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Abstract

The emergirg sub eld of econophysis explores the degree to which certan conceps and
method from statistich physics can be appropriatel modied and adapte to provide new
insighss into questios tha hawe bee the focus of interes in the economis community Here
we give a brief overview of two example of researh topics tha are receivirg recer attention.
A rst topic is the characterizatio of the dynamis of stodk price uctuations. For example,
we investigaé the relation betweea trading activity { measurd by the numbe of transactions
N ; { ard the price changeG  for a given stock over a time intervd [t;t+ t]. We relate
the time-dependenstandad deviation of price uctuations { volatility { to two microscopic
quantities the numbe of transactiondN . in t ard the varianceW?, of the price changs for all
transactiosin  t. Our work indicates tha while the pronouncd tails in the distribution of price
uctuations arise from W ¢, the long-rang correlatiors found in jG j are largely dueto N ;. We
alo investigae the relation betwea price uctuations and the numbe of sharesQ ; tradel in

t. We nd tha the distribution of Q : is consistehwith a stabk Lew distribution suggesting
a Lew scalirg relationshp betweenQ ; and N , which would provide one explanatio for
volume-volatiliy co-movement A secom topic conceris cross-correlation betwea the price
uctuations of di erent stocks We adap a conceptuaframework randan matrix theoyy (RMT),
rst usal in physics to interpre statistich properties of nuclea enery spectra RMT makes
predictiors for the statistich properties of matrices tha are universal that is, do nat depend
on the interactiors betwea the elemens comprisirg the system In physics systems deviations
from the predictiors of RMT provide clues regardirg the mechanisra controlling the dynamics
of a given system so this framewok can be of potentid value if applied to economg systems.
We discus a systemati compariso betwee the statistic of the cross-correlatio matrix C {
whos elementsC; are the correlation-coe cient betwee the returrs of stocki andj { and
tha of a randan matrix having the sane symmety properties Our work suggest tha RMT can
be usal to distinguis randan and non-rande pars of C; the non-randon pat of C, which
deviates from RMT resuls provides information regardirg genuire cross-correlatios between
stocks. ¢ 2000 Elsevie Sciene B.V. All rights reserved.
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1. Introduction

The interes$ of physiciss in econome systens has roots that dae bak at leag as
far as 1936 when the Italian physici¢ Majorara wrote a pape on the analoy between
statisticd laws in physics and in the socid sciencs [1]. Majoranas intriguing point
of view was initially considerd of marginad interes since until recently not many
professionk physiciss performel researb associatd with socid or econom¢ systems
(for exceptios see e.g, Refs [2{13]).

Physic researh activity in this el d has becone less episodc and a researb com-
munity is beginnirg to emerg (see Refs [14{18] for details) The hope of physiciss is
tha their e orts could in time provide an approab complementar to the approaches
in economics particulary since a numbe of economists are working along parallel
lines [5,13,15,B{23].

Our group's recert econophysis researh focuses broadly on two lines of study.
The rst focus relates to the statisticd characterizatin of the \microscopic' dynamics
of stok returrs [2,24{54]. The secomnl focus relates to the study of cross-correlations
betwea the returrs of stocks [55{72].

2. Scaling and universality. two conceps of moden statisticad physics

Statistich physics deabk with systens comprisirg a very large numbe of interacting
subunits for which predicting the exad¢ behavio of the individud subunt would be
impossible Hence ore is limited to making statistica predictiors regardirg the collec-
tive behavia of the subunits Recently it has come to be appreciatd tha mary such
systens which consi¢ of a large numbe of interactirg subunis obey universd laws
tha are independenof the microscopt details The nding, in physica systems of
universa properties tha do not depem on the speci ¢ form of the interactiors gives
rise to the intriguing hypothess tha universa laws or resuls may also be presem in
econome ard socid systens [2,14].1

2.1 Background

Suppos we hawe a smal ba magné mace up of, say 10'2 strongy interacting
subunis called \spins". We know it is a magne becaus it is capabé of picking up
thumbtacks the numbe of which is called the orda parameterM. As we hed this
system,M decreasg and eventually at a certan critical temperatureT, it reaches
zera In fact, the transitian is remarkaby sharp since M approachs zero at T, with

1 An often-expresgsk concen regardimg the application of physics method to the socid sciencs is that
physica laws are sad to apply to systens with a very large numbe of subunis (of orde of 10%0)
while socid systens comprie a mudch smalle numbe of elements However the \thermodyname limit" is
reache in practie for ratheg smal systemsFor example in early compute simulatiors of gase or liquids
reasonald resuls are alrea¢y obtaineal for systens with 20{30 atoms.
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in nit e slope and henceM is nat an analytc function Sud singula behavio is an
exampe of a\critical phenomenon”Recently the el d of critical phenomea has been
characterizé by severa importart conceptubadvancestwo of which are scalirg and
universality.

2.1.1 Scaling

The scalirg hypothess has two categoris of predictions both of which hawe been
remarkaby well veried by a wealh of experimenth dat&a on divere systems The
rst categoy is a sd of relations called scalirg laws, tha sene to relae the various
critical-poirt exponers characterizig the singula behavia of functiors sucd as M.

The secoml categoy is a soit of data collapse which is perhag bed explained
in terms of our simple exampé of a uniaxid magnet We may write the equation
of stae as a functiond relationshp of the form M = M(H; ), whereM s the order
parameterH is the magnett eld, and (T T.)=T is a dimensionles measure
of the deviatin of the temperaturel from the critica temperaturel.. Since M(H; )
is a function of two variables it can be representg graphicaly and M vs. for a
sequene of dierent values of H. The scalirg hypothess predics tha all the curves
of this family can be \collapsed onto a single curve provided one plots not M vs.
but rathe a scaledM (M divided by H to sone powel) vs. a scaled ( divided by
H to some di erent power).

