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Number of branches in diffusion-limited aggregates: The skeleton
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We develop the skeleton algorithm to define the number of main branches N, of diffusion-limited
aggregation (DLA) clusters. The skeleton algorithm provides a systematic way to remove dan-
gling side branches of the DLA cluster and has successfully been applied to study the ramification
properties of percolation. We study the skeleton of comparatively large (= 10° sites) off-lattice
DLA clusters in two, three, and four spatial dimensions. We find that initially with increasing dis-
tance from the cluster seed the number of branches increases in all dimensions. In two dimensions,
the increase in the number of branches levels off at larger distances, indicating a fixed number of
N, = 7.5+ 1.5 main branches of DLA. In contrast, in three and four dimensions, we find indications
that the skeleton continues to ramify as one proceeds from the cluster center outward, and there
may not exist a constant number of main branches. Likewise, we find no indication for a fixed N,
in a study of DLA on the Cayley tree, the limit of “infinite dimensions.” In two dimensions, we
encounter strong corrections to scaling of logarithmic character, which can help to explain recently
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reported deviations from self-similar behavior of DLA.

PACS number(s): 81.10.Aj, 05.40.+j, 64.60.Ak, 81.10.Jt

I. INTRODUCTION

The fractal nature of diffusion-limited aggregation
(DLA) has been established by a number of studies, and
a theoretical framework is being developed [1,2]. In the
initial paper written by Witten and Sander [1], power-
law behavior of the two-point correlation functions was
found. Later, Meakin [3] observed power-law scaling
of the radius of gyration of DLA in two (2D), three
(3D), and four dimensions (4D). Enhanced on- and off-
lattice algorithms facilitated studies of larger aggregates
(Meakin et al. [4] and Ball and Brady [5]) and a striking
influence of the lattice structure on the structure of the
aggregates was found [6]. Advanced off-lattice simula-
tions by Ossadnik [7] grew clusters up to M = 5 x 107.
All these studies indicate or confirm a fractal dimension
of df = 1.715+0.004 as reported by Tolman and Meakin
[8]. Apart from the scaling of the radius of gyration
with cluster mass, fractality is revealed in studies of the
branching structure of the aggregates by, e.g., Alstrgm,
Trunfio, and Stanley [9], Hinrichsen et al. [10], Ossad-
nik [11], and more recently Yekutieli, Mandelbrot, and
Kaufman [12]. Self-similarity has also been found in a
study by Argoul et al. calculating the moments of the
mass distribution of on-lattice clusters [13], by Barabasi
and Vicsek’s mapping of the cluster perimeter to a self-
affine surface [14], in investigations of the fjord geometry
of DLA [15,16], and many more (for reviews, see, e.g,
[17-22]).

However, almost as old as the model itself are reports
about deviations from a simple statistically self-similar
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structure. In Refs. [5,23] lattice anisotropy and deposi-
tion habit effects on the structure of lattice clusters were
studied, Meakin and Vicsek [24] found that the tangen-
tial and radial two-point-correlation functions in DLA
display different exponents. In recent works, however,
Hegger and Grassberger [25] point out that off-lattice
DLA in strip geometry displays a slow approach to lo-
cal isotropy. Differences arise in the fractal dimensions
measured in circular or strip geometry [26]. Simple self-
similar scaling is not sufficient to fully characterize the
mass distribution within a DLA cluster, as recognized
by Meakin and Havlin [27], Vicsek, Family, and Meakin
[28], Amitrano, et al. [29], and Mandelbrot [30]. Mandel-
brot examined the lacunarity [31,32] of off-lattice DLA
and found a trend towards increasing compactness for
increasing systems size, which is not reflected in the mea-
surements of the radius of gyration of the clusters.

In our study we will apply the “skeleton” algorithm
[33,34] to calculate the number of main branches N in
off-lattice DLA (Sec. II). We obtain the skeleton of a
DLA cluster by removal of all the small dangling side
branches of the cluster (we define the skeleton in the fol-
lowing section). Only the main branches that reach out
to a certain fraction of the cluster radius remain. For a
self-similar, scale-invariant structure we expect that the
large-scale properties, like the number of main branches
of the cluster, are not altered under rescaling. Con-
versely, we take an increase or decrease of the number
of main branches with increasing cluster size to suggest
that the structure is not self-similar.

