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We studyhydrogen-bonddynamicsin liquid waterat low temperaturesusingmoleculardynamicssimula-
tions.We analyzethedynamicsusingenergeticandgeometricde®nitionsof a hydrogenbond,andemploytwo
analysismethods:~i! a history-dependentcorrelationfunction,relatedto thedistributionof bondlifetimes,and
~ii ! a history-independentcorrelationfunction.For method~i! we ®ndanapproximatelyArrheniustemperature
dependenceof the bondlifetime, and®ndthat the distributionof bondlifetimes is extremelysensitiveto the
choiceof bond de®nition.For method~ii ! we ®ndÐindependentof bond de®nitionÐthatthe dynamicsare
consistentwith the predictionsof the mode-couplingtheory,suggestingthat the slow dynamicsof hydrogen
bondscanbeexplainedin thesameframeworkasstandardtransportquantities.Our resultsallow us to clarify
the signi®canceof the choiceof both bondde®nitionandanalysistechnique.

PACSnumber~s!: 61.43.Fs,61.20.Ne

I. INTRODUCTION

Theanomalouspropertiesof waterarebelievedto becon-
nectedto thein¯uenceof themicroscopicbehaviorof hydro-
genbondingon bothdynamicandthermodynamicproperties
of bulk water@1±4#. Both experimental@5±11#andtheoret-
ical @12±22#studieshavefocusedon understandingvarious
aspectsof the hydrogenbond,including networkconnectiv-
ity and relaxationtime, bond lifetime, and other properties.
On supercooling,relaxationtimestypically displaya power-
law behaviorwith an apparentdivergenceat a temperature
Ts' 228 K, that has gainedmuch attention.Molecular dy-
namics~MD! studies,while limited by the accuracyof the
model, are particularly useful for investigatingthe anoma-
lous behavior in the supercooledregime since nucleation
doesnot occuron thetime scaleof MD simulations.Further-
more,MD providesimmediateaccessto hydrogen-bondin-
formation,which expeditesinvestigationof thebonddynam-
ics. As a result,severalstudiespreviouslyfocusedon bond
dynamicsusingMD.

Here we investigatethe temperaturedependenceof the
hydrogen-bonddynamicsusing the extendedsimple point
charge~SPC/E! modelof water@23#. A brief reportof some
of our resultsrecentlyappeared@24#, andherewe providea
morecompleteaccount.We study the bonddynamicsusing
two possiblede®nitionsof a hydrogenbond, and consider
two analysismethods®rst proposedby Stillinger @25#: ~i!
correlationsin a time seriesof bondswhich arecontinuously
intact, and thus dependenton the history of bond breaking;
and ~ii ! correlationsindependentof the history of bond-
breakingevents.

For analysismethod~i!, we ®nd that the averagebond
lifetime t HB , measuredby the ®rstbreakingtime, displays
an Arrheniustemperaturedependence,asexpectedfrom ex-
periments@5,6#. For analysismethod~ii !, we ®nda nonex-
ponentialrelaxationof the bondcorrelationsandpower-law
behaviorof correlationtime t R that canbe interpretedusing
mode-couplingtheory ~MCT! for the dynamicsof super-
cooledliquids @26#.

Previously,thetransportpropertieswereshownto bewell
describedby MCT @27,28#, suggestingthat thebonddynam-
ics may be understoodin the sametheoreticalframeworkas
transportproperties.Moreover,the possiblerelationshipbe-
tweenthe MCT predictionsandthe observedpower-lawbe-
havior of water's dynamicsquantitieswas previously dis-
cussed @27±29#. Simulations very close to the MCT
transitiontemperatureTc , showthe expectedbreakdownof
the MCT predictions.Furthermore,the dynamicbehaviorin
this region hasalso beenshownto correlatewith the prop-
ertiesof thepotentialenergysurface@30#Ðwhich mayaid in
understandingdynamicsbelow Tc .

In previous work, authors typically focused on either
method~i! @15# or method~ii ! @19,20#. Differencesin the
resultsof thesestudiesmaybeattributedto themodelpoten-
tial, bonding de®nition, temperaturerange, or analysis
methodconsidered.Herewe clarify theeffectof theanalysis
methodand bond de®nitionused.Basedon this investiga-
tion, we proposethat analysismethod~ii !Ðcorrelations in-
dependentof bond breakingÐprovidesmore useful results.
However,we also recommendthat future work shoulduse
these techniquesonly as a supplementto calculationsof
quantitiesthataredirectly observablein experiments,suchas
the depolarizedRamanspectrum.

The paperis organizedas follows. In Sec.II, we brie¯y
review the phenomenologyof fragile supercooledliquid dy-
namicsthat is relevantto thesimulationswe perform,which
aredescribedin Sec.III. In Sec.IV, we presentthe analysis
methodswe employto interpretthe simulations,andSec.V
providesa brief summaryof the resultsof previousstudies.
Themainresultsof this work aredescribedin Sec.VI, which
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is divided into severalsubsections.Finally, Sec.VII presents
a brief discussionanda summary.

