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In order to simulate viscous fingering in a porous medium with inhomogeneous permeability, we
make use of a generalization of the diffusion-limited aggregation (DLA) model. In this generalized
DLA, the randomly diffusing particles have transition probabilities which depend on the local per-
meability values of the underlying medium. This method is applied to the simulation of unstable
two-fluid displacement in two-dimensional disordered pore-pipe networks. We show that the model
may only be used to simulate flow in media which have inhomogeneous permeability and homo-
geneous porosity. We explore the combined effects of two types of noise: noise in the growth pro-
cess, and disorder in the permeability of the medium; we find a morphology phase diagram which
shows that both types of noise strongly affect morphology selection. In addition, we perform an
analysis of DLA with noise reduction and find that the magnitude of interface velocity fluctuations
is proportional to 1/V’s, where s is the noise-reduction parameter. We show that these fluctuations
are “multiplicative” in character and vanish in the large-noise-reduction limit. Finally, we address
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the potential application of this model to petroleum reservoir simulation.

I. INTRODUCTION

The phenomenon of viscous fingering in porous
media' ™7 has received much attention because it is relat-
ed to the class of fractal growth processes that includes
dielectric breakdown,® dendritic crystal growth,9 and
diffusion-limited aggregation (DLA).'° Viscous fingering
is also of practical interest because it is involved in
enhanced oil recovery. Paterson'! first proposed that
DLA may be used to model two-fluid displacement if the
driving fluid is inviscid, the displaced fluid is Newtonian,
and wetting effects and surface tension are negligible. In
this work we address the problem of flow under these
conditions in an inhomogeneous medium, neglecting the
effects of dispersion.

Paterson'? also showed that two-fluid displacement in a
porous medium with inhomogeneous permeability may be
modeled by DLA if the lattice constant in the DLA sys-
tem is taken to be proportional to the local permeability.
This variant of DLA works only for geometries in which
the permeability varies by blocks or layers, but it does not
work if the permeability is disordered. If the permeabili-
ties of the bonds in a two-dimensional square network are
chosen randomly, the corresponding lattice with random
lattice constants does not generally lie in the plane.
Thus, Paterson’s variant of DLA cannot be used for
simulating viscous fingering in disordered systems.

Meakin! introduced a generalization of DLA in which
an incident diffusing particle has transition probabilities
which depend on the local permeabilities. We refer to
this model as inhomogeneous diffusion-limited aggrega-
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tion, or IDLA. Siddiqui and Sahimi'® considered IDLA
independently and applied it to the simulation of two-
fluid displacement in two-dimensional inhomogeneous
porous media. Here we explore the details of the map-
ping between IDLA and the fluid-flow problem, and in-
troduce a coarse-graining step that dramatically increases
the computational efficiency of the IDLA model. We
also investigate the effects of “noise reduction”!*~!" on
DLA in general, and study the interaction between noise
in the IDLA growth process and disorder in the medium.
We hope that this interaction may share at least some
characteristics with the interaction between the two types
of noise that are important in viscous fingering: fluctua-
tions at the unstable fluid boundary and disorder in the
permeability of the porous medium. In addition, we find
that the magnitude of interface velocity fluctuations is
proportional to 1/V's, where s is the noise-reduction pa-
rameter. We show that these fluctuations are “multipli-
cative” in character and vanish in the large noise-
reduction limit.

It should be noted that the IDLA model is closely re-
lated to the dielectric breakdown model (DBM),® where
the permeability may be interpreted as a local dc conduc-
tivity. Because the IDLA model does not require the re-
peated solution of the governing equations, it is more
efficient computationally than DBM. Nittmann and
Stanley'® simulated viscous fingering in a medium with
permeability that varied in a layered fashion by using the
DBM.