The predictiors of the scalirg hypothess are supporte by a wide range of exper-
imentd work, and also by numerows calculatiors on modd systems Moreover the
genera principles of scak invarian® useal here hawe proval usefd in interpretirg a
numbe of othe phenomenarangirg from elementay particle physic [73] and galaxy
structue [74] to nance [2,75,76].

2.1.2 Universality

The secom thenme goes by the nane \universality”. It was found empirically that
one could form an analag of the Mendelee table if one partitiors all critical systems
into \universality classesConsidey e.g, experimentaMHT dat on v e divere mag-
netic materiak nea their respectie critical points The fact tha dat for ead material
collaps onto a scalirg function suppors the scalirg hypotheseswhile the fact tha the
scalirg function is the same(apat from two material-dependérscak factorg for all
v e divere materias is truly remarkable This appareh universaliy of critica behav-
ior motivates the following question \ Which features of this microscopt interparticle
force are important for determinirg critical-point exponens and scaling functions
and which are unimportant?

Two systens with the sane values of critical point exponend and scalirg functions
are sad to belorg to the same universaliy class Thus the fact that the exponers and
scalirg functiors are the sarre for all v e materias implies they all belorg to the same
universaliy class Hence we can pick a tractabé systen to study and the resuls we
obtan will hold for all othe systens in the same universaliy class.
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2.2. Scaling and universalily in systens outside of physics

At one time, mary imaginel tha the \scale-fre¢ phenomea are relevan to only
a fairly narrav slice of physica phenomea [77{79]. However the range of systems
tha apparent} display powe law and hene scale-invariah correlatiors has increased
dramaticaly in recen years rangirg from bas pair correlatiors in noncodirg DNA
[80,81] lung in ation [82] and interbea intervak of the human heat [83{87] to com-
plex systens involving large numbes of interactirg subunis tha display \free will",
sudh as city growth [88{91], busines r m growth [92{98], arnd even populatiors of
birds [99].

Moreover recen studies repot evidene for scaling and universaliy in price uctua-
tions of nancial asses [2,27{32,10{105]. Speci cally, it appeas tha the cumulative
distribution of returrs for both individud companis ard the S&P 500 index can be
well describé by a powe law asymptott behavior characterizé by an exponent 3,
well outsick the stabke Lew regime 0< < 2 [12,27,32,101,103{105]We haw also
found evidene for scaling the distribution of returns althoudh not a stabk distribu-
tion, retairs its functiond form for time scales from 5 min up to approximatef 16
days for individud stocks [103{105].

The® resuls were found for 1000 US stocks during the 1994{1995 period sug-
gestinguniversality in the dynamis of the return Also suggestie of universaliy is
the fact tha identicd resuls were found for the returrs of the 30 German stocks
comprisirg the DAX index [101], and similar resuls are found for curreny exchange
da@ [12].

3. Databases analyzed

Our empiricd resuls are basel on the analyss of di erent databasg coverirg secu-
rities traded in the three major US stok exchangesnamey (i) the New York Stock
Exchang (NYSE), (ii) the American Stok Exchan@ (AMEX) , ard (iii) the National
Association of Securitiess Deales Automatel Quotation (Nasdaq).

For studyirg shot time-scaé dynamics we are analyzirg the Trades and Quotes
(TAQ) databasefrom which we seled¢ the 4-yea period Januay 1994 to December
1997 Nasd@ ard AMEX hawe mergel on Octobe 1998 after the erd of the period
studiad in this work. The TAQ databasewhich is publishal by NYSE since 1993,
coversall trades at the three majar US stodk markets This huge databas is available
in the form of CD-ROMs The rate of publicaticm was 1 CD-ROM pea month for
the periad studied but recenty has increasd to 2{ 4 CD-ROMs pe month The total
numbe of transactios for the larges 1000 stocks is of the orde of 1C° in the 4-year
periad studied We analyz the larges 1000 stocks by capitalizatim on Januay 3,
1994 which survived through Decembe 31, 1995 From the sd of thee 1000 stocks,
we sele¢ a subse consistirg of 880 stocks which survive through the further two years
199%6{1997.
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The data are adjustel for stok splits and dividends The data are also Itered to
remo\e spuriots events sud as occu due to the inevitabke recordirg errors The most
comma erra is missirg digits which appeas as a large spike in the time series of
returns Thes are mud large than usua uctuations and can be removel by choosing
an appropria¢ threshold We testal a range of thresholé and found no e ect on the
results.

To study the dynamics at longe time horizons we analyz the Cente for Research
and Securiy Prices (CRSP databaseThe CRS Stok Files cove comma stocks
listed on NYSE beginnirg in 1925 the AMEX beginnirg in 1962 and the Nasdaq
Stok Marke beginnirg in 1972 The le s provide complee historicd descriptive in-
formation and marke dat including comprehensig distribution information high, low
ard closing prices trading volumes share outstandingand totd returns In addition to
adjustirg for stok splits and dividends we hawe also detrendd the data for in ation.

The CRS Stok Files provide monthly dat for NYSE beginnirg Decembe 1925
ard daily dat beginnirg July 1962 For the AMEX, both monthly and daily data begin
in July 1962 For the Nasda@ Stok Market, both monthly and daily data beghn in July
1972.

We al analyz the S&P 500 index which comprise 500 stocks chosea for market
size liquidity, and industy group representatio in the US. In our study we rst
analyz high-frequenyg data that coves the 13-yea period 1984{1996, with a recording
frequeny of less than 1 min. The totd numbe of record in this databas exceeds
45 1CP. To investigae longe time scaleswe also study daily records of the S&P 500
index for the 35-yea period 1962{1996 and monthly record for the 71-yea period
1926{1996.