II. DYNAMICS OF SUPERCOOLED LIQUIDS

In this section,we describesomeof the formalismsem-
ployed to explain the dynamicsof supercooledliquids ap-
proachinga glasstransition.For a morecompletereview of
glassybehavior,we refer thereaderto recentreviews@3,31±
33#. Canonicalfeaturesof the dynamicsof supercooledliq-
uids approachingvitri®cationincludethe non-Arrheniusbe-
havior of the relaxationtime and the nonexponentialdecay
of correlation functions. A number of theorieshave been
offeredto explainthesedynamics,suchastheentropy-based
theorydevelopedby Adam, Gibbs,andDi Marzio @34#and
the MCT of GoÈtze andco-workers@26#.

A. Entropy-based theory

We ®rstconsiderthe entropy-basedtheory, which treats
the formationof an ideal glassasa true second-orderphase
transition@34#. One of the primary resultsof this theory is
thepredictionthat therelaxationtime of theliquid approach-
ing the glasstransition obeysthe Vogel-Fulcher-Tammann
~VFT! form @35#

t ; eA/(T2 T0), ~1!

whereT0 is thetemperatureof a second-ordertransition,and
is associatedwith the Kauzmanntemperature@3,31#, the
temperaturewhere the extrapolatedentropy of the super-
cooledliquid is equalto that of the stablecrystal.Equation
~1! is obtainedwith the assumption,which we will discuss
later for thecaseof water,that theconstantpressurespeci®c
heatCP dependsinverselyon temperature.In addition,Eq.
~1! predictsa completestructuralarrestof the liquid at T0.
Experimentally,it is known that the ¯uid is not completely
arrestedin theglassystate,andthetransitionto a glassystate
is commonlyde®nedto occurat a temperatureTg wherethe
viscosity reaches1012 Pas. Therefore,it is not surprising
that ®ts of, e.g., viscosity @34,36# indicate that T0, Tg .
Closeto Tg , the VFT form sometimesfails, and the relax-
ation revertsto Arrheniustemperaturedependence.

B. Mode-coupling theory

MCT has beenthe focus of much recent interest,since
MCT may provide a quantitativeexplanationfor observed
dynamic anomaliesof liquids in a limited temperaturere-
gime, particularly the rangeaccessibleto MD simulations.
MCT wasoriginally developedfor atomicliquids, andsome
extensionswererecentlymadeto considermolecularliquids
@37#. The idealizedform of MCT focuseson the transient
trappingof a particleby its nearneighborsthatoccursoccurs
as temperatureis lowered, commonly known as the cage
effect. At low temperatures,movementof a single particle
requires collective rearrangementof the neighboring par-
ticles,giving rise to greatlyincreasedrelaxationtimes.MCT
accountsfor this behaviorby assuminga nonlinearfeedback
mechanismcontrolledby a ``memory'' function thateventu-
ally leadsto structuralarrestat a temperatureTc . As a result,
the predictionsof idealizedMCT are expectedto be valid

only for T. Tc where``activated'' processesarenot impor-
tant.Theseactivatedprocessesprovidea newmechanismfor
motioncloseto Tc , andtherebya sharptransitionis avoided.
Fits of dataindicatethat typically Tc' 1.2Tg @31#. Figure1
showsthe typical relationshipamongTm ~the melting tem-
perature!, Tc of MCT, Tg , andT0 of the VFT form.

MCT predictsthatanycorrelationfunctionc(t) relatedto
density ¯uctuations will decayvia a speci®ctwo-steppro-
cess.The ®rst relaxation step is characterizedby a rapid
decayto a plateauvaluecpl , andneartheplateaubehavesas
a power law:

c~t !2 cpl} t2 a. ~2!

The durationof the plateauvalue is expectedto increaseas
temperatureapproachesTc from above.Theseconddecayis
predictedto behavenearthe plateauas

cpl2 c~t ! } tb, ~3!

whereb, the von Schweidlerexponent,typically dependson
pressure.

Furthermore,MCT also predictsthat the slow relaxation
processcanbecollapsedto a singlemastercurveof theform

c ~t !5 c„t/t R~T!…, ~4!

wheret R(T) is the relevantrelaxationtime. This scalingis
frequentlyreferredto as the time-temperaturesuperposition
principle ~TTSP!. MCT predictsthat the relaxationtimesdo
not follow Arrhenius behavior, but rather conform to a
power law

t R~T! ; ~T2 Tc! 2 g, ~5!

where the value of g dependson the thermodynamicpath
that is followed. Theexponentsg, a, andb arenot indepen-
dent,for only oneexponentis neededto predictthevaluesof
all exponents.The two equationswhich determineall the
exponentswhenprovidedwith onevalueare

g5
1

2a
1

1

2b
~6a!

and

@G~12 a! #2

G~12 2a!
5

@G~12 b! #2

G~11 2b!
. ~6b!

