Ref. 64) indicate
that VHDA is unchanged down to P ≈ 0.4 GPa and transforms slowly to
HDA in the range P = 0.40 to 0.06 GPa; HDA converts sharply to LDA at
P ≈ 0.06 GPa. Adapted with permission from K. Winkel, M. S. Elsaesser, E.
Mayer, and T. Loerting, J. Chem. Phys. 128, 044510 (2008). Copyright 2008,
American Institute of Physics..

VHDA at T = 140 K. Structural analysis of the samples at
different pressures64 indicates that VHDA is unchanged down
to P ≈ 0.4 GPa, and transforms slowly to HDA in the range
P = 0.40 to 0.06 GPa. Further decompression results in a
sharp HDA-to-LDA transformation at P ≈ 0.06 GPa.

Motivated by this finding, we decompress VHDA ob-
tained by isobaric heating of HDA [see Fig. 9(a)] at T = 0.2
from P = 2. At the decompression rates accessible in simu-
lations, we observe that VHDA transforms to LDL at nega-
tive pressures, without HDA formation. As discussed in the
previous subsection, this could arise from the fast decom-
pression rates accessible in our simulations, which are much
larger than the experimental decompression rates. In order to
test the effects of using slower decompression rates, we per-
form aging simulations as discussed in Sec. V B. Specifically,
we take the same starting VHDA configuration, obtained at
T = 0.2 and P = 2, and fix the pressure at seven different
values Page = 0.4, 0.1, 0.0, −0.1, −0.20, −0.25, and −0.3,
keeping T = 0.2. The evolution of the system density with
aging time is shown in Fig. 14(b). From these data, we con-
struct density versus pressure curves for different aging times
tage; see Fig. 14(a).

Figure 14(a) shows that no transformation occurs at
P ≥ 0.1. At approximately P ≤ 0.0, a VHDA-to-HDA trans-
formation can be identified; the lower the pressure, the
sooner HDA is formed. Within the aging times considered
(tage < 20, 000), it is found that at P = −0.25 and −0.3,
further aging of HDA results in a HDA-to-LDL transforma-
tion, followed by crystallization of LDL into hcp crystal (not
shown). In comparison to the VHDA-to-HDA transformation,
the HDA-to-LDL transformation is very sharp. Therefore,
these results suggest that if we could decompress the system
at much slower rates than those we used, we could reproduce
the experimental results of Ref. 64, i.e., a smooth transforma-
tion of VHDA to HDA over a wide pressure range, followed
by a sharp HDA-to-LDL transformation. It is apparent from
the simulations at P < −0.25 that the system is always try-
ing to transform from VHDA to hcp; HDA and LDL being

-0.4 -0.2 0.0 0.2 0.4 0.6 0.8

Pa
3
/U

0

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

N
a

3
/V

LDL

HDA

VHDA

(a) T=0.2

tage

0 5000 10000

t
age

(U
0
/m)

0.5
/a

0.2

0.4

0.6

0.8

1.0

N
a

3
/V

LDL

HDA

VHDA

(b) T=0.2

P=0.4

P=0.1

P=0.0

P=-0.1
P=-0.2

P=-0.25

P=-0.3

FIG. 14. (a) Simulations exploring the effects of aging VHDA. (b) Den-
sity vs normalized aging time (tage = t(U0/m)0.5/a) as VHDA is aged at
fixed T = 0.2 and pressure (from bottom to top) Page = −0.3 (green), −0.25
(turquoise), −0.20 (violet), −0.10 (orange), 0.0 (pink), 0.1 (blue), and 0.4
(red). Empty symbols in (a) indicate the system volume at different tage and
P = Page. We choose the symbol color to match the color of the correspond-
ing V (tage) curve shown in (b). Lines indicate the density of the system as
function of pressure, at fixed tage. The ρ(P) curves in (b) indicate that as tage
increases, a smooth transformation between VHDA and HDA develops at
approximately −0.2 < P < 0.2, followed by a sharp HDA-to-LDL transfor-
mation at lower pressures. This suggests that if one could decompress VHDA
at a much slower rate than those used in this work, one may be able to repro-
duce the results of the experiments shown in Fig. 13.

intermediate states that are less stable than hcp. Whether the
system can be trapped in VHDA, HDA, or LDL upon decom-
pression depends on the decompression rate and lowest pres-
sure reached.