4. The distribution of stodk price uctuations

The natue of the distribution of price uctuations in nancial time series has been a
topic of interes for over 100 yeass [24]. A reasonald a priori assumption motivated
by the centrd limit theorem is tha the returrs are independentidenticaly Gaussian
distributed (i.i.d.) randan variables which resuls in a Gaussia randon walk in the
logarithm of price [25].

Empiricd studies [2,75,27,101{104,16{110] show tha the distribution of returns
has pronouncd tails, in striking contras to tha of a GaussianIn addition to being
non-Gaussianthe proces of returrs shows anothe interestirg property \tim e scaling”
{ tha is, the distributiors of returrs for various choices of t, rangirg from 1 day up
to 1 monh hawe similar functiond forms [2]. The resuls togethe would suggesthat
the distribution of returrs is consistehwith a Lew stabk distribution [2,106,111{113],
the rationak for which arises from the generalizatio of the centra limit theoren to
randon variables which do nat hawe a nit e secon moment Empiricd studies suggest,
however tha the tails of the retum distribution are inconsistehwith the stabk Paretian
hypothess [29{33,75,101{105] In particular alternative hypothess for modelirg the
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retum distribution were proposed which include a log-norma mixture of Gaussiansg
[33], Studentt-distributiors [29{31], and exponentialy truncatel Lew distributions
[75,114,115].

4.1. \Universality" of the distribution of returns

Conclusie resuls on the distribution of returrs are di cul t to obtain and require
a large amoun of dat to study the rare evens tha give rise to the tails. We analyze
approximatef 40 million records of stok prices sample at 5 min intervak for the
1000 leading US stocks for the 2-yea periad 1994{1995 ard 30 million record of
daily returrs for 6000 US stocks for the 35-yea period 1962{1996.

The bast quantiy studied for individud companis is the price §(t). The time t
runs over the working hours of the stok exchang { removirg nights weekend and
holidays For ead company we calculae the return

G Gt t) InS§(t+ t) In§(t): (1)

For smal changs in §(t), the return G;(t; t) is approximate) the forward relative
change,Gi(t; t) [S(t+ t) S(t)]=%t). For time scales shorte than 1 day, we
analyz the data from the TAQ database.

We then calculae the cumulatiwe distributiors { the probability of aretum large than
or equa to athreshotl { of returnsG; for t=5 min. For ead stocki=1;:::;100Q the
asymptott behavio of the functiond form of the cumulative distribution is consistent
with a power-law,

PfGi > xg X_l. (2)

where ; is the exponemn characterizig the power-lav decay In orde to compae the
returrs of di erent stocks with di erent volatilities, we de ne the normalizel return
g (G hGjit)=v, whereh::it denots a time averag over the 40000 da@a points
of eat time series for the 2-yea periad studied and the time-averageé volatility v
of companyi is the standad deviation of the returrs over the 2-yea period v?
hG2i+ hGii2. Values of the exponent ; can be estimatel by a power-lav regression
on ead of thee distributionsPfg> xg x , wherely we obtan the averag value
for the 1000 stocks,

( 310 0:03 (positive talil) ; 2

2:84 012 (negatie tail) ; )

where the ts are performal in the region 26 g6 80. In Fig. 1(8) we show the
histogran for ;, obtain@l from power-lav regression- & to the positive tails of the
individud cumulative distributiors of all 1000 companis studied which shows an ap-
proximae Gaussia sprea arourd the mean value = 3:10 0:03. The® estimats of
the exponent are well outsick the stabke Lew range which requires 0< < 2, and
is therefoe consistehwith a nit e variane for returns However momens large than
3, in particula the kurtosis seen to be divergen [27,32] Our resuls are consistent
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Fig. 1. (a) The histogran of the power-lav exponers obtainel by power-lav regressios to the individual
cumulatiwe distribution functions where the t is for all x large than 2 standad deviations This histogram
is not normalizel { the y-axis indicates the numbe of occurrencs of the exponent (b) The values of the
exponent characterizig the asymptott power-lav behavia of the distribution of returrs as a function
of the time scak t obtaina using Hill' s estimator The values of for t< 1 day are calculatel from
the TAQ databas while for t> 1 day they are calculatel from the CRSP databaseThe unshadd region,
correspondig to time scales large than ( t) 16 days (6240 min), indicates the range of time scales
where we n d resuls consisten with slow convergene to Gaussia behavior.

with the resuls of the analyss of the daily returrs of 30 German stocks comprising
the DAX index [101], daily CRSP returrs [27], ard foreign exchang rates [102].

In orde to obtan an alternatie estimaé for , we are using the method of
Hill [27,101,103,104,116]We calculae the inverse locd slope of the cumulative
distribution function P(g), (dlogP(g)=diogg) * for the negatie ard the
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positive tail. We obtan an estimato for , by sorting the normalizel incremens by
their size,g® > g®@> > g™, The cumulative distribution can then be written as
P(g®) = k=N and we obtan for the locd slope
X 1 _ #
= (N 1) logg” logg®™; 4)
i=1
whereN is the numbe of tail evens used We use the criterion thatN does nat exceed
10% of the sampeé size simultaneousl ensurimg that the sampek is restrictal to the
tail evens [27]. We therely obtan the averag estimats for 1000 stocks,

( 2:84 0:12 (positive talil) ;

= o (5)
2773 0:13 (negatiwe tall) :

Removirg overnigh evens yield the avera@ values of = 3:11 0:15 for the positive
tail and = 3:.03 0:21 for the negatie tail. Currently, we are also investigatirg the
dependene of the exponent on the time of day, by splitting a trading day into
three equa pars of 130 min each A paralld analyss on the S&P 500 index shows
consistehasymptott behavia [105], althoud the centra patt of the distribution seems
to display Lew behavia for shot time scales (< 30 min) [75]. One reasm for a
di erent behavio at the centrd part of the distribution of S&P 500 returrs is the
discretenes [25,28 of the prices of individud stocks (which causs a cut-o for low
values of returng tha comprie the S&P 500 index.