FIG. 1. Relativevaluesfor simple liquids of the melting tem-
peratureTm , andthosetemperaturesoftenusedin discussionof the
glasstransition:Tc , Tg , andT0 . Tc is thetemperatureof structural
arrestin MCT, Tg is the experimentallyde®nedvalueof the glass
transition,andT0 is the temperaturethat appearsin the VFT form
of Eq. ~1!. Thepredictionsof MCT areusuallyfoundto bevalid in
exactly the temperaturerangethat we simulate.
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The exponentsb and g were previously calculatedfor the
SPC/Emodel@27,28#, which we shall compareour resultsto
in Sec.VI.

III. SIMULATION DETAILS

We perform MD simulationsof 512 water moleculesat
temperaturesT5 350, 300, 275, 250, 225, 210, and 200 K,
interactingvia the SPC/Epair potential@23#. At T5 200 K,
we simulatetwo independentsystems,asthe long relaxation
time at this temperaturereducesthe quality of time averag-
ing. The SPC/Emodel treatswaterasa rigid moleculecon-
sistingof threepoint chargeslocatedat theatomiccentersof
the oxygen and hydrogen,which have an OH distanceof
1.0 … and a HOH angleof 109.47É, the tetrahedralangle.
Eachhydrogenhasa chargeqH5 0.4238e, and the oxygen
hasa chargeqO52 2qH , wheree is thefundamentalunit of
charge.In addition,the oxygenatomsof separatemolecules
interact via a Lennard-Jonespotential with parameterss
5 3.166… and e5 0.6502kJ/mol. Note that the SPC/Epo-
tential displaysa densitymaximumTMD at T' 245 K at at-
mosphericpressure@38±40#, 32 K lower than the TMD of
H2O and39 K lessthanthe TMD of D2O.

We ®x the densityr 5 1.0 g/cm3, andequilibrateall state
points to a constanttemperatureby monitoring the pressure
and internal energy.We control the temperatureusing Ber-
endsenet al.'s methodof rescalingthevelocities@41#, while
the reaction®eld techniquewith a cutoff of 0.79 nm @42#
accountsfor the long-rangeCoulombic interactions.The
equationsof motion evolveusing the SHAKE algorithm@43#
with a time stepof 1 fs. Equilibrationtimesrangefrom 500
psat thehighesttemperatureto 15 nsat the lowesttempera-
ture. To analyze the dynamic behavior, it is desirableto
make measurementsin the isochoric/isoenergeticensemble
~NVE!. However,a small energydrift is unavoidablefor the
long runspresentedhere,so we againemploy the heatbath
of Berendsen,using a relaxationtime of 200 ps @27#. The
large relaxationtime preventsan energydrift, but achieves
resultsthatarevery closeto thosethatwould be foundwere
it possibleto performa simulationin theNVE ensemble.For
analogousreasons,we choosenot to employ constantpres-
suremethods.

IV. ANALYSIS OF SIMULATIONS

A. The two hydrogen-bond de®nitions

We considertwo criteriafor determiningthepresenceof a
hydrogenbond@44#. The de®nitionof SciortinoandFornili
@13#, which we will refer to as the energeticbondingcrite-
rion, considerstwo moleculesto be bondedif their oxygen-
oxygen separationis less than 3.5 … and their interaction
energyis lessthan a thresholdenergyEHB over a duration
exceedinga minimum thresholdtime. However,we do not
includethis temporalcriterion in our study.We alsostudya
geometricde®nition@19,20# which usesthe samedistance
criterionbut replacestheenergeticconditionby requiringthe
O±H . . . O angle betweentwo moleculesto be less than a
thresholdangleuHB . We will selecttheparametersEHB and
uHB in order to reproduceroughly the experimentallyob-
servedtemperaturedependenceof the bondlifetime.

B. The two analysismethods

We examinethedynamicbehaviorfor eachde®nitionus-
ing two analysismethods@25#:

~1! Bondautocorrelationsfor bondswhich haveremained
continuouslyunbroken~we call these``history-dependent''
correlations!.

~2! Bond autocorrelations,irrespectiveof possiblebond
breaking~we call thesè `history-independent''correlations!.

To formalizethe analysismethods,considera binary op-
erator hi j (t) for eachpair of particles$i , j%, where hi j (t)
5 1 if particlei andj arebondedat time t andhi j (t)5 0 if i
andj arenot bondedat time t @19,20#. The meantotal num-
ber of the bondsin the systemis given by 1

2 N(N2 1)^h&,
wherethe bracketsdenotean averageover all possiblepairs
of moleculesandtimes.The history-independentcorrelation
functionc(t) expressestheprobabilityof a randomlychosen
pair of moleculesbeing bondedat time t, providedthat the
bondwasintactat time t5 0, independentof possiblebreak-
ing in the interim time; c(t) is given by

c~t ! [
^dh~0!dh~t !&

^dh2&
. ~7!

