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Abstract – Using a primitive water model, we find that the strength of tetrahedral interactions
can change the behavior of liquid water from the liquid-liquid critical point scenario to the
singularity-free scenario. Specifically, we find that the strongly tetrahedral model has a liquid-liquid
critical point from which the Widom line emanates with a negative slope, but that the weakly
tetrahedral model lacks the second critical point and the line of the specific heat maxima analogous
to the Widom line has a positive slope. The strongly tetrahedral interaction is characterized by
a double-step potential that depends on hydrogen-bond bending, while the weakly tetrahedral
interaction has a uniform single-step potential.
c EPLA, 2012
Copyright 

When water is cooled, its thermodynamic response functions, e.g., specific heat CP , isothermal compressibility
KT , and thermal expansivity −αP , dramatically increase.
Theorists have proposed several interpretations for these
low-temperature anomalies in liquid water, including the
stability limit scenario [1], the liquid-liquid critical point
(LLCP) scenario [2], and the singularity-free scenario [3].
Theoretical models of the hydrogen-bond (H-bond) interactions with diﬀerent cooperativity have been designed
to support one or more of these scenarios [4–6]. Very
recently a Hamiltonian lattice model was proposed which
can reproduce all the above scenarios by tuning the parameter of H-bond cooperativity strength [7].
The increase of CP upon cooling is weak in molecular
simulations of TIP3P and SPC-E water models but is
more pronounced in TIP5P and ST2 models [2,8], which
have stronger tetrahedrality. Moreover, the TIP5P and
ST2 models clearly display a first-order liquid-liquid phase
transition (LLPT) at low temperatures [9,10], while the
TIP3P and SPC-E do not. The discrepancy between these
water models in computational simulations is not well
understood, and it is still unclear how the details of
molecular bonding aﬀect the behavior of real water in the
deeply supercooled region of its phase diagram.

To explore the relationship between water anomalies
and H-bond interactions, we adopt a coarse-grained model
for H-bond tetrahedral orientation [11,12]. We expand the
complex H-bond interactions by a zeroth-order approximation of a broad angular well (weakly tetrahedral), which
corresponds to the orientations of distorted and weak
H-bonds, and a first-order approximation of an additional
narrow angular well (strongly tetrahedral), which corresponds to the orientations of linear H-bonds caused by
strong electrostatic interactions between protons and lone
pairs. Eisenberg and Kauzmann used a well-defined angular region of the energy curve to describe “distorted”
H-bonds [13]. The question of how the potential energy
of H-bonds depends on their distortion is still unclear and
under debate [13–17].
Preliminary results [12] suggest that a strongly tetrahedral model reproduces the thermodynamic properties
of liquid water, including both the anomalies at ambient
temperatures and the LLCP at low temperatures indicated by the divergence of CP and KT . By systematically
studying both strongly and weakly tetrahedral models
over a broad range of pressures and temperatures, we find
that weakening tetrahedrality of H-bonds may change the
behavior from the LLCP scenario to the singularity-free
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Fig. 1: The sketch of interaction potential in strong tetrahedrality model. Two water molecules are modeled by two hardspheres with indices i and j separated by a distance rij . Each
molecule consists of a hard sphere of a diameter σ with four
arms pointing to the corners of a tetrahedron. A sign is associated with each of the four arms, two positives and two negatives, respectively, representing two hydrogen atoms and the
oxygen lone electronic pair.

scenario. Specifically, in the strongly tetrahedral model the
LLCP and the negatively sloped Widom line are enclosed
in the region of the density anomaly, while the weakly
tetrahedral model follows the singularity-free scenario in
which the CP maxima line has a positive slope and is
located above the region of the density anomaly as in the
Jagla model [18,19].
Figure 1 shows a schematic diagram of a strongly tetrahedral model in which water molecules are represented
by three-dimensional hard spheres of diameter σ with
four tetrahedrally-oriented arms [12]. In each molecule
(i = 1, 2, . . . , N ) two arms represent protons and have
positive signs (s(i) = 1), and two represent lone pairs and
have negative signs (s(i) = −1). Neighboring water molecules i and j can form H-bonds via a discontinuous interaction potential that depends on the distance between the
centers of the hard spheres rij and the angles between
the arms and the radius vector connecting the centers
of the spheres, θi and θj :
Uij (rij , θi , θj ) =

∞,






s(i)s(j)εsHB ,






s(i)s(j)εwHB ,











0,

rij < σ,
σ  rij < f σ and
|θi | < θs and |θj | < θs ,
σ  rij < f σ and
|θi | < θw and |θj | < θw
and (|θi |  θs or |θj |  θs ),