In 2D, we find that significant finite-size effects of log-
arithmic nature are present that may be related to some
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of the observations reporting deviations from simple self-
similar behavior. Asymptotically, however, the number
of main branches of 2D DLA approaches a constant num-
ber (Sec. III). In contrast to the behavior in 2D, the
number of branches of 3D and 4D DLA increases with
cluster mass, indicating that these clusters may not be
self-similar (Sec. IV).

II. THE SKELETON

DLA has a loopless tree structure [35]. This obser-
vation is apparent in simulations of off-lattice aggregates
[36,37] where an incoming particle is added to the cluster
when its distance to the cluster is below a specific stick-
ing distance. Its “parent” particle is the one that it was
closest to at the moment of incorporation into the clus-
ter. The child-parent relationship allows us to uniquely
assign a generation number or “chemical distance from
the seed” to every cluster particle. To this end, we as-
sign to the seed particle of the DLA cluster the number
£ = 0. The children of the seed are assigned the chemical
distance ¢ = 1; children of £ = 1 particles have chemi-
cal distance £ = 2. In general, each particle inherits the
chemical distance of its parent and increases this number
by one to find its own. The chemical distance turns out
to be a very useful quantity in studies of the branching
properties of DLA [9-11] and we will use it here to define
the skeleton of DLA — closely following Ref. [33].

Roughly speaking, we obtain the skeleton by removal
of all the small dangling side branches of the cluster. To
this end we first identify all the sites that are tips of
branches — those sites to which no other particle has
been attached during the growth process. The £ value
of each tip 4p is then passed back to its parent and
grandparent and so forth until we hit an ancestor site
that has more than one child. In this case, only the
largest of the £, values of the children is retained. We
iterate this process until all cluster sites “know” their £4;;
value.

Now let us choose an arbitrary value £, less than the
largest chemical distance A of any site from the seed.
Given /., we define as the skeleton those sites for which
both £y, > €. and £ < £, holds. Thus, side branches that
have not grown out to at least ¢. do not contribute to
the skeleton.

In Fig. 1, we display the skeletons of two randomly se-
lected growing DLA clusters at mass M = 5000, 50 000,
and 500000. In this figure, . is chosen to be half the
“chemical radius” A/2 of the cluster. Note that the ter-
mination points of the skeleton are located almost on a
circle, although we use the chemical and not the Eu-
clidean distance from the seed to define the skeleton.
This indicates that DLA grows radially outward with-
out forming loops. Indeed, it has been found that the
fractal dimension dpy,i, of the path connecting the cluster
seed to a given site is equal to 1 [35]. Here, dmi, is de-
fined by £ ~ r3min_ In other words, for cluster sites at a
given distance r from the cluster seed, the average value
(£) is proportional to r, (£) ~ r. For the remainder of
this study, we will consider £ and r as equivalent.
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One physical interpretation of the skeleton in DLA can
be obtained if we consider the aggregate as a conductor
situated between the grounded seed and a circular elec-
trode (a sphere or hypersphere in 3D or 4D, respectively)
of “radius” £.. Then the skeleton is the collection of paths
that contribute to the current through the aggregate.

The skeleton as defined above has some desirable and
some less desirable features. First, its definition is cer-
tainly simple, which is desirable. Second, we see in Fig. 1
that in an intermediate range of £ the number of branches
in the skeleton is small, which is another desirable fea-
ture since we claim that the skeleton identifies the main
branches of the DLA cluster. However, we see that close
to £. a lot of branches appear. Their presence ultimately
reflects our ignorance as to whether a specific side branch
will keep growing or die out. Thus, these branches are a
very “physical” property, but, nevertheless, an undesir-
able feature. We will address this problem by keeping £,
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FIG. 1. Skeleton for two growing DLA clusters: (a)—(c)
First cluster; (d)—(f) second cluster. Growth of the cluster
has been interrupted at cluster masses M = 5000 (a),(d),
50000 (b),(e), or 500000 (c),(f). The determination of the
skeleton is based on a value of £./A = 0.5. The skeleton is
then rescaled so that, independent of cluster mass, the same
size results.



