Heredh(t)[ h(t)2 ^h&. In an in®nitesystem,̂ h&[ 0, since
the probability of two arbitrary moleculesbeing bondedis
zero. In the ®nitesystemswe simulate,the probability of a
pair of moleculesbeingbondedis ®nite,so^h&5” 0. We cal-
culatecorrelationsin the ¯uctuationsaccordingto Eq. ~7! to
eliminateeffectsof ®nite^h&andcomparewith expectations
of the in®nitesystem.

Luzar andChandler@19,20#studiedthe reactive¯ux, de-
®nedby the derivative

k~t ! [ 2
dc~t !

dt
, ~8!

which quanti®estheprobability thataninitially presentbond
breaksat time t, independentof possiblebreakingand re-
forming eventsin the interval from 0 to t. Thus,the reactive
¯ux measuresthe effective decay rate of an initial set of
hydrogenbonds@45#.

For history-dependentcorrelations,considerEq. ~7!, with
the restrictionthat a bondmustbe continuouslyintact.As a
result, the history-dependentcorrelationfunction will decay
more rapidly than the history-independentcorrelationfunc-
tion, as bonds that break and subsequentlyreform do not
contributeto the long-timecorrelations.For the purposesof
our simulations,we will measuredistributionsof bond life-
timesP(t)Ð in otherwords,thedistributionof ®rstbreaking
times. Here P(t) measuresthe probability that an initially
bondedpair remainsbondedat all timesup to t andbreaksat
time t. The function P(t) is obtainedfrom simulationsby
histogrammingthebondlifetimesfor eachcon®guration.We
note that P(t) is sensitive to the sampling frequency.A
choice of a long interval betweensampledcon®gurations
correspondsto ignoringprocesseswherea bondis brokenfor
a shorttime andsubsequentlyreforms.As a consequence,to
calculateP(t), we sampleevery10 fs ~shorterthanthe typi-
cal libration time that may destroya bond!.
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V. PREVIOUS WORK ON BOND DYNAMICS

Therearenotabledifferencesbetweenthe studiesof Sci-
ortino et al. @15# and thoseof Luzar and Chandler@19,20#,
which may arise from a variety of reasonsrelated to the
difference in bonding de®nition and different correlation
functionsconsidered.

A. Energetic bond de®nition,history-dependentcorrelations

Sciortino et al. calculatedP(t) using the energeticbond
de®nitionwith thresholdEHB5 0 for a systemof 216 mol-
eculesinteractingvia the highly structuredST2 potentialfor
water @47#. They considered®vetemperaturesbetween350
and 235 K, and found that P(t) doesnot display an expo-
nentialdecay,but rathershowsa power-lawbehaviorovera
rangeof time, and that this rangeof behaviorextendsto
longertimesat lower temperatures.Furthermore,they found
that the averagebond lifetime t HB showsa power law in-
creaseastemperatureis lowered,possiblyrelatedto the ex-
perimentalobservationthat variousrelaxationtimes appear
to grow with a power-lawbehaviorthatdivergesat tempera-
ture Ts' 2 45ÉC.

B. Geometric de®nition,history-independent correlations

The study of the reactive ¯ux by Luzar and Chandler
@19,20#usedthe geometricbondde®nitionwith a threshold
of uHB5 30Éfor the SPCmodelof water@46# ~which is re-
lated to SPC/E! at temperatureT5 300 K. Luzar andChan-
dler observeda nonexponentialdecay,and further argued
that the relaxationof the bond dynamicsdoesnot coincide
with a power-law decay.They also proposeda model to
speci®callydescribethe relaxationof the bondcorrelations.

VI. RESULTS

We shallsystematicallyanalyzeour SPC/Esimulationre-
sultsusingboth bondde®nitionsandboth analysismethods.
We ®rstconsiderthe history-dependentcorrelationfunction,
as the averagebond lifetime t HB provides and important
checkof the bond de®nitions.We then focus on a history-
independentcorrelationfunction,andinterpretour resultsus-
ing MCT.

A. History-dependent bond correlations

1. Averagebond lifetime t HB

We ®rst calculate t HB using threshold values EHB5
2 10 kJ/mol anduHB5 30É~Fig. 2!. Our resultsaresumma-
rized in Table I. We ®ndan Arrhenius temperaturedepen-
dencewith activationenergies

EA5 H8.86 1.0 kJ/mol ~energeticbondde®nition!

