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In this paper we develop a diagrammatic technique for determining the exact recursive relations
for the partition functions of the Ising model in a field, situated on finitely ramified deterministic
fractal lattices. Applying this method on the members of the two-dimensional Sierpiniski gasket type
of fractal lattices, which are characterized by generators of side length b, we first recover the known
exact-space renormalization-group results for b = 2 and 3, in the case of zero field, and for b = 2
when H # 0. Then we obtain new results for all b up to b = 15, for H = 0, and up to b = 8 for H # 0.
These results enable us to initiate the study of the crossover of thermodynamic properties of the
Ising model caused by changing of the underlying fractal lattices towards the Euclidean (triangular)
lattice. Accordingly, we calculate the temperature dependence of the specific heat, for b < 15, and
susceptibility for b < 8, and compare these functions with the known results for the triangular
lattice. This comparison demonstrates the difference between the standard thermodynamic limit

and the fractal-to-Euclidean crossover behavior.

PACS number(s): 05.50.+q, 05.70.Fh, 05.70.Jk, 75.10.—b

I. INTRODUCTION

It has been generally known that a magnetic model
system on a finite Euclidean lattice cannot display crit-
ical behavior at nonzero temperatures. Critical behav-
ior can appear only in the thermodynamic limit, that is,
when the underlying lattice becomes infinitely large. On
the other hand, it has been demonstrated, via specific
calculations, that the standard Ising model on finitely
ramified fractals cannot have a nonzero critical temper-
ature [1-3]. Similarly, in the case of the classical O(n)
model, with n > 2, on fractals with the spectral dimen-
sion d;, < 2, it has been rigorously proved that there
is no spontaneous magnetization at any finite tempera-
ture [4]. Thus one may rightfully study what happens at
the fractal-to-Euclidean crossover. In other words, one
may pose the question whether the Ising critical behav-
ior on a Euclidean lattice can be retrieved via a limit of
infinite number of finitely ramified fractals whose prop-
erties gradually acquire the corresponding Euclidean val-
ues. Moreover, one can compare this fractal limit with
the standard thermodynamic limit.

Few specific results, related to the preceding question,
have been established so far. For instance, it was shown
[5] that the decay of the spin-spin correlations with in-
creasing temperature is extremely slow on the Sierpinski-
gasket (SG) fractal lattice, causing nontrivial thermody-
namic behavior of the Ising model on all finite fractal
lattices, even if their size is comparable to the size of the
observable universe. Next, an interest was recently shown
[6] for the behavior of antiferromagnetic Ising model on
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fractal lattices in the context of spin glasses and the high
ground state frustration which leads to nonzero macro-
scopic residual entropy. In fact, it was found that con-
trary to the conjecture that existence of fractal holes
should relieve frustration, the residual entropy per spin
of the Ising antiferromagnet on the Sierpinski gasket is
actually higher than that of the antiferromagnet on the
triangular lattice. The effect of the presence of holes may
be addressed by studying families of fractal lattices which
provide a crossover towards the corresponding Euclidean
triangular lattice. The fractal-to-Euclidean crossover be-
havior of the residual entropy was studied on the family
of the SG type of fractal lattices in both the zero field,
and in the maximum critical field [8]. In both cases a
smooth crossover behavior of the residual entropy was
established, and a simple crossover formula was found.
Finally, the question of the fractal-to-Euclidean crossover
appears to be rather nontrivial in the case of the O(n)
model for n = 0, that is, in the case of self-avoiding
walks (SAW’s) on the SG fractals. Namely, the exact
renormalization-group (RG) results indicated that the
SAW critical exponents might tend toward the corre-
sponding Euclidean values [9], whereas the consequent
finite-size scaling arguments [10] showed that it cannot
be generally true. The latter dichotomy is still a subject
of an active research.