4.2. Scaling of the distributions of returns and correlatiors in the volatility

Since the values of we nd are inconsistehwith a statisticaly stabk law, we ex-
ped the distribution of returnsP(G) on largea time scales to converg to Gaussianin
contrast our analyss of daily returrs from the CRS databas suggest tha the distri-
butiors of returrs retan the same functiond form for a wide range of time scales t,
varying over 3 ordess of magnitude 5 min6 t6 6240 min= 16 days [Fig. 1(b)]. The
onsetof convergene to a Gaussia stars to occu only for t> 16 days [104,105].
In contrast,n-partid suns of computer-simulai time series of the same lengh and
probability distribution display Gaussia behavia for n> 256 [17,105] Thus the rate
of convergene of P(G) to a Gaussia is remarkab} slow, indicative of time depen-
dencies [25,5 which violate the conditiors necessar for the centrd limit theoren to
apply.

To ted for time dependencieswe analyzel the autocorrelatia function of returns,
which we denotehG(t)G(t+ )i, using 5 min returrs of 1000 stocks Our resuls show
pronouncd short-time (< 30 min) anti-correlationsconsistenwith the bid-ak bounce
[25,117] For large time scales the correlation function is at the levd of noise (for
sone portfolios of comma stocks Lo [54] has reportel long memory) consistehwith
the e cient markeé hypothess [25,107,118,119]Lack of linear correlation does not
imply independenreturns since there may exis higher-orde correlations Our recent
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studies [120] shav tha the amplituce of the returrs measurd by the absolué value or
the squae has long-rang correlatiors with persistene [121{123] up to severa months,

HG(OKG(t+ )i . (6)

where a has the averag valuea= 0:34 0:09 for the 1000 stocks studied In order
to dete¢ genuire long-rang correlations the e ects of the U-shapé intra-day pat-
tem [124,129 for jGj has been removel [120]. This resut is consistet with earlier
studies [25,126{128] which also noted long-rang correlations In addition to analyz-
ing the correlation function directly, we are applying powea spectrun analyss and
the recently-develope detrendd uctuation analyss [120,129] Both of these methods
yield consisteh estimats of the exponenta. We are also applying estimatos sud as
those developé in Ref [130] to obtan accura¢ estimats of the exponenta.

4.3. Statistics of trading activity

In orde to understad the reasos for slow decayimg tails in the retum distribution
ard long-rang correlatiors in volatility, we follow an approab in the spirit of mod-
els of time deformation proposeé by Clark [33], Tauch@ and Pitts [34], Stok [35],
Lamourex ard Lastraps [36], Ghyset ard Jasi& [37], and Engle and Russdl [41].

ReturnsG over a time intervd t can be expressé as the sum of severd changes
pi duetothei= 1;:::;N { trades in the intervd [t;t+ t],

X t
G t = Pi: (7)
i=1
If tissudthatN {/ 1, and p; haw nit e variance then one can apply the classic
versin of the centra limit theorem wherely one would obtan the resut tha the
unconditiona distribution P(G) is Gaussia [33,131] It is implicitly assumd in this
description thatN ; has only narrow Gaussia uctuations i.e., has a standad deviation
much smalleg than the meanhN i.

Our investigation of N ; suggest stak contras with a Gaussia time series with
the sane mean ard variane@ { ther are severh evens of the magnitue of ters of
standad deviatiors which are inconsisteh with Gaussia statistics [33{35,38,41,132{
136] For ead stok analyzed we choo® samplig time intervak t sud tha it
contairs su cient N ¢; for actively-trade stocks t= 15 min; ard for stocks with the
leag frequeny of trading t= 390 min (1 day) [135]. We nd tha the distribution
of N { appeas to display an asymptott power-lav decay

PfN (> xg X x 1): (8)

For the 1000 stoclks tha we analyze we estimate using Hill' s methal [116] and
obtan a meax value = 340 0:05 Note that > 2 is outsice the Lew stable
doman 0< < 2 ard is inconsistenh with a stabk distribution for N , ard with the
log-normd hypothess of Clark [33].
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4.4. Price uctuations and trading activity

Sineewe ndthatPfG (> xg x ,wecan ak whethe the value of we nd for
PfN (> xg is sucient to accoun for the fat tails of returns To ted this possibility,
we implement for eat stock the ordinaly least-squareregression

INjG «()j = a+ bInN (1) + (1); (9)

where (t) has mean zem ard the equd time covariancemN  (t)i = 0. Our results
on 30 actively tradel stoclks yield the averag value of b= 057 0:09.

Values of b 0.5 are consisteh with what we would exped¢ from Eq. (7), if pi
are i.i.d. with nit e variance In othea words suppose p; are chosenonly from the
interval [t;t + t], and let us hypothesie that these p; are mutually independent,
with a comman distributionP( p;jt 2 [t;t+ t]) having a nite varianceWZt. Under
this hypothesisthe centrd limit theorem applied to the sum of p; in Eq. (7), implies
that the ratio

G (10)
W N
mud be a Gaussian-distributerandam variabke with zero mean and unit variane [131].
We can ted this hypothess by analyzirg the distribution P( ) and the correlations
in .

Our resuls on 30 actively tradel stocks seen to indicak tha the distributionP( ) is
consistenwith a Gaussianwith mean values of exces kurtosis 0:1. This is notewor-
thy, since for the uncondition&distributionP(G ), the kurtosk is diverger (empirical
estimats yield mean values 80 for 1000 stocks).