9.36 1.0 kJ/mol ~geometricbondde®nition! ,
~9!

which comparewell with the activation energy EA5 10.8
6 1.0 kJ/mol obtainedfrom depolarizedlight scatteringex-
periments@5,6#. Indeed,we chosethethresholdsof thebond-
ing criteria so that we roughly reproducethe activationen-
ergy obtained from experimentalmeasurements.We also
observean Arrhenius behavior for threshold values EHB

5 0 kJ/mol @13,15#anduHB5 35É.For theseparameters,we
®ndthe EA is roughly 30% smallerusingthe energeticde®-
nition, andis roughly 10% smallerusingthe geometricde®-
nition. The activation energyEA associatedwith t HB was
interpretedasthe energyrequiredto breaka bondvia libra-
tional motion,a ``fast'' motion @5,6#. We ®ndbetterquanti-
tative agreementwith experimentsfor t HB valuesobtained
from the geometricde®nitionthan for t HB valuesobtained
from energeticde®nitionÐpossiblybecausethe geometric
bondde®nition,like the resultsof thedepolarizedlight scat-
teringexperiments@5,6#, is highly sensitiveto thelinearity of
the bond.We will usethe thresholdsEHB52 10 kJ/mol and
uHB5 30É for the remainingcalculations.

2. Distribution P(t) of bond lifetimes

Wenowturnourattentionto thedistributionP(t) of bond
lifetimes.We observeneitherpower-lawnor exponentialbe-
havior of P(t) for small times~Fig. 3!. Howeverthe tail of
the distribution is well approximatedby an exponential.A
power-lawbehaviorof P(t) wasfoundin Ref.@15#by study-
ing theST2model,usinganenergeticbondde®nitionwith a
threshold parameterEHB5 0 kJ/mol, and the previously
mentionedtemporalrequirement.Thedifferencebetweenthe

FIG. 2. Averagebond lifetime t HB for the energetic(s ) and
geometric(3 ) bondde®nitions,shownfor comparisonareexperi-
mentaldata(L ) for depolarizedlight scattering@5#. Althoughthe
experimentaldataand the resultsfor the geometricde®nitionboth
display a weak upward curvature,all three curvescan be ®t by
Arrheniusbehaviort HB5 t 0 exp(EA /kT). We scalethe temperature
of the simulationresultsby TMD

SPC/E' 245 K @39#, and temperature
of the experimentaldataby TMD

expt5 277 K to facilitate comparison
@38±40#.

TABLE I. Average hydrogen-bondlifetime t HB using each
bondde®nition.

t HB (ps)
T (K) Energeticbondde®nition Geometricbondde®nition

350 0.13 0.18
300 0.18 0.27
275 0.23 0.37
250 0.31 0.54
225 0.46 0.99
210 0.55 1.35
200 0.71 1.94
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present®ndingsfor P(t) and thoseof Ref. @15# is likely
attributablea combinationof two factors:~i! includinga tem-
poral criterion more closely links the dynamicsto diffusive
motion,which is typically describedby a powerlaw; and~ii !
that Ref. @15# followed a pathvery nearto the liquid-liquid
critical point that appearsin the ST2 potential @48#. If a
liquid-liquid transition occurs in SPC/E, it has been esti-
matedto terminateat a critical point locatedat roughly 160
K and200 MPa @39#. The presentsimulationsshouldnot be
signi®cantlyaffectedby this critical point,sincethetempera-
ture andpressurewe simulatearefar from it. Simulationsat
lower temperature,which arenot feasiblewith currentcom-
putationalresources,may help to resolvethis question.

The small differencebetweenthe results from the two
bondde®nitionscanbe explainedby the differencein sensi-
tivity to librationalmotion.Speci®cally,thesensitivityof the
geometric de®nition to librations causesmany bonds to
breakon a short time scale.SinceP(t) dependson the un-
brokenpresenceof thebond,shorttime ¯uctuationsresultin
quantitativeandqualitativedifferencesin thefunctionalform
of P(t).

B. History-independent bond correlations

We next considerthe history-independentbond correla-
tion function c(t). We calculatec(t) by averagingover all
pairs in the systemandmanypossibletime origins. Our re-
sults for all temperaturesand both bond de®nitionsare
shown in Figs. 4~a! and 4~b!. For t& 0.1 ps, c(t) decays
rapidly due to librational motion. For t* 0.1 ps, c(t) re-
mainsrelatively constant,especiallyat low T. Following the
``plateau'' is a seconddecayregion where the correlations
relax to zero. This two-steprelaxationis typical of super-

cooled liquids @3,31±33#. In the seconddecay region, the
dominantprocessfor bondbreakingis diffusion. Sinceboth
bondde®nitionsemploythesamedistancecriterion, it is not
surprising that the decay of c(t) at large times is nearly
identical for eachof the two bondde®nitions.The decayof
c(t) is very similar to that observedfor the intermediate
scattering function @27,28#. Indeed, both these functions
show a rapid decreaseat small times due to vibrationsand
librationsof molecules,followed by a slow decaythatcanbe
describedby a stretchedexponential.The intermediatescat-
teringfunction is a measureof thecorrelationof themolecu-
lar coordinates,while c(t)Ð at least in the long time
limitÐis a measureof thecorrelationof themolecularcoor-
dinatesbetweena pair which is initially bonded.Henceit is
not surprisingthat the functionsarequalitativelysimilar. In-
deed,both functionsarecontrolledby the diffusivity of the
systemfor long time scales.