(1)

otherwise,

where f is a well-width parameter and εsHB and εwHB
are, respectively, the energies of strongly tetrahedral and
weakly tetrahedral H-bonds. The angles θi and θj are
the smallest of the four angles between the arms of the
molecules i and j, respectively, and the line connecting
their centers. The molecules do not interact if rij > f σ or
if at least one particle lacks arms within the lightly or
heavily shaded area. Strong H-bonds (εsHB ) form, when
both arms lie in the heavily shaded region (|θi | < θs and
|θj | < θs ), and they orient the four neighboring water

molecules in a nearly perfect tetrahedron. Weak H-bonds
(εwHB ) form, either when both arms lie in the light-shaded
regions or when one arm lies in the light-shaded region
and the other one in the dark-shaded one (|θi | < θw and
|θj | < θw and (|θi |  θs or |θj |  θs )), and they cause a
widespread deviation from tetrahedral orientation among
the molecules. Throughout the paper we use σ and εsHB
as units of length and energy, respectively. We measure
temperature T in units of εsHB /KB , where KB is the
Boltzmann constant. The unit of pressure P is εsHB /σ 3 ,
and the unit of density ρ is σ −3 .
In principle, potentials with more than two steps can
be introduced and treated as higher-order approximations of hydrogen-bond interaction. Here, we use the
weakly tetrahedral model with only one step (f = 1.1,
εHB = εsHB = εwHB = 1, and θm = θs = θw = 27◦ ) introduced by Bol [11] (the weakly tetrahedral model does not
have the narrow dark shaded area and the particles interact with energy εHB if rij  f σ and both molecules have
arms in the light shaded area, see fig. 1), and the strongly
tetrahedral model with two steps (f = 1.1, εsHB = 1,
εwHB = 0.68, and θs = 12◦ , θw = 27◦ ) [12]. Together with
the Bol model, a family of simple (“primitive”) models
has been proposed [20] that uses hard-sphere repulsion
and directional attraction, and that includes patchy
particle models [21–23]. All these models consider only
constant-interaction strength. Here we demonstrate the
importance of including the angular dependence of the
potentials in order to increase the H-bond strength for
conformations with a higher tetrahedral order.
We obtain our results using Monte Carlo (MC) simulations, employing an aggregation-volume-bias algorithm
and a configurational-bias method with multiple orientations [24,25]. These methods allow us to circumvent the
bottleneck of the Metropolis algorithm at low temperatures, in which the acceptance rates of the configurations
with higher energies are extremely low. The configurational bias we use allows a preference for configurations
with higher entropies. However, even using these advanced
MC techniques, very long MC runs are necessary to equilibrate the system at low temperatures (see ref. [12]). We
discard the first 1 × 107 MC steps to allow the system
to equilibrate, and then collect statistics from the next
1 × 107 MC steps. We use Verlet neighbor lists [26] to
speed up the search for interacting pairs. Thermal properties, such as CP , αP , and KT , are obtained in the isobaric
(NPT) ensemble, and the system state points are calculated in the isochoric (NVT) ensemble [12]. Unless otherwise specified, system size N is set at 300. We also simulate
systems with N = 1000 and results are consistent within
the error bars. Ensemble averages are performed over 40
independent runs of each state point.
Figure 2 shows the pressure along isotherms and
isochores. When the tetrahedrality is strong, a “ﬂat”
isotherm develops at the lowest studied temperature
T = 0.1 (see fig. 2(a) and its inset). The presence of
this ﬂat region indicates divergent compressibility,

56005-p2

Diﬀerent water scenarios for a primitive model

Fig. 2: (Colour on-line) Comparison of the equations of state
of the strongly tetrahedral model ((a) and (b)), and the weakly
tetrahedral model ((c) and (d)). Panels (a) and (c) show
isotherms on the ρ-P plane, and numbers behind symbols
indicate temperatures. Panels (b) and (d) show isochores on
the T -P plane, numbers close to curves indicate densities of
isochores, the solid curves are obtained by polynomial fit,
and the dashed lines are lines of ρ maxima and minima bounding the density anomaly region. Insets on the ρ-P planes show
the lowest-temperature isotherms: T = 0.1 in (a) and T = 0.09
in (c).

associated with the LLCP, which we estimate to be at
PC = 0.36 ± 0.015, TC = 0.1 ± 0.003, and ρC = 0.68 ± 0.03.
This LLCP estimation is based on the study of the
shapes of the isotherms. We use the well-known condition
for the critical point: (∂P/∂ρ)T = (∂ 2 P/∂ρ2 )T = 0 [27,28].
The large error bars in the LLCP estimation are due
to the fact that the inﬂection points of the isotherms
are located at ρ ≈ 0.68 while the system spontaneously
crystallizes at ρ ≈ 0.72. Also we were able to find only one
subcritical isotherm T = 0.99 with a region of negative
compressibility. Below this temperature we are not able
to equilibrate the system due to the slowing-down of MC
dynamics near the glass transition. Thus, our estimate of
the critical point lies very close to the border of the region
accessible by MC simulations and hence is not accurate.
The presence of a density anomaly is indicated by
the crossing of the isotherms, and the region of density
anomaly is defined by ρ maxima and minima, which are
indicated by the minima and maxima of the isochores,
respectively, since (∂P/∂T )V = αP /KT = 0. It is clear that

