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We study various properties of the surface of diffusion-limited aggregation (DLA) and invasion
percolation clusters using a “glove algorithm.” Specifically, we define the £-perimeter to be the set of
nonfractal sites with a chemical distance ¢ from a fractal with M sites. We argue that P(M,¢), the
number of sites of the {-perimeter, should obey a scaling law of the form P(M,£)/{ ~ f(£/M/%s),
where f(u) ~ u~% for v — 0 and f(u) — const for u — co. Simulations of two-dimensional
off-lattice DLA clusters, invasion percolation clusters, and percolation hulls—as well as an exact
treatment of the Sierpinski gasket—support this scaling form. We find that an analogous scaling
form holds for G(M, £), the number of sites in the “f-glove,” which is composed of the sites of the
{-perimeter accessible to particles of radius £ from the exterior. Moreover, we define a hierarchy of
“lagoons” for the case of loopless fractals as regions that are inaccessible to particles of different
sizes. We apply this definition to DLA and find that the lagoon-size distribution in DLA is consistent
with a self-similar structure of the aggregate. However, we find even for large lagoons a surprisingly
small most probable width of the necks that separate the lagoons from the exterior of the cluster.
Small neck widths of large lagoons are consistent with a recently proposed void-neck model for the
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geometric structure of DLA.

PACS number(s): 05.40.+j, 61.50.Cj, 64.60.Ak, 81.10.Jt

I. INTRODUCTION

Unlike the points of a compact object, a large fraction
of the sites of a fractal are “exposed” to points that do
not belong to the fractal itself. In other words, a fractal
is almost entirely composed of “surface” [1]. This ob-
servation explains why fractals are of great importance
in a wide range of disciplines. In biology, matter ex-
change takes place across membranes and often requires
large contact areas of the participating systems: oxygen
diffuses into the blood in lung tissue and trees absorb nu-
trients through their widely branched root network. In
chemistry, reaction rates depend on the surfaces that the
reacting species expose to one another. The surface of
a catalyst plays a central role in catalytically controlled
reactions. The use of porous media as electrodes for bat-
teries [2,3] is also important for applications.

In particular, the present study addresses surface prop-
erties of diffusion-limited aggregation (DLA) [3-9], inva-
sion percolation (IP) [10,11], and percolation hull (PH)
[12] clusters. In the DLA model a seed particle is placed
in the center of a coordinate system and a random walk
is released from “infinity.” On contact, the walker sticks
to the growing aggregate, whereupon a new particle is
released. This procedure is repeated until an aggregate
of the desired size is formed. As the cluster grows, its in-
terior is increasingly screened from the exterior, because
incoming particles are more likely to stick to the tips
of the aggregate. A complex, branched, random fractal
is formed, which displays rich scaling properties [13-17]
that are still not fully understood [18]. To improve the
simple structural models of DLA [19-21], a better un-
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derstanding of the geometry of DLA is required. In par-
ticular, the importance of “almost closed loops” in the
structure of the aggregate is debated in conjunction with
highly screened sites [22-25] in parts of the cluster [26].
Since DLA grows by addition of particles approaching
from infinity, only the “exterior” (accessible) cluster sur-
face supports growth and its characterization merits at-
tention.

Similar to the DLA case, IP clusters also only grow on
their “external” surface [10]. As DLA, IP is also used as a
model for fluid displacement in a random medium. The
medium is modeled by a lattice occupied with random
numbers of uniform distribution. The invasion process
starts on a central seed site [10,11,27] and continues by
always replacing the smallest accessible random number
on the surface of the invasion front by a new IP clus-
ter site. If the invasion process forms a loop such that
“defender” fluid is trapped, no more invasion into the
trapped region takes place. Two-dimensional (2D) IP
clusters have been found to be fractals with dimension of
about df ~ 1.82 [10,11].

Motivated by these two examples, we develop an algo-
rithm — the “glove” algorithm — to measure the follow-
ing quantities, defined in Sec. II.

(i) The total perimeter of a fractal [cf. Fig. 1(a)], the
set of all nearest-neighbor sites of the fractal, and a gen-
eralization thereof ({-perimeter) to neighboring sites of
higher order. For DLA, IP, and PH we find scaling rela-
tions which also suggest a method for the determination
of the fractal dimension of an object.