FIG. 3. The history-dependentbond lifetime distribution P(t)
for the energeticbondde®nitionplottedon ~a! a log-log scaleand
~b! a log-linearscale,revealingan exponentialtail. Also shownis
P(t) for thegeometricbondde®nitionon ~c! a log-log scaleand~d!
a log-linearscale,alsoconsistentwith an exponentialtail. Reading
from top to bottom, the curvesmay be identi®edas T5 200, 210,
225,250,275,300,and350 K. Eachcurveis offset by onedecade
for clarity.

FIG. 4. For thehistory-independentmethod,we showthedecay
of the hydrogen-bondcorrelationfunction c(t) for both bondde®-
nitions;~a! theenergeticbondde®nitionand~b! thegeometricbond
de®nition.The simulationsare for temperaturesT5 350, 300, 275,
250, 225, 210, and 200 K. Since the two de®nitionsare nearly
identical for t. 1 ps, we show an enlargementof the data in the
regiont< 1 ps in the inset.
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1. Scaling of the correlation function

We may interpretthe relaxationshownin Fig. 4 in terms
of the predictionsof MCT. We ®rstconsiderthe TTSPthat
focuseson the scalingof the secondrelaxationregime.Pre-
vious workerstestedthe scalingform of Eq. ~4!, and found
reasonablecollapseto a singlemastercurveat long timesfor
suf®cientlylow temperatures@27,49#. We obtain a reason-
able collapseof the all c(t) curves ~for both de®nitions!
usingEq. ~4! ~Fig. 5!, and®t with the Kohlrausch-William-
Wattsstretched-exponential

c„t/t R~T!…5 A0 exp@2 ~t/t R! b#, ~10!

where b5 0.666 0.06 and A05 0.976 0.05. The ®t by Eq.
~10! deviatesslightly from the simulation results for t/t R
* 5 @50#. We note that eachcurvemay alsobe individually
®tby a stretchedexponentialprior to scaling,from which we
obtainb valuesin the range0.60±0.73.

2. Temperaturedependenceof relaxation time

We de®nethe relaxationtime t R by

c~t5 t R!5 e2 1. ~11!

Our resultsfor t R aregiven in Table II. In accordwith Eq.
~5!, we plot t R asa function of (T2 Tc). We ®nd,indepen-

dent of bond de®nition, a power-law behavior with Tc
5 197.56 2 K and g5 2.76 0.1 for T> 210 K @Fig. 6~a!#.
Thesevalueswere independentlymeasuredusing the diffu-
sion constantin Ref. @28# for SPC/E,andwere found to be
g5 2.8 andTc5 194 K. Our resultsfor t R may alsobe rela-
tively well ®tby theseparameters.The minor differencebe-
tween the valuesof Tc may arise from the decouplingof
relaxationtimesanddiffusion constantthat is known to oc-
cur at low T @28,51#. At T5 200 K, t R is smallerthanwould
be estimatedby Eq. ~5!, most likely becauseMCT doesnot
accountfor activatedprocesseswhich aid diffusion and re-
ducerelaxationtimes at low temperatures.Typically, these
activatedprocessesbecomeimportantnearTc , as we ®nd.
Calculationsof thediffusion constantandtherelaxationtime
of the intermediatescatteringfunction alsoshowdeviations
from a power-lawat T5 200 K. Thus the discussionof t R
appearsto apply equallywell to theseotherquantities.

Our resultsfor t R canalsobe ®tby the VFT form of Eq.
~1! whereT05 160 K @Fig. 6~b!#. As discussedin Sec.II, the
VFT form is derived assumingthat the constantpressure
speci®cheatCP dependsinverselyon the absolutetempera-
ture. For water,CP is known to be well approximatedby a
powerlaw with a nonzerosingulartemperature@2#. Thusit is
somewhatsurprisingthat our resultsmay be ®t well by the
VFT.

C. Reactive¯ux

The behaviorof the reactive¯ux k(t) is shownin Figs.
7~a! and7~b! for bothbondde®nitions.We observea power-
law region starting at t ' 0.3 ps for both bond de®nitions,
with an exponent2 0.56 0.1 for temperaturesdown to T
5 250 K. In addition, the durationof the power-lawregion
increasesfrom about 1.5 decadesat 300 K to about two
decadesat 250 K. The value of this exponentcan also be
interpretedin termsof MCT predictions.In theregionof the
powerlaw of Fig. 7, Eq.~3! is valid. Sincetheplateauregion

FIG. 5. Data collapseof c(t) using the scalingform predicted
by MCT. The time hasbeenrescaledby t R asde®nedin Eq. ~11!.
Also shownis the ®t using Eq. ~10! ~dashedline!. Note the small
deviationfrom the ®t for t/t * 5 ~seethe inset!.