Fig. 3: (Colour on-line) Behavior of thermodynamic response
functions for the models of strong (a), (b) and weak (c), (d)
tetrahedrality. Isobaric temperature dependence of CP (a), (c)
and KT (b), (d). The numbers indicate the pressure.

the temperature of maximum density (TMD) changes
its slope from negative to positive as P decreases, and
that the lines of maximal and minimal density converge
and join at ρ ≈ 0.57. This is the point that indicates
the minimal pressure at which the density anomaly exists.
The TIP5P and ST2 water models have a similar scenario [9,10,27].
In contrast, in the weakly tetrahedral model all the
isotherms have positive slopes, compressibility does not
diverge, and no LLCP is present. An elliptically shaped
region of density anomaly is bounded by the line of ρ
minima that joins the line of ρ maxima not only at low
pressures but also at high pressures.
We next study thermodynamic response functions CP
and KT , which are computed from the ﬂuctuations of
energy and volume, respectively, in NPT ensembles. We
find that both models display CP maxima (figs. 3(a)
and (c)). In the strongly tetrahedral model, CP maxima
become sharper as P increases and shift to lower T
on approaching LLCP (fig. 3(a)). Note that the area
under the CP peak decreases as we approach LLCP.
This phenomena is due to an anomalous increase of
entropy with pressure in the low-density liquid (LDL),
which follows from the density anomaly via a Maxwell
relation. Thus, the diﬀerence between the entropies of the
high-density liquid (HDL) and the LDL decreases as we
approach LLCP. We cannot observe the compressibility
and specific-heat maxima at P > Pc because the system
crystallizes at low temperatures [29]. In the weakly

56005-p3

Yusong Tu et al.

Fig. 4: (Colour on-line) Temperature derivatives of the number
of diﬀerent types of H-bonds numbers per molecule (strong,
NsHB , weak, NwHB , and sum, NHB = NsHB + NwHB ) in the
model of strong tetrahedrality for several constant pressures.
Vertical dashed lines indicate the temperatures of CP maxima.
Curves for P = 0.3 and 0.25 are shifted for clarity to high T ,
respectively by 0.03 and 0.06.

tetrahedral model, CP maximum can be observed only for
P > 0.35, above the region of density anomaly (fig. 3(c)).
But as the pressure decreases, the maximum does
not diverge —it becomes weaker and disappears when
P < 0.35.
At the same time, both models display KT maxima and
minima (figs. 3(b) and (d)). In the strongly tetrahedral
model, KT maxima increase and become sharper, and shift
to lower T as P approaches PC at which KT seems to
diverge (fig. 3(b)). In the weakly tetrahedral model, KT
does not diverge and does not lead to a critical point,
but exhibits a global maximum at P = 0.35, T = 0.1. Note
that as P increases above 0.35 or decreases below 0.35 the
values of KT maxima decrease gradually (fig. 3(d)).
To better understand the behavior of CP , we study
the role of two types of H-bonds in the strongly tetrahedral model. We find that the temperature derivatives of
H-bond numbers display strong maxima and minima
(fig. 4), which occur at the temperatures coincident with
CP maxima for the same pressures (fig. 3(a)). These derivative extremes indicate the state points at which there
is the greatest exchange of strong and weak H-bonds in
response to changes in temperature. The strong H-bonds
are responsible for the highly ordered LDL local structure,
and the weak H-bonds are responsible for the disordered
HDL local structure, and this competition between the two
local structures causes the CP maxima. Note that these
extremes become sharper as P increases and approaches
the LLCP.
Figure 5(a) shows the phase diagram of the strongly
tetrahedral model. The lines of maximal CP , KT , and
|αP |, converge toward the Widom line Tw (P ) with a negative slope and then approach the C ′ LLCP. This is consistent with experiments [30,31] and simulations using more
complex water models, such as TIP4P/2005, TIP5P and
ST2 [9,10,27,28]. The increase of CP in water is related to