If our hypothess that P( ) is consisteh with Gaussia is borre out by the data,
this would imply tha the fat tails of PG (> xg x canna be caused solely due
to PIN (> xg X , becaus by conservatia of probabilitiesPf™ N (> xg x ?
with 2 6:8. Eq. (10) then implies that N ; alore canna explan the value 3.

SinceN  is nat su cient to accoun for the fat tails in G {, one othe possibility
is tha it arises from W ;. By de nition W ; is the varian@ of all p; in t, which
is di cul t to estimaé when one does naot hawe su cient N ;. We can investigae the
statistic of W ; and examire if the distribution of W  is sucient to explan the
value of found for PfG (> xg. Our resuls on 30 actively tradel stocks suggestthat
PfW (> xg x , where we obtan rough estimates = 2:85 0:20, consistet with
the estimats of for the same 30 stocks Estimats of are obtainal by choosing

t = 15 min for thes stocks at the sane time ensurimg thatN > 20.

4.5. Volatility correlations and trading activity

Thus far we discussd Eqg. (10) from the point of view of distributions Next, we
analyz time correlatiors in N , ard relaie them to the time correlatiors of jG ¢j. Our
studies on the sane 30 actively tradeal stocks indicake tha the autocorrelatia function
AN (t)N ((t + )i , with a mean value of the estimats of = 0:32 0:.09
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using the detrendd uctuation analyss methal [129]. To deted¢ genuire long-range
correlationsthe marked U-shape intra-daily patten [124,125 in N ; isremovel [120].
We substantia this analyss using semi-parametd estimatos sud as thoe due to
Robinsa [130].

Our long-tem god is to relak the exponent of the autocorrelatia function of N
to tha of jG {j. To this end we also estimate in paralle| the time correlatiors in
W ; andj j. Since our investigatiors on the 30 stocks seen to indicak the absene of
long-rang correlatiors in W ¢, the abowe investigation of correlatiors could yield the
interestiny statemen that the long-rang correlatiors in volatility are due to those of
N ;. Togethe with the abow discussia on distribution functions thes resuls suggest
an interestiry resut { that the fat tails of returnsG ; arise from W ; ard the long-range
volatility correlatiors arise from trading activity N .

4 .6. Statistics of share volune traded

Understandig the equal-time correlatiors betwe@ volume ard volatility and more
importantly, understandig how the numbe of share traded impacs the price has long
been a topic of grea intere$ [25,28,33,34,39,18{138]. The numbe of shars traded
in tisthe sum

R
Q¢ g, (11)

i=1

whereq; traded for all i = 1;:::;N { transactios in t. So it is clea that Q ; must
be positively correlatel with N .

Our resuls on 30 actively traded stocks sugges tha the probability distributions
PfQ (> xg are consisteh with a power-lav asymptott behavior

PfFQ > xg x : (12)

Using Hill' s estimator we obtan an avera@ value = 1.7 0:2, within the Lew stable
doman 0< < 2. This resut suggest that Q ; can be e ectively describé using
a one-sidée (fully asymmetrig stabk distribution A paralld analyss for Pfqg > xg
(from Eqg. (11)) yields consisteh values of exponerdg within the Lew stabk domain,
suggestig a divergert secom moment We will ultimately exterd this resut to all
1000 stocks and ted the dependeng of on the type of stok analyzed.

As a further teg r§pr Lew stability of Q ;, we can investigae the scalirg behavior
of the sum Q, i1 0, wheren is a xed numbe of trades We rst analyze
the asymptott behavio of P(Q,) for increasingn. For a Lew stabk distribution,
n P((Qn hQui]=r") shoul haw the sane functiond form as P(q), where hQui =
nhgi andh i denotes averag values We can alo perfom an independentes and
estimate by analyzirg the scalirg behavia of the moments ((n) hQn hQnij'i,
wherer< . For a Lew stabk distribution [ (n)]¥" n'. Hence by regressing
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[ +(n)]¥" as a function of n, we obtain an inverse slope which would yield an estimate
of

4.7. Share volume traded and numbe of trades

If our hypothess is true thatQ ; (andq;) are consistehwith a one-sidel Lewy stable
processthen from Eq. (11), N, P(Q : hgi N {J=N"{) should from Eq. (11), have
the same distribution as any of the g;. Thus we hypothesie tha the dependene of
Q ( on N { can be separatéd by de ning

Q¢ MmiN;
1=

N t
where is a one-side Levy-distributel variabke with zelo mean and exponent . To

ted this hypothesiswe rst analyzeP( ) for consistehasymptott behavia to P(Q +).

; (13)

4.8 Time correlations in share volune traded

We also study extensivey the time correlatiors in Q ((t). A dicult y arises due to
the divergen secom momern of the distribution P(Q ). To circumver this problem,
we conside the family of correlation functionsHQ (t)]?[Q (t+ )]%, wher the pa-
rametera (< =2) is requiral to ensue tha the correlation function is well de ned.
Insteal of analyzirg the correlation function directly, we apply detrendd uctuation
analyss [129], which has been successfull usal to study long-rang correlatiors in a
wide range of complex systems Our resuls suggesthat Q (t) has strorg long-range
correlations while the numbe of share tradel in ead transactiong;, (Eq. (11)) dis-
plays only short-rang correlations suggestig tha long-rang correlatiors in Q ; can
in tumn be related to those of N ¢, if Eq. (13) is found to be valid.