TABLE II. Relaxationtime t R of the correlationfunction c(t)
de®nedby Eq. ~11!.

t R (ps)
T (K) Energeticbondde®nition Geometricbondde®nition

350 2.41 2.06
300 5.62 5.18
275 11.5 10.9
250 33.0 32.1
225 214 213
210 1839 1857
200 6174 6239

FIG. 6. Relaxationtime t R of the hydrogen-bondcorrelation
function c(t) ~Table II !. ~a! Fit to the scaling form predictedby
mode-couplingtheory with Tc5 197.5K. ~b! Fit to the empirical
VFT form with T05 160 K. The symbolsrepresentthe relaxation
time from the geometric(3 ) and energetic(s ) bond de®nitions.
The deviationfrom both ®ttingforms may indicatea smooth tran-
sition of relaxationstime in supercooledwater with that of glassy
water.
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of c(t) is dif®cult to identify unambiguously,studying the
derivativeexpeditesidenti®cationof b, as Eqs. ~3! and ~8!
require

k~t ! } tb2 1. ~12!

Thus b5 0.56 0.1. For T, 250 K, our resultsmay be ®t by
Eq. ~3! if higher-ordertermsareincluded.To properlymea-
sureb, a detailedanalysisof transportpropertiesis needed,
suchas that performedin Refs.@27,28#. However,our pur-
poseis not to con®rmthe MCT predictions,but rather to
determineif thebonddynamicscanbeinterpretedwithin the
MCT framework.Our resultssupportthis possibility, since
g5 2.7 andb5 0.5 areconsistentwith the MCT predictions
of Eqs.~6a! and~6b!.

We note that the reactive ¯ux for the geometricbond
de®nition@Fig. 7~a!#showsa dip at t ' 0.06psnot presentin
the reactive¯ux obtainedfrom the energeticbondde®nition
@Fig. 7~b!#. The differencecanbe reconciledby considering
the sensitivity of eachde®nitionto librational motion. The
angularrestrictionof the geometricbondde®nitionmakesit
very sensitiveto librational motion,which hasa characteris-
tic time below 0.1 ps, so the dip stemsfrom pairs initially
bondedwhich are broken~by libration! but often reform a
bond.In contrast,theenergeticde®nitionis far lesssensitive
to bondbending@13,15#, so we observea relatively ¯at be-
havior at early times.At long times,k(t) is independentof
bond de®nition,as expectedsince both de®nitionsuse the
samedistancecriterion.

VII. DISCUSSION

We presentedresultsfor thehydrogen-bonddynamicsus-
ing two analysistechniquesfor the SPC/Epotential,which
allows us to effectively addressthe differencesobtainedby
eachmethod.In particular,we contrastthe functions P(t)
and k(t); P(t) measuresthe probability of an initially
presentbondto ®rstbreakat time t, while k(t) measurethe
decayrateof a bond,allowing reformingevents.Thesigni®-

cant differencein the behaviorof P(t) ~Fig. 3! relative to
k(t) ~Fig. 7! demonstratesthat exponentialbehaviorin the
history-dependentP(t) doesnot imply a speci®cbehaviorin
history-independentc(t) andk(t), contradictingtheprevious
claim that c(t) and k(t) decayexponentiallyif and only if
the lifetime distributionis alsoexponential@19#. This is best
illustratedby the fact that for the t* 5 ps, P(t) is indeed
well approximatedby an exponential@Figs.3~b! and3 ~d!#.

Thedifferencesin thequalitativebehaviorof P(t) for the
two bond de®nitions~Fig. 3! suggestthat P(t) may not be
the optimal function for understandingthe bond dynamics.
To emphasizethe dif®cultiesof this approach,we plot P(t)
for severalpossiblebond-anglecriteria for the geometric
bondde®nitionat T5 250 K ~Fig. 8!. All curvesaresigni®-
cantlydifferent from oneanother,further illustrating that the
behavior of P(t) is strongly dependenton the choice of
bonding criteria. In contrast, the results of the history-
independentc(t) andk(t) appearto be largely independent
of the bondde®nitionat long times.

The long time behaviorof the history-independentcorre-
lationsis not stronglyaffectedby thechoiceof bondingde®-
nition, provided a reasonabledistancecriterion is chosen.
Theshorttime behavioris sensitiveto the librationalmotion
of the molecules,andasa resultshowsa strongdependence
on bond de®nition.The scaling of the correlationfunction
indicatesthat the relaxationobeysa singlemasterrelaxation
that is temperatureindependentover the rangeof tempera-
ture studied.