Oxaal et al. and others® have also used the DBM to
study viscous fingering in one special type of porous
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medium, a percolation cluster. In such a medium, a frac-
tion p,. of the medium has permeability k =1, while the
remaining fraction 1 —p, has permeability kK =0. Regions
of the two permeabilities are distributed randomly. Here,
p. is the percolation threshold for the lattice under con-
sideration. In the present work, we consider a more gen-
eral case, in which the permeabilities of the bonds in the
entire network take on arbitrary values, and fluid flow is
not restricted to a percolation cluster. Sahimi and Siddi-
qui’ simulated miscible viscous fingering on percolation
clusters in which the channels of the clusters have ran-
domly distributed radii and pointed out that there may be
important differences between the DLA model and misci-
ble viscous fingering in inhomogeneous media. In the
present work we demonstrate that the DLA model can
only be mapped onto viscous fingering in a medium with
inhomogeneous permeability and homogeneous porosity.
A pore-pipe network is an example of such a medium, as
shown below. Because Sahimi and Siddiqui compared
DLA with a simulation of viscous fingering in a network
of pipes, which has inhomogeneous porosity, our finding
perhaps explains the discrepancies they found between
the two.

In the next section we address the detailed mapping be-
tween the IDLA model and fluid flow in porous media,
and introduce a coarse-graining step. This coarse grain-
ing increases the computational efficiency of the algo-
rithm by allowing walkers to take large steps when far
from the cluster. In Sec. III we discuss the experiments
and simulations of Chen and Wilkinson® on a disordered
network of capillaries. In Sec. IV we present an analysis
of the effects of noise reduction on DLA, or on any other
growth process in general, and explore the combined
effects of noise in the DLA growth process and disorder
in the medium. In Sec. V we summarize our results, and
discuss the possibility of adapting a DLA-based model
further for use in simulating fluid flow in a petroleum
reservoir. In the Appendix we present a more detailed
analysis of the mapping between IDLA and flow in disor-
dered porous media.

II. THE IDLA MODEL
AND THE IDEALIZED POROUS MEDIUM

Consider an idealized porous medium consisting of a
square lattice of pores of uniform volume, connected by
narrow cylindrical channels, or pipes. The pipes are of
uniform length L, but their radii vary in size, as shown in
Fig. 1. We assume that the volume of the pipes is negligi-
ble compared to that of the pores. In a pipe of radius r,
incompressible viscous fluid flows according to the
Poiseuille law,
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Q=— VP . 2.1)
8

Here, Q is the volume flow rate, u the viscosity, and VP
is the pressure gradient along the pipe. If incompressible
fluid is flowing through the medium, then

V-Q=0. (2.2)
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FIG. 1. An example of a pore-pipe network.
Substituting (2.1) into (2.2) produces
V-(KVP)=0, (2.3)
where the conductance K has the form
4
k=1 2.4)
8

In our discretized description, P is defined on the pore
sites, which are at the vertices of the lattice, while K is
defined on the pipes, which are the bonds of the lattice.
We take continuum differential operators to represent
their discretized analogs.

Darcy’s law states that

v=—kVP, (2.5a)

where v is fluid velocity and k is permeability, also
defined on the bonds of the lattice. For flow in a cylindri-
cal pipe, v=Q/mr2~r2VP and thus k ~r>.

However, in the case of the pipe and pore network as
described above, the magnitude of the effective fluid ve-
locity v is

v=Qa/V, (2.5b)

where a is the lattice spacing between pores and V is the
uniform volume of each pore. That is, the velocity is pro-
portional to the flow rate, and thus the effective permea-
bility of the medium is k ~r* Note that according to
Eq. (2.4) the conductance K ~r* also. This proportional-
ity between k and K is necessary in order to map the
fluid-flow problem onto the IDLA model. That is, the K
in Eq. (2.3) must be proportional to the k in Darcy’s law,
Eq. (2.5a), and this is only possible if the fluid velocity is
proportional to the flow rate. For many systems, there is
no such equivalence, e.g., a system of pipes without
pores, for which v=Q /7r? and thus K ~r* and k ~r2
For such a system, there is no simple map onto a DLA-
based model. Thus, the IDLA model is applicable to
two-fluid displacement only in media such as the pipe-
pore network; that is, media which have constant porosi-
ty and inhomogeneous permeability.

This important detail of the mapping between IDLA
and fluid flow in porous media perhaps explains the

