(ii) The accessible perimeter of a fractal [cf. Fig.
1(a)], which is the set of the perimeter sites that can
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FIG. 1. This figure is designed to illustrate the definitions
used throughout the text for the various types of cluster and
perimeter sites. We denote the 39 cluster sites by square sym-
bols, the subset of 37 cluster sites that belong to the hull by
filled squares, and the remaining two internal cluster sites by
hatched squares. (a) The perimeter sites which are nearest
neighbors to cluster sites fall into three categories, (i) internal
perimeter sites, shown as open circles, (ii) external perimeter
sites that are accessible from the exterior only if one can walk
on second neighbors, shown as hatched circles, and (iii) the
remaining external perimeter sites, called accessible perime-
ter and shown as filled circles. (b) The 1l-perimeter of the
same object is the set of all nearest-neighbor sites, denoted
by the symbol (. (c) The second step in the construction of
the {-perimeter. The 2-perimeter sites are nearest-neighbor
sites to the 1-perimeter and denoted by . (d) 1-glove (bold-
face ). Only 1-perimeter sites that are nearest neighbors to
vacant external sites constitute the 1-glove. (e¢) Empty acces-
sible nearest-neighbor sites of the 1-glove form the 2-glove.

be reached from the exterior of the object, and a gen-
eralization thereof ({-gloves) to neighbor sites of higher
order. The accessible perimeter has been studied experi-
mentally, e.g., for porous media and fresh fractures (3,28],
and theoretically for percolation clusters [29-32]. For the
{-gloves of DLA, IP, and PH we find scaling relations sim-
ilar to those describing the ¢-perimeter.

(iii) The “lagoon”-size distribution, where “lagoons”
are generalizations of the notion of voids to the case of
loopless fractals [Sec. IV A]. Lagoons are the regions of
a fractal which are inaccessible to probe particles with a
given size [33]. They are important in connected objects
like IP and DLA, where they are delineated by almost
closed loops in the geometrical structure.

Our study is organized as follows. First, we intro-
duce the glove algorithm and give precise definitions of
the quantities (i) and (ii) in Sec. II. Second, we pro-
pose scaling relations for the ¢-perimeter and the £-gloves
which we apply to the case of DLA (Secs. IIIB 2, IIIC 2).
We analytically calculate the scaling functions for the
Sierpiniski gasket (Appendix A) and obtain numerical
scaling forms for PH (Appendix B) and IP clusters (Ap-

pendix C). Third, we define “lagoons” and study their
distribution in DLA in detail (Sec. IV). Finally, we sum-
marize our results in Sec. V.

II. THE “GLOVE” ALGORITHM

In this section we present an operational definition of
the /-perimeter and the ¢-glove. For the remainder of this
paper, we will assume — as is the case in many computer
simulations — that the object studied is specified as a set
of discrete points on a square lattice.

A. The £-perimeter

Suppose that we attach a label 0 to all the sites of the
investigated object [square-shaped sites in Figs. 1(a)-
1(f)]. Here, we follow the notation of Grossman and
Aharony [30] introduced for percolation, and use the term
“perimeter” to refer to sites that do not belong to the
object itself [circular sites in Figs. 1(a)-1(e)]. To define
the 1-perimeter, we find the nearest-neighbor sites of the
object and label them £ = 1, as shown in Fig. 1(b). Sim-
ilarly, the sites that are nearest neighbors of sites with
£ =1, and not already labeled in the previous step, are
identified as £ = 2 sites and form the 2-perimeter [Fig.
1(c)]. We iterate the procedure and thereby label all
sites surrounding the object [34]. The number £ asso-
ciated with every lattice site is also called the chemical
distance [35] of the site to the object. In general, we will
use the term “/-perimeter” to refer to the set of sites with
the same label ¢, and denote their number by P(M,¥¢).
Here M is the mass or the total number of lattice sites
occupied by the object.

B. The £-gloves

Next we describe the procedure to determine the “/-
gloves” of the object. In the first step, instead of labeling
all the neighbor sites of the object as done for the ¢-
perimeter, we place a flexible “glove,” one lattice unit
thick, on the object.

The 1-glove [boldface symbols @ in Fig. 1(d)] consists
of all nearest-neighbor sites of the object which are also
nearest neighbors to vacant lattice sites with ¢ = 2.

To determine the 2-glove, we iterate the process leading
to the 1-glove. To this end, we consider the union of the
injtial fractal and its 1-glove as the object to place the
2-glove on [Figs. 1(d,e)]. We iterate the covering process
to obtain ¢-gloves up to any desired order.

In Fig. 1(d) we display the 1-glove and in Fig. 1(e) the
2-glove for a small object. The £-glove is always a subset
of the £-perimeter and as the £-perimeter, the subsequent
gloves explore fewer and fewer details of the surface of the
object. For large £, greater than half the diameter of the
largest “lagoon” (see below), the ¢-perimeter and the £-

glove become identical. We denote the number of sites
in the /-glove as G(M, £).













