Theexponentvaluesg5 2.7andb5 0.5obtainedfrom the
history-independentanalysis are close to the values g
5 2.80 and b5 0.51 in the MCT analysisalong the same
thermodynamicpath @28#. Henceour resultsare consistent
with theslowingof thedynamicsasdescribedby MCT, with
a ``dynamicalcritical temperature'' Tc about 50 K below
TMD for the path studied. Since the dynamicsof typical
transportpropertieshavealreadybeenshownto be consis-
tent with MCT @27,28#, it appearsthat the sameexplanation
may be usedfor the bonddynamicsstudiedhereasusedfor
the typical transportquantities.In water,this maynot be the
case,sinceour bondde®nitionsdo not considerthequantum
effectsthat arisefrom the sharingof a proton.Furthermore,
asmentionedin Sec.I, our resultsmaynot bedirectly tested

FIG. 7. The reactive¯ux k(t) for ~a! the energeticbondde®ni-
tion and~b! thegeometricbondde®nition.Thesecurvesshowlittle
resemblanceto P(t) plottedin Fig. 3, asdiscussedin thetext. Each
curve is offset by one decadefor clarity. The temperaturesshown
are the sameas in Fig. 2. Note that the resultsobtainedfor the
geometricde®nitionat T5 300 K are consistentwith the calcula-
tions of Luzar andChandlerfor the SPCpotential~seethe insetof
Fig. 1 of Refs.@19#and@20#!.

FIG. 8. The bondlifetime distributionfor the geometricde®ni-
tion with variousbondanglesat T5 250 K. The anglesconsidered
are 15É(s ), 30É(h ) ~the caseof Fig. 2!, 45É(L ), and 60É(n ).
Eachcurveis offset by 1.5 decadesfor clarity.
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experimentally;therefore,we suggestthe further simulation
work shouldconsidercomparisonswith experimentallymea-
suredquantities,such as the Ramanspectrum,so that the
signi®canceof thesesomewhatarbitrary de®nitionscan be
betterunderstood.

Attemptsto explaintheexperimentallymeasuredthermo-
dynamicanddynamicanomalieshaveled to muchscrutiny
of the phasediagramin the supercooledregime. Previous
work emphasizedthat the power-law growth of relaxation
time, and the fact that location of the mode coupling Tc
coincideswith Ts is suf®cientto accountfor the observed
dynamicanomalies.This explanationis consistentwith the
hypothesisthat the liquid and glassare continuous,without
the interventionof a low temperaturespinodal@52#. The de-
viation of characteristictimes at the lowest temperaturewe
study provides further support for continuity of the liquid
andglassystatesof water.However,we emphasizethat the
MCT explanationdoesnot accountfor the unusualbehavior
of thermodynamicproperties.Further investigationsmay
help to elucidatethe connection,if any, with a possiblead-
ditional critical point in the supercooledregionof the phase
diagram @4,48,53#, or possibly the ``singularity-free'' sce-
nario @54#.

Thecorrelationfunctionc(t) yields informationaboutthe
relationbetweenmoleculepair separationandorientation,as
thesetwo propertiesare usedto de®nethe hydrogenbond.
Similar informationcanbe obtainedby consideringangular
anddiffusion correlations;indeed,the dipole autocorrelation
function and the intermediatescatteringfunction for SPC/E
at roughly the samestatepoints revealsimilar information
@27#. To obtain bond information that is not as tightly
coupledto the classicaldynamicsof the molecules,consid-
eration of ¯exibility, polarizability, and the quantumme-
chanicalaspectsof the watermoleculeis needed.This is an
areaof interestingfuture investigation,as the resultswould
providethe validity of classicalresults.

The Arrheniusbehaviorof the averagebondlifetime and
thepower-lawbehaviorof therelaxationtime arenot unique
to water. Thermally activatedbond lifetimes coupledwith
slow networkrestructuringhavebeenfoundin a hard-sphere
modelwith a restrictedcoordinationnumber@55#. This sug-
geststhat the dynamicsobservedin heremay alsoapply to
othernetworked¯uids, suchasSiO2.

A morecompletepictureof the dynamicsin liquid water
maybeprovidedby investigatinghistory-independentcorre-
lationsfor theST2modelof water,which is morestructured
and also more mobile than SPC/Ewater, and would thus
providea contrastto the resultspresentedhere.In ST2, the
presenceof activatedprocessesfor T& 270 K yield Arrhen-
ius behaviorof thediffusion constant,with anactivationen-
ergy of 115 kJ/mol @56#. Thesedifferencesfurther illustrate
the sensitivityof the dynamicson the modelpotential,most
of which provide a good accountof structural properties.
Furthermore,simulationsof the dynamic propertiesof the
TIP4P@57#potentialhavebeenconsideredonly in a limited
range,and further studieswould be useful. Previouswork
suggeststhat the behavior of liquid water is frequently
boundedby thebehaviorseenin theST2,TIP4P,andSPC/E
modelsof water @39#. Studiesof the spatialcorrelationsof
the dynamically active regions@58# are also underwayfor
thesepotentials.Combiningsimulationresultsfor manypo-
tentialscould providemore insight into the hydrogenbonds
dynamicsin supercooledliquid water.
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