4.9. Returns and share volune traded

An interestirg implication is an explanatio for the previousy observe [39,137,138]
equal-tine correlatiors betweenQ ; and volatility V ¢, which is the locd standad de-
viation of price changesG ;. Now, V = W ; N ; from Eg. (10). Conside the
equal-time correlation,nQ V i, where the mears are subtractd from Q ; andV ;.
SinceQ ; depend on N { throughQ = hgiN  + le , and if the equal-tine cor-
relationshN (W i, N { i, andhW i are smal (correlation coe cients 0:1), it
follows tha the equal-time correlationhQ V i _ HN®%  hN (hN™7i, which is
positive due to the Cauchy{Schwat inequality.

5. Randan matrix theory and correlation matrices

The corre¢ determinatio of cross-correlatiost amorg stocks is of importane of
both practicd and scienti ¢ reasonsOn the practica side identifying cross-correlations
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permit bette portfolio selectim [25,139,140] On the scienti ¢ side identifying corre-
lations enable us to investigae their origin which may help improve our understanding
of the mechanisra governirg stok price dynamics.

One approatb to descrile cross-correlation betweea the returrs of di erent stocks
is to conside returrs as being composd of comma ard idiosyncratc components
[25,55{72]. We follow a dierent approach in the spirit of the methal of princi-
pd componerg [25], but may provide a more rigorous way to estimae signi cant
cross-correlationsWe stat with the cross-correlatio matrix C of returnsG;(t), with
elements

GiGji  hGiihG;i

ij

Cjj ; (14)
where | P hG?i  hG;i? is the standad deviatian of the price changs of companyi,
andh i denotes a time averag@ ove the periad studied.

For the high-frequeng dai from the TAQ databasewe hawe 1000 stocks which
yields a 1000 1000 matrix. Since correlatiors betwea stocks might not be stationary,
and becaus of the nit e lengh of time series used to estimateC; , there is considerable
degre of randomnes in the measuredC;. Thus it is a dicul t problen in general
to estimaé correlatiors from C tha are not an e ect of \randomness." We stat with
a \null hypothesis that C is a randan matrix { a correlation matrix constructd from
mutually uncorrelatd time series Deviatiors of the properties of C from tha of a
randon matrix would shov genuire correlations Statistich properties of matrices with
independenrandan elemens { randon matrices { has a long histolty in physics since
195G ard their properties are well studied [141,142].

5.1 Brief overviav of randam matrix theory

The physics study of randan matrices was initiated by the physicig E. Wigner, but
the history of randan matrices within mathematis is older. The problen tha prompted
Wigne to develp RMT was the explanatio of the enery specta of heaw nuclei.
Large amouns of spectroscoi data on the energy levels were becomirg availabke but
were too complex to be explaine by modé calculatiors becaus the exad natue of the
interactiors were unknown Although severh modek were developé in the 195G to
explan the nuclea spectrathey were largely unabk to accoun for the exad positions
of enery levels RMT was developé in this context to ded with the statistis of
enery levels of complex quantun systemsIn matrix notation the Hamiltonian would
be a matrix H with randon elementsH;; drawn from a probabiliy measue [141,142].
Basal on this assumption a series of remarkalbé predictiors were mace and were
found to be in remarkabt agreemenwith the experimenthdat [143{145].

It was later proved by Dyson and Metha [146] tha RMT predictiors represeh an
avera@ over all possibe interactions Hene RMT predictiors are universalpredictions
tha will apply to wide classs of systems Moreover deviatiors from the universal
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predictiors of RMT identify system-speci ¢ non-randon properties of the systen under
considerationproviding clues abou the underlyirg interactiors [141,142].

5.2 Comparism of the eigenvale statistics of C with a randam correlation matrix

Let us conside a randon correlation matrix A constructed from randon time series
X tha are uncorrelatedA=(1=M) X XT, whereX isanN M matrix containingN
time series of M randan elemens ead (with zero mear and unit variance) tha are
mutually uncorrelatedThe properties of randon matricesA are well studied [147,148],
particularly, in the limit N! 1 ;M! 1,6 sudthatQ M=Nisheld xed, it was
shown analyt{iacaly tha the distribution () of eigenvalues of A is given by

20" (- W )

[ 6 6 .];
()=_ 2 ’ (15)
"0 [ > 4+ < 1;

where . and  are the maximum and minimum eigenvalus of A, respectively given
by s __
1 1

=1+ = 2 —=: 16

9 0 (16)

For nite M andN, the abrup cut-o of () isreplacel by a rapidly-decayig edge.
We compae the eigenvale distribution P( ) of C= (1=M) G G', whereG denotes
the time series of returrs (normalized to zero mear and unit variancg of N stocks,
with () [149{152].

We rst examire returrs at time scaé t= 30 min for N = 1000 stocks ead con-
taining M = 6448 records We compue the eigenvalues ; of the empiricd correlation
matrix C, where ; are rark ordera ( j+1 > ;). Fig. 2(a) compars the probabil-
ity distribution P( ) with ( ) calculatel for Q = 6:448 We note the presene of a
well-de ned \bulk" of eigenvalus which fall within (). We also note deviatiors for
sone of the large eigenvaluesin particular the large$ eigenvalue 1990 50, for the
2-yea period which is approximatet 25 times large than .. To conrm tha the
deviatiors for large eigenvalus are genuine we compareP( ) for a correlation matrix
generatd from N = 100 uncorrelatd time series with the sane lengthM = 6448 and
nd perfed¢ agreemen|[Fig. 2(b)] { suggestig tha the deviatiors from RMT found
for the large eigenvalus in Fig. 2(a) are genuine An analyss of P( ) for C calculated
usingM = 1737 daily returrs of 422 stoclks for the 7-yea period 1990{1996 reveals
a well de ned bulk of eigenvalue that agree with ( ), and deviatiors from () for
large eigenvalus { similar to wha we nd for t= 30 min.

