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of temperatugs by the mode-coupling theory
MCT 10. MCTprovides quantitative predic-
tions for the temperatue dependencef relaxation
times for the dynamicsof supecooledliquids in
the "'weakly' supecooledregime, whereD deceas-
es by appoximately three orders of magnitude
from the typical liquid value. However astemper
ature deceasesoward a ‘dynamicalcritical tem-
peratue’ Ty,cr predictedby MCTtheory the MCT
breaksdown. Typically,Tycris 50%largerthan
the experimentally measued T,, and relaxation
times are still appioximately 10 ordersof magni-
tude smallerat Ty, thanat | . Hencether is a
hugerangeof T Tycr, the “deeply' supecooled
region, where dynamicpropertieschangedramati-
cally, but the underlyingreasondor this behavior
are not understood. Additionally, glass-forming
liquids are typically categorizedas i strong
liquidsbthose having an ArrheniusT dependence
of dynamicpropertieswith anactivationenegy of
roughly 37RT and ii fragile liquidsbthose hav-
ing a strongly non-Arrhenius T dependenceof
dynamicsproperties 11+13. Waterbehavesasa
fragile liquid in the experimentally accessible
region where MCTpredictionsseemto apply In
the rangeT Tycr, ther have beensuggestions
that water may behavequite differently thanother
liquids.

Unfortunately simulationsof equilibrium prop-
ertiesfor T Tycr are not feasibleat the present
time due to the excessivelylarge relaxationtime,
relative to the computationakime required. Addi-
tionally, experimentson liquid waterare hampeed
by the fact that even carefully prepaed samples
of supecooled water crystallize at the "homoge-
neousnucleationtemperatug' T, 235 K 3,14,
slightly above the expectedvalue of Tycr for
water 15. @ theotherhand, liquid watercanbe
vitrified at atmosphericpressue by a variety of
methods,including quenchingaensol dropletsam-
ples to liquid nitrogentemperatues 16 . Glassy
watercrystallizeson heatingat Ty 150 K, making
the propertiesof amorphouswater in the range
Tx T T, almostunknown. While the properties
of glassywater referred to as low-density amor
phousice LDA , are intrinsically non-equilibri-
um, a carful analysis of the thermodynamic
propertiesof glassywaterandtheir relationto the
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properties of equilibrium samplesat T T, can
possibly help provide insight into the expected
propertiesin the difficult-to-pr oberegionTy T
Th.

An evaluationof the thermodynamiaatain this
rangeis particularly valuable, owing to the devel-
opmentof a formalism relating thermodynamics
to dynamicsin deeply supecooled states. These
ideasreachbackto the seminalwork of Kauzmann

17, and have beenexpandedover time by the
work of, among others, Adam and Gibbsl8,
Goldstein 19, and Stillinger and Weber 20,21.
The central idea underlying the appoachis that
dynamicsat low temperatugs are contolled pri-
marily by the statisticalpropertiesof the underly-
ing potentialenegy landscape22 ; thislandscape
consistsof a tremendousiumberof local minima
correspondingto mechanicallystable amorphous
states.At sufficiently lowl, thesystemis expected
to be localized within one of thesebasins, with
infrequent "activated processes', which bring the
system to a new basin. Several authors have
studied the landscapepropertiesexplicitly and it
appearghat, atTycr where the MCTpredictions
break down , the systemmotion becomesdomi-
natedby interbasin “hopping' via regionsof col-
lective motion 2 3+34 Hence the statistical
propertiesof the landscapes key to extendingthe
quantitativeunderstandingpf supecooled liquids
to theregionT Tycr.

In this testimonialto ProfessorKauzmann,we
examinethe implicationsof both experimentahnd
computationalstudiesfor the dynamic properties
of liquid water in the deeply supecooledregion,
whete little equilibrium data are available. Fom
simulations, we establish the validity of the
Adam £Gibbs relationship between entiopy and
dynamic properties, like the diffusion constanD

35+38. Having validatedthis appioach, we con-
sider experimentalmeasuementsof the entopy
for the liquid for T T, andglassywaterat T
Tx. By applying simple, but somewhattedious
constraintsof thermodynamics,we can predictthe
expectedehaviorof the entopy in therangeTx
T Tu. Theresultsfor the entopy, whencombined
with the Adam +Gibbsrelation, suggesthat water
should crossoverfrom fragile liquid behaviorto
strong liquid behaviorat T T, 39, as first
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proposedin Ref. 40. If these predictions are
valid, wateragainappearsasananomalousiquid,
and deservegareful scrutiny Additionally, results
reportedin Ref. 39 suggestthat T, 160 K is
far above traditionally acceptedestimatesof T,
but consistentwith recentresultsbasedon hyper
guenching 41 .

2. Background

In 1948, Kauzmanrpublisheda seminalpaper
that focusedattentionon the interplay of thermo-
dynamicsand dynamicsof a liquid nearits vitri-
fication temperatue 17 . We briefly review the
theoetical foundations of the thermodynamic
viewpoint of the glasstransition that grew from
his work. This is an incompleteaccount; a more
completeaccountcanbe found in Ref. 2 .