Fig. 5: (Colour on-line) The parts of the P -T phase diagrams
showing density anomaly regions in (a) strong tetrahedrality
model and (b) weak tetrahedrality model. On the plane P -T,
we show the loci of ρ maxima ( , ) and minima ( , ), the
loci of KT maxima ( ) and minima ( ), the loci of |αP | maxima
( ), the loci of CP maxima (), and the loci of |∂NHB /∂T |P
maxima ( ) (see footnote 1 ). The circle C ′ in (a) indicates the
LLCP, and the big dotted circle in (b) indicates the position
of the global KT maximum. All curves are a guide to the eyes,
with the solid thin curve representing the maxima of relevant
quantities and the dashed thin lines representing the minima.
A purple heavy curve represents the Widom line Tw (P ) in (a)
or its analogue in (b) which is drawn through the first three
CP maxima. A1 , A2 and A3 are the crossing points between
the lines of KT and ρ extremes.

the structural changes in the liquid. The strongly tetrahedral model provides a clear illustration of this relationship. We find that the locus of |∂NHB /∂T |P maxima
coincides with the Widom line Tw (P ) [12], which is consistent with predictions from the theoretical Hamiltonian
lattice model [32]. Note that the loca of |∂NsHB /∂T |P ,
|∂NwHB /∂T |P , |∂NHB /∂T |P coincide with one another
(fig. 4). This suggests that above the Widom line (for
T > Tw (P )), when weak H-bonds dominate the liquid, it
becomes less structured and has a higher density, while
below the Widom line (for T < Tw (P )), when strong
H-bonds dominate the liquid, it becomes more structured
1 All data are computed directly from NPT simulations, except
for the ρ data with diamond symbols that are estimate from
extremes of the isochores in fig. 2 computed in NVT ensembles. The
coincident results in both ensembles demonstrate the accuracy of
our simulations. Also, the crossing of the lines of ρ and KT extremes
shows the agreement with theoretical analyses by Sastry et al. [3]
and the simulation results of ST2 water model [9].
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and has a lower density. When the liquid crosses the
Widom line it thus exhibits the maximal rate of structural
change in response to temperature change. This maximum
provides direct evidence that HDL and LDL structures
compete along the Widom line, and that this competition
may evolve into a separation of the two phases at temperatures below the LLCP.
Note that the critical point does not exist in the weakly
tetrahedral model. KT reaches its global maximum within
the dotted circle on the P -T plane (figs. 5(b) and 3(d)),
but does not diverge. One can see two branches of KT
maxima emanating from this global maximum. The lower
branch has a negative slope and crosses the region enclosed
by the lines of minimal and maximal density. The upper
branch is located above the density anomaly region, is
nearly coincident with the lines of CP and |αP | maxima,
and produces a line with a positive slope. Similarly, the
Jagla model also exhibits a KT maxima with two branches,
the upper one with a positive slope that emanates from
its critical point and asymptotically coincides with the
Widom line [18,19]. Hence, in the weakly tetrahedral
model, this positively sloped line can be considered an
analogue to the Widom line in the singularity-free scenario
but, because the CP maxima fade away, no critical point
forms (see fig. 3(c)). The line of KT maxima turns on the
P -T plane without a divergence in compressibility.
The behavior of the thermodynamic response functions in water at ambient conditions is consistent with
both the singularity free scenario realized in the weakly
tetrahedral model and the LLCP scenario realized in the
strongly tetrahedral model. The existence of the LLCP
depends on the mechanism of hydrogen-bond bending and
on a strong competition between the weak (distorted)
H-bonds abundant in HDL and the strong (linear) Hbonds abundant in LDL. This competition is made clear in
our strongly tetrahedral model in which the configurations
with the H-bonds created by the second (narrow and deep)
attractive well have lower energy and entropy than the
configurations with H-bonds created by the first (broad
and shallow) attractive well. Thus, these two configurations may, within a certain temperature range, have the
same Gibbs free energies and thus may coexist as LDL
and HDL.
If we remove this broad and shallow well and leave only
the strong narrow well (f = 1.1, εHB = εsHB = εwHB = 1,
θm = θs = θw = 12◦ ), our system spontaneously crystallizes at T ≈ 0.125 far above the expected location of the
LLCP. Indeed, models of patchy tetrahedral interaction
with a single well [23,29] suggest that the increase of
rigidity of tetrahedral interactions increases crystallization temperature. The eﬀects of both the patch angular
width and the interaction range (corresponding to, respectively, θm and f in the weakly tetrahedral model) on
glass formation and glass-crystal competition have been
discussed in detail in refs. [23,29]. However, no LLPT has
been observed in these models. We hypothesize that this is
because only a single-step potential well has been adopted

in these models. We conclude that the angular dependence
of the strength of tetrahedral interactions is the key factor
for the existence of LLPT. Varying the strength of strong
and weak hydrogen bonds in our model one will be able to
explore the criteria for the existence of the liquid-liquid
phase transition in supercooled water and other tetrahedral liquids such as silicon.
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