D. Differences between the HDA-LDA and VHDA-HDA
transformations

An open question in the field of glassy water research is
whether HDA and VHDA are separated by a first-order tran-
sition line, as is found experimentally for LDA and HDA.39

We now address this question for the case of the Jagla pair
potential. Since a first-order transition is accompanied by
phase separation, we take snapshots of the system during the
decompression-induced VHDA-to-HDA and HDA-to-LDA
transformations at very low temperature and search for phase
coexistence between the corresponding phases.

First we stretch HDA at constant temperature by si-
multaneously increasing all three dimensions of the sim-
ulation box (which contains N = 1728 particles) linearly
with time, keeping periodic boundary conditions. We set
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FIG. 15. (a) Pressure as function of volume per particle during isothermal
stretching of HDA at T = 0.15 and T = 0.1. Solid circles indicate conditions
numbered from i = 0 to i = 7 at which we compute histograms of number of
nearest neighbors [panel (b)] and draw the snapshots of the system (Fig. 16).
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that the histogram becomes bimodal at the midpoint of the transformation
when approximately half of the system transforms into LDA.

the relative velocity of the opposite sides of the box to be
7 × 10−4√U0/m. We measure the pressure as function of vol-
ume per particle [Fig. 15(a)]. Simultaneously we measure the
number of nearest neighbors nn within a distance 1.3a from
each particle and compute histograms of nn [Fig. 15(b)]. The
distance 1.3a is selected to be the position of the first mini-
mum of g(r ) for both LDA and HDA (Fig. 8). We also take
snapshots of the system in which the particles with nn ≤ 1 are
colored white to indicate LDA and the rest of the particles are
colored red (Fig. 16) to indicate HDA. This choice is based

FIG. 16. Snapshots of the system during HDA stretching at T = 0.15 taken
at the moments indicated by circles in Fig. 15(a). HDA particles are colored
red, while LDA particles are colored white. One can see clear phase segrega-
tion between LDA and HDA phases at the stages of the transformation during
which the pressure stays approximately constant. This feature is one of the
main characteristics of the first order phase transition.

on the fact that the initial HDA system does not have particles
with nn ≤ 1 [Fig. 15(b)] while the final LDA phase does not
have particles with nn ≥ 2. The pressure first drops linearly
with the increase of tensile strain but once HDA reaches its
limit of stability, the pressure starts to increase. At this point
the boundary between the high and low density states appears
(Fig. 16). Soon the pressure stabilizes at a slightly negative
value and remains constant until all HDA is transformed into
a low density state (Fig. 16). During the entire transforma-
tion the boundary between HDA and the low density state can
be clearly seen. Once HDA disappears, the pressure starts to
drop again until the low density state reaches its limit of sta-
bility. At this point a cavity of gas appears in the system and
the pressure starts to increase as the cavity grows. We can
identify the low density state to be glass, because the pressure
during the coexistence of two states fluctuates above the glass
transition pressure of LDA for the particular temperature that
we maintain during stretching. For example, in the simulation
with T = 0.15, the pressure stays above P = −0.2, while the
glass transition at this temperature occurs at P = −0.5 [see
Fig. 1(b)]. In the simulation with T = 0.10, the pressure stays
above P = −0.5, at which the glass transition is at T = 0.15.
The size of the sample changes during stretching without par-
ticles of LDA being displaced relative to each other. The rela-
tive motion of particles occurs only at the interface with HDA.
At both temperatures we can see clear phase segregation be-
tween the two states which is the evidence of the first-order
phase transition between HDL and LDL, extrapolated into
their glassy states.