It is thus desirable to address the question of the
fractal-to-Euclidean crossover behavior of Ising model
thermodynamic response functions, which has up to date
remained open. In fact, in the case of the SG fractal fam-
ily which approaches the Euclidean triangular lattice in
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the limit when generator side length b tends to infinity,
the real-space renormalization-group relations have thus
far been established only for b =2 and b =3 for H =0
[2,3], and only for the first member of the family (b = 2)
for H # 0 [2]. It may be appropriate to mention here that
in the reference [2] RG relations contained a small incor-
rectness when applied for finite size fractal lattices and
become exact only in the limit of infinitely large fractals.
To study the crossover of thermodynamic behavior, in
this paper we develop a diagrammatic technique for de-
termining the exact recursive relations for the partition
functions. We first establish the equivalence of this pro-
cedure to the standard renormalization-group decimation
technique [2,3] by recovering the exact RG formulas for
b= 2,3, in the case of H = 0, and for b = 2, in the case
H # 0. Then, as the main contribution of this paper, we
obtain new results for 4 < b < 15, in the case H = 0,
and for 3 < b < 8, when H # 0. Using these results we
calculate the temperature dependence of specific heat for
b < 15 and susceptibility for b < 8, and compare them to
the known results for the triangular lattice.

This paper is organized as follows. In the next section
we develop the technique for determining the exact recur-
sive relations for the partition functions of both ferromag-
netic and antiferromagnetic Ising systems on finitely ram-
ified fractal lattices, and recover the previously known
RG formulas for the first two members of the SG family.
In Sec. III we present the new results for higher members
of the family, together with an overall discussion.

II. DIAGRAMMATIC TECHNIQUE FOR
DETERMINING THE EXACT RECURSIVE
RELATIONS FOR THE PARTITION FUNCTIONS
OF THE ISING MODEL ON FINITELY
RAMIFIED FRACTALS

A. Sierpinski gasket (b = 2)

The real-space RG recursive relations for the Ising
model on the Sierpiniski gasket have been established for
both zero and nonzero magnetic field [1,2]. We will use
this particular case as a test ground for developing a con-
venient diagrammatic technique for obtaining the recur-
sive relations in a new way. This new technique will later
prove useful in the case of higher members of the SG frac-
tal family, and it can also be applied in the case of other
finitely ramified fractals. In fact, it will turn out that
even for the Sierpinski gasket in the field, our technique
yields relations which are exact on all stages of construc-
tion of the fractal, while the previously established rela-
tions [2] become ezact only in the case of infinitely large
fractal.

We consider Ising systems with the Hamiltonian

H=—J> SS;-HY S, (1)
(NN) i

where J is the nearest neighbor interaction parameter,
S; = %1 is the Ising spin variable at the site 7, H is the
external magnetic field, and (NN) denotes summation

over the nearest neighbor pairs.

The first few stages of construction of the first three
members of the SG fractal family are shown in Fig. 1.
The lattice at stage n is obtained by joining n. structures
of (n—1)th stage, ezclusively at their vertices. For a given
member of the SG family, n. is independent of the stage
n. We will further distinguish between vertez spins at a
given stage n (depicted by full circles in Fig. 1) and the
interior spins (depicted by open circles). We will term
interior spins all those spins that are not at vertices at
the nth stage of construction, but are the vertex spins
of the n. constituent (n — 1)th-stage structures. In the
b = 2 case, at each stage (n) there are n. = 3 constituent
(n — 1)th-stage structures, and Np = 3 interior spins.
For all members of the SG family, at each stage there are
N4 = 3 vertex spins.

At any stage of construction of the Sierpinski gasket,
one can define eight partial partition functions {Z;, i =
1,...,8} that correspond to eight possible configurations
of the three vertex spins, while the summation is per-
formed over all the other spins. From the symmetry of
the lattice, however, it follows that at each stage there
are only four independent partial partition functions Z1,
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FIG. 1. First three members of the two-dimensional
Sierpinski-gasket type of fractal lattices constructed from gen-
erators of side length (a) b= 2, (b) b= 3, and (c) b = 4. For
b = 2 we depict the first three stages of construction, whereas
for b = 3, 4 the first two stages are shown (for n = 1 the fractal
structures are actually finite equilateral wedges of the trian-
gular lattice). Full circles indicate the vertez spins (spins by
which the structures are connected when forming the struc-
ture in the next stage), and open circles indicate the interior
spins (spins which are not at vortices, but are vertex spins of
the constituent structures of the previous stage).



