5.3 Testing the eigenvale statistics of C for universd properties of random
matrices

To ted for universa properties we rst calculae the distribution of the nearest-
neighba spacingss k+1 k- The nearest-neighbospaciig is compute after
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Fig. 2. () Eigenvale distribution P( ) of C comparéd with the RMT resut for a randan correlation
matrix shows the presene of a randon \bulk" with falls within the RMT bound + < < . We also
note the presene of severa eigenvalue abowe the uppe bound + of RMT; in particular the largest
eigenvalue 1900 50 { approximate} 25 times large than +. (b) P( ) for a correlation matrix of the
same size generatd from mutually uncorrelatd time series shows goad agreemenwith the RMT result.
(c) Nearest-neighbrospacimy distribution of the eigenvalus of C after unfolding The resuls shown are ob-
tainad using the Gaussia broadenig procedue for unfolding The eigenvale distribution can be considered
as a sum of delta functiors abou ead eigenvalue, i, ead of which is then \broadened by choosig a
Gaussia distribution with standad deviatian ( k+4a k a)=2, wher 2a is the size of the window used
for broadening The solid line is the GOE prediction and the dashé line is a t to the one parameter
Brody distribution p(s) B(1+ )s exp( Bs™1), with B [ (( +2F + 1)]* . The t yields

= 099 002 in goad agreemenwith the GOE prediction = 1. A Kolmogorov{Smirnos teg suggests
that the GOE is 10° times more likely to be the corre¢ descriptim than the Gaussia unitary ensembleand
10%° times more likely than the GSE Furthermore at the 80% con dence level, the Kolmogorov{Smirnov
ted canna rejed the hypothess tha the GOE is the corred¢ description (d) Next-nearest-neighlbaspacing
distribution of C. RMT predics that, for the GOE, the distribution of next-nearest-neighbspacig should
follow the sane distribution as the nearest-neightrospacig for the GSE This predictian is con rmed for
the empiricd daia both visually and by a Kolmogorov{Smirnos ted that at the 40% con dence levd cannot
rejed the hypothess tha the GSE is the corred distribution.

transformiry the eigenvalus in sud a way that therr distribution becoms uniform { a
procedue known as unfolding [142]. Fig. 2(c) shows the distribution of nearest-neighbor
spacing for the empiricd datg and compars it with the RMT predictiors for real
symmetrc randan matrices This clas of matrices shars universé properties with
the enseml@ of red symmetrc matrices whos elemensg are distributed accordimg to

a Gaussia probabiliy measue { the Gaussia orthogoné ensemi# (GOE). We nd
goad agreemenbetwea the empiricd data and the GOE prediction,

Pooe(s) = ;exp & (17)

A secom independenteg of the GOE is the distribution of next-nearest-neighbor
spacing betwea the rank-orderd eigenvalue [142]. This distribution is expecte to
be identicd to the distribution of nearest-neighlrospacing of the Gaussia symplectic
ensemi@ (GSE), which is consisteh with the empiricd dat [150] [Fig. 2(d)].

The distribution of eigenvale spacing re ects correlatiors only of consecutive
eigenvalus but does not contan information abou correlatiors of longa range To
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probe ary \long-rangée correlations we rst calculae the numbe variance 2 which
is de ned as the varian@ of the numbe of unfolded eigenvalus in intervak of length
L arourd eadh Pf the eigenvalus [142],

+
L L 2
(L N +_- N - L ; 1
L) > > , (18)
P
whereN( ) o ( i) is the integratel densiy of eigenvalue andh 1 denotes

an avera@ over [142]. If the eigenvalus are uncorrelated, > L. For the opposite
ca® of a \rigid" eigenvale spectrum, 2 is a constant For the GOE case we nd
the \intermediaté¢ behavior ? InL, as predictal by RMT [150].

A secoml way to measue \long-rangée correlatiors in the eigenvalus is through the
spectrarigidity , de ned to be the leag squae deviation of the unfolded cumulative
eigenvale densiy from a t to a straigh line in an Jirnterva of lengthL [142],

Z +L=2
- ; 2 .
(L) [ in P (N(1)) A1 Bd: ; (19)
P
whereh i denots an averag@ over andN( ) i ( i) is the integratel den-
sity of eigenvalue [142]. For uncorrelatd eigenvalues, L, wherea for
the rigid case is a constant For the GOE case we nd InL as predicted

by RMT [150].

The agreemenof the eigenvale statistic of C with RMT resuls implies that C has
entries tha contan a consideral® degree of noise Sud noise could be the resut of
eithe nonstationay correlatiors or a resut of the nit e time series used To ted that
niteness of time series alore canna be the reasm for RMT agreementwe increase
the lengh of the time seriesM useal to computeC by a factar of 4. We still nd
agreemen of the eigenvale spacimg distribution with RMT predictions suggesting
tha RMT agreemenis also due to non-stationar correlations From the practical
side RMT agreemenof the statistics of C arguesagainstthe wide use of empirically
measuredC; in a variety of applications.

5.4. Deviations from RMT predictions

The resuls presentd in the previows section regad universa properties of the
cross-correlatio matrix tha agree well with RMT predictions Deviatiors from RMT
indicak properties tha are speci ¢ to the systen and arise from the presene of col-
lective modes For example deviatiors of the levd spacing of certan nucleé from the
Wigner distribution were found to be connectd to collective modes of the nucleus.
For the stok markef an interestirg question one may ak is \how can one detect
collective behavior? Following the method of RMT, we know tha one approab is
to study the eigenvale distribution of C.

Sinee our aim is to extrad information abou cross-correlatios from C, we neeal to

1

compae the properties of C= & G GT with those of a randan matrix with the same

structure Thus in orde to separat genuire correlatiors from randomnesswe se&k to
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growp the contert of C into two disjoint classes(a) the pat of C tha agree with the
properties of A and (b) the patt of C tha deviates from the properties of A.