During VHDA stretching we measure pressure
[Fig. 17(a)] and take snapshots of the system at differ-
ent stages of stretching (Fig. 18) the same way as we did in
the case of HDA stretching shown in Figs. 15 and 16. One
can see that no significant segregation occurs at any stage
of VHDA stretching. The particles which belong to LDA,
HDA and VHDA are defined as follows. For each particle
we measure the number of nearest neighbors nn within the
distance 1.3a which corresponds to the first minimum of g(r )
for all three states (Figs. 8 and 10). If nn ≤ 1 we ascribe
the particle to the LDA state. If 2 ≤ nn ≤ 4 we ascribe the
particle to the HDA state, otherwise we ascribe the particle to
the VHDA state. It is interesting to note that in the middle of
the HDA-LDA transformation the distribution of nn is clearly
bimodal with a minimum at nn = 2 [Fig. 15(b)], while during
the VHDA-HDA transformation, the distribution of nn is
always unimodal and as the transformation proceeds, the
maximum of the distribution shifts to the left [Fig. 17(b)].
This is precisely what one might expect if the VHDA-to-
HDA transformation were a relaxation effect. The results of
Figs. 15(b), 16, 17(b), and 18 suggest that, at least for the
Jagla pair potential, HDA and VHDA are not separated
by a first-order transition but instead, the HDA-VHDA
transformation can be interpreted as a relaxation effect.

VI. SUMMARY AND DISCUSSION

Water is one of the most studied substances that
shows polyamorphism in the glassy state. In this work
we study vitreous polyamorphism in a system of particles
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FIG. 17. (a) Pressure as function of volume per particle during isothermal
stretching of VHDA at T = 0.15. Solid circles indicate conditions numbered
from i = 0 to i = 7 at which we compute histograms of number of near-
est neighbors [panel (b)] and draw the snapshots of the system (Fig. 18). (b)
Histograms of the number of particles with a certain number of nearest neigh-
bors, nn. We shift x axis by 10i for the i−th set for clarity. One can see that
the histogram stays unimodal during the entire VHDA-HDA transformation.

interacting via a two-scale spherically-symmetric Jagla pair
potential parametrized to reproduce the properties of liq-
uid water. Our main focus is to investigate whether the
known crystal-amorphous ice and amorphous ice-amorphous
ice transformations observed in water can be reproduced by
the same two-scale system used to describe liquid water.

Our results show striking parallels between glassy water
experiments and the Jagla glass simulations. The low-pressure
crystal-to-HDA transformation observed in our simulations is
extremely sharp, resembling a first-order transition, as in the
case of water experiments performed at T = 77 K.39 Simi-

FIG. 18. Snapshots of the system during VHDA stretching at T = 0.15 taken
at the moments indicated by circles in Fig. 17(a). VHDA particles are colored
cyan, while HDA particles are colored red. There is no noticeable phase seg-
regation of VHDA and HDA during the entire transformation.

larly, the LDA-to-HDA transformation obtained upon com-
pression at T = 77 K is well reproduced by simulations. Note
that the temperature used in our compression–decompression
simulations is T = 0.1. This temperature, in physical units, is
close to the temperature of the water experiments T = 77 K
used as reference in this work. Using the value of U0 for the
case of water from Sec. II, we find that the simulation tem-
perature is T = 53 K in physical units. It is not surprising,
then, that both the crystal-to-HDA and LDA-to-HDA trans-
formation are not reversible upon decompression in the simu-
lations; indeed, experiments show that these transformations
are not reversible.

Interestingly, the Jagla potential simulations show quan-
titative similarities to water experiments. Specifically, the ra-
tio of the hcp crystal-to-HDA transition pressure to the LDA-
to-HDA transformation pressure is 1.1 GPa/0.6 GPa= 1.83
[Figs. 2(b) and 7(b)]. The corresponding ratio for the simula-
tion case is 1.35/0.7 = 1.93 [Figs. 2(a) and 7(a)]. We also
note that the transformation pressures obtained in simula-
tions during both the crystal-HDA and LDA-to-HDA trans-
formation are approximately one half of the corresponding
pressures measured in water experiments if we convert them
to physical values using a = 2.7 Å, U0 = 4.75 KJ/mol. The
hcp crystal-to-HDA transition at T = 0.1 (which corresponds
to T = 53 K) is P ≈ 1.35 in reduced units (U0/a3). Using
the values of a and U0 introduced in Sec. II for the case of
water, we obtain P = 0.54 GPa. This value is roughly one
half of the pressure obtained in water experiments (≈ 1.1
GPa) at T = 77 K. A similar analysis shows that the LDA-
to-HDA transformation obtained in simulations, P ≈ 0.7 in
reduced units, corresponds to P ≈ 0.28 GPa in physical units.
This value is approximately one half of the corresponding
value obtained in water experiments, ≈ 0.6 GPa. Quantita-
tive agreement in absolute pressures is obtained if we use the
picture described in Ref. 18, according to which one Jagla
particle corresponds to two water molecules.