Our work suggedst tha the eigenvale distribution of C includes severh eigenval-
ues outsick the uppe bourd ( +) predictel for randan matrices In orde to interpret
their meaning we mug analyz the eigenvectas of C. We will analyz the statistics
of the eigenvectos [149,150] RMT predics that the distribution of eigenvecto com-
ponens for a randon matrix is a Gaussia with zero mear ard unit variance Our
examinatio of the eigenvectos correspondig to the eigenvalus which deviae from
the random-mati bourd shav systemat deviatiors from the Gaussia prediction.

The larges eigenvale is strongy non-Gaussiantendirg to uniform { suggesting
tha all companis participae equally This observatio can b‘g testel by compar-
ing the returrs of the portfolio de ned by ul®® G190q+) N ul0%%G;(t), with
a commonly-usd indicata of marke performance the S&P 500 index An ordi-
nary least-squareregressio betwea the two suggest a large degre of dependence
indicated by an equa time correlation coe cient = 0:85 0:03 for the two years
analyzed Thus the larges eigenvale correspond to the entire marke in uence that
is comma to all stocks which is consistehwith the commonly-usd one facta market
mode [25].

Ore explanatio for eigenvalus tha deviae from the RMT uppe bourd is
the commony usal multifactar modebk [25,69,140] Onre sensitive ted to determine
the numbe of signi cantly deviatirg eigenvalue from RMT would be to examine
the agreemenof the correlation matrix to the universa properties of randan matrices
discussd above as a function of the numbe of eigenvalus excluded.

In particular we hawe examing the value of the larges eigenvale as a function of
the sampék size An asymptott extrapolatio of this dependene ( nite-size scaling)
suggest tha in the in nit e size limit this eigenvale tends to in nity . Sud phenomena
occu in the physics of systens nea the vicinity of a critical point, and are suggestive
of a collective mode.

5.5. Quantifying the numbe of signi cant participants

To analyz the remainde of the deviatirg eigenvectos in a systematt way, we
introduce the concep of inverse participation ratios (IPR), which is commony usal in
localization theowy [142]. The IPR for an eigenvectomuX quanlg es the reciprocé of the
numbe of its signi cant contributos and is de ned as ¥ :\il [u!‘]“. The meaning
of IPR be illustrated by two limiting cases (i) a vecta with identicd components
u¢ 1= N haslX = 1=N wheres (ii) a vecta with one componentu{ = 1 and all
the othess ze has|k = 1. Therefore IPR quanti es the reciproca of the numbe of
eigenvecto componerd tha participae signi cantly.

An examination of the IPR values indicak tha all componerg participate approxi-
mately equaly to the large$ eigenvecto [150]. The remainde of the eigenvalus that
deviae from RMT uppe bourd hawe varying degres of participation In orde to in-
terpre their meaning we extra¢ 1=I signi cant componers of ead of thes deviating
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eigenvectos and identify comman features suc as type of stock type of industry, or
geographg region of activity.

Both \edgesd of the eigenvale spectrin of C shav signi cant deviatiors of |
from the avera@ valuehi, i.e., a plot of IPR as a function of eigenvale displays a U
shape For the larges eigenvalus which deviatel from the RMT bulk, 1% values are
approximatey 4{5 times large thanhi which suggest tha there are varying numbers
of stocks participatirg to thes eigenvectorsThe correspondig eigenvalue are well
outsice the randan bulk, suggestig tha thes companis are correlated In addition,
we also nd that ther are | ¥ values as large as 0:35 for vectors correspondig to the
smalles eigenvalues; 0:25. Thes deviatiors are consideraby large thanh i, which
suggest tha the vectors hawe only a few companis stocks contributirg signi cantly.

We also note tha the presene of vectos with largel ¥ at the edges of the eigenvalue
spectrun (U-shapel dependene of IPR on eigenvalug¢ also arises in the theowy of
Andersa localization [142]. In the contex of localizatian theory, one frequenty nds
\random bard matrice$ [142] which give rise to eigenvectas with small I* in the
middle of the band wherea the eigenvectas at the edge hawe largelX. A randon band
matrix B has elementsB;; independenyl drawn from di erent probability distributions.
The distributiors are often taken to be Gaussian parameterize by their variance,
which depend on i and j. Although sudh matrices are random they still contain
probabilistc information regardimg the fact tha a metric can be de ned on ther set
of indicesi. Our nding of localized states for smal ard large eigenvalus of the
cross-correlatin matrix C is reminisceh of Andersm localization and suggest that C
may be a randan bard matrix.

5.6. Time stability of RMT deviations

Anothe questio to be investigatel to validaie our resuls is the tha of the stabil-
ity in time of the eigenvectas correspondig to the eigenvalus tha deviae from
RMT bounds To ted the time stability, we rst split the entire two yea period
into four six-monh sub-period A, B, C, and D. For ead sub-period we calculate
a cross-correlatin matrix, and comput its eigenvalus and eigenvectorsWe can then
identify, from ead sub-period the p larges eigenvectas that deviae from the RMT

time stability by the scala product

XN
0i()  a (b (20)
=1

whereO isap p matrix, and N = 1000 is the numbe& of componerd of each
eigenvectar If the vectos are perfecty stable then we expectO; to be diagonal
with elementsO; = j, where j is the Kronecke delta No stability would mean all

elemens of O; hawe values close to zera Our resuls sugges tha the eigenvectors
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correspondig to the larges 4{5 eigenvalus show large values of O;. As we move
toward the RMT bound the eigenvectas shav decreasig amouns of stability.
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