Since the pressure and temperature values for the dif-
ferent transitions in water can be estimated from the Jagla
model simulations, it is natural to ask how the densities of
the low-pressure crystal, LDA, and HDA compare with the
corresponding predictions of Jagla LDA and Jagla HDA sim-
ulations. For the case of the low-pressure crystal, note that
Fig. 2(a) indicates that V ≈ 3.8 is the volume of the hcp crys-
tal at P = 0 and T = 0.1 (T = 53 K and P = 0 GPa in phys-
ical units), corresponding to a density of ρ = 0.80 g/cm3.
This value is close to the densities of ice Ih at T = 77 K and
P = 1 atm, ρ = 0.94 g/cm3 (Ref. 23). For the case of LDA,
we obtain a density of 0.91 g/cm3 at T = 53 K and P = 0
GPa (P = 0, T = 0.1, and V ≈ 3.35 in reduced units [see
Fig. 7(a)]. This value is close to the corresponding experimen-
tal density of Jagla LDA, 0.94 g/cm3 at T = 77 K and P = 1
bar. The density of Jagla HDA indicated in Fig. 2(a) at P = 2
and T = 0.1 (corresponding to T = 53 K and P = 1.6 GPa
in water experiments), is ρ = 2.17 g/cm3. This value is larger
than the density of Jagla HDA measured at T = 77 K and P
≈ 1.75 GPa, i.e., ρ = 1.42 g/cm3.23 This difference in den-
sity remains at low pressure. Jagla HDA density at P = 0
and T = 0.1 is ρ = 2.03 g/cm3 (corresponding to T = 53 K
and P = 0 GPa in water experiments) while the density of
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HDA measured at T = 77 K and P = 1 bar is ρ = 1.17
g/cm3 (Ref. 23). The discrepancy between HDA density and
the Jagla HDA density agrees with the discrepancies in the
slope of the HDL-LDL coexistence line, which is negative for
water but is positive for the Jagla potential indicating that the
entropy of HDL is smaller than that of LDL. This entropy de-
crease is associated with dramatic volume loss.

We find that the HDA-to-VHDA transformation can be
identified in our simulations upon isobaric heating of HDA at
high pressure. The volume changes observed in simulations
upon heating are similar to those reported in experiments.23, 40

With the compression and decompression rates accessible in
simulations, we were not able to reproduce the HDA-VHDA
transformations observed in glassy water upon compression
and decompression. However, our aging simulations of HDA
and VHDA at different pressures indicate that HDA and
VHDA can be interconverted with pressure with slower com-
pression/decompression rates than those used in this work.
Also, we could not identify for the Jagla model VHDA-
to-HDA or HDA-to-LDA transformations upon heating the
glasses at positive but low pressures, but only at negative pres-
sure (or, in the case of the HDA-LDA transition, inserting a
free surface).

Our results confirm that the Jagla potential appears to ex-
hibit many of the liquid-phase anomalies of water and, more-
over, that simple isotropic particles can exhibit complex be-
havior observed in the glass state. The present model is un-
usual since, contrary to what occurs in most monoatomic
model systems, crystallization can be avoided on simulation
time scales, allowing the exploration of polyamorphism be-
low the glass transition. The Jagla model thus provides a par-
ticularly useful tool for exploration of glassy polyamorphism
not only for water, but also for systems with isotropic interac-
tions, such as glassy metals.31
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