Kauzmanriocusedon the entiopy of the liquid
and its correspondingcrystal. Oncooling, the
liquid entiopy deceasest a muchfasterratethan
the crystalentiopy. Hence, by naive extrapolation,
we expectSiguia  Siysa at a temperatug Ty, the
Kauzmantemperatug, and Siguia  Siysa fOr T
Tk. While it is strangeto imaginea liquid with a
smallerentiopy than the crystal, it is not thermo-
dynamically inconsistent. The situation is more
problematic consideringthat, for most systems,
T 0 0, which would require that
Siquia 0, which is inconsistentwith the classical
expressionS kg In  sincethe numberof states

cannotbe lessthan unity.

The "Kauzmanmaradox'refersto the fact that,
in practice, the kinetic glasstransitionintervenes
so asto avoid the thermodynamic entopy catas-
trophe'Bdynamics saving thermodynamics. To
avoid the possibility of an entopy catastophe
without a paradox, Kauzmanrproposedthat the
barrier to crystallization vanishes at some T
betweenTx and Ty, thereby avoiding the equal
entiopy point by simplecrystallization. Subsequent
work consideed the possibility that crystallization
might not intervene, and put forth the notion that
T« may be the point of an “ideal' thermodynamic
glass transition, attainableonly by an infinitely
slow cooling of the liquid 42 . In practice, such
a transitionis neverobserved,aslaboratorymeas-
urementsof T, dependon the cooling rate.

Scrystal
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The notion of a thermodynamic singularity
underlying the glasstransition was expandedon
by the work of Adam, Gibbs'andDiMarzio. They
developeda theoetical frameworkin which the
liquid at low T evolves through cooperatively
rearrangingregions, ratherthan simple Biownian
motion asat high T, andassociatedhe size of the
cooperativelyrearrangingregionswith a configu-
rational entiopy S+ Mosimportantly sincethe
rearrangingregion contmols the relaxation of the
liquid, theyproposedhattherelaxationtime or
other dynamic properties, like the diffusion con-
stantD are relatedto S, via
In cont 1

In this scenario, an ideal glassforms when the
relaxationtime diverges, andhenc&.,« 0. Thus,
it hasbecomecommonto referto Tx alsoasthe
T wher S, Vanishes. The conceptof cooperative
rearrangemerdnda closerelationof the dynamics
to the configurationalentiopy haveremainedcen-
tral to the developmenbf the theoeticalappoach.

The primary remaining question is: what is
S.or @andhow canit be measued? The first steps
to resolvingthis questionwere madeby Goldstein

19, who focused on the underlying potential
enegy landscape,arguing that the dynamicsof a
liquid canbe split into two contributionsat low T:

i vibrationslocalizedwithin a single basinof a
landscape,and ii infrequenthopsbetweerbasins
that give rise to structuralrelaxation. In this con-
text, ther is a natural separationof S into a
vibrational contribution S,;, and a configurational
contribution S, arising from the number of
basinsthe liquid samples. Fom the point of view
of the enegy landscape,the ideal glassis formed
when the liquid becomestrapped in a single
landscapébasin.

Stillinger and Weberformalized the conceptof
a basinin the enegy landscapéy introducingthe
inherent structue IS formalism. Specifically the
set of points that map to the sameminimum, or
IS, are those which constitute a basin. This
appoachis particularly well suitedto simulated
liquids, sinceit is possibleto explicitly calculate
the steepestiescentto a local minimum from an
equilibrium configuration 43. Maover the par
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tition function can be explicitly rewrittenin terms
of the basins. By introducingthe density of states

Es, ie.,
the interval of enegy Es to E;s dE,s we @@n
rigorously define

cont  slN Is 2

The Helmholtzfree enegy is given by

IS conf basin 1S 3

Here f, 4, captues the vibrational contribution
andkinetic degeesof freedom. Eq. 3 is aformal
expression for the separationof configurational
and vibrational contributions. For our purposes,
we will focus on the fact that one can define
Soni StS,i,, and evaluateS and S, to obtain

Sbonf-

3. Calculation of configurational entropy of
simulated water

We calculatethe absoluteentiopy at all state
points simulated by following the procedue
describedin Ref. 44 . We usethe ideal gasasa
referencestateand usethermodynamidgntegration
to link to a systemat high T andsmall large
volumeV , wher interactionsare far lessimpor
tant. The entopy at all other , T simulatedare
then obtainedby a numerical integration of the

1
relationshipdS —dE——dV. The only additional

complication beyond previous calculations for
Lennard+Jonessystemsis that we must consider
the reference state to be a tri-atomic ideal gas,
ratherthana monatomicone. The tri-atomic ideal
gasentropy is given by

g In

- In 2 5 In2 4

wheere |; are the momentsof inertia, andh is
Planck'sconstant.

the numberof minimawith enegy in

Oumprimary goalis to calculate S sothatwe
may test proposedrelationsbetweenthe dynamic
properties and thermodynamic properties. We
exploit the hypothesizedrelationship that S
St Syib- FOIT not far from the mode-coupling
temperate T,cr, Ref. 44 observedthat the
vibrational contributionmay be well appioximated
by a classicalharmonicsolid, with the eigenfe-
guenciesdefined by the inherent structues sam-
pled below the “onset temperatwe’ 43,45,46.
Unfortunately even at the lowestT studied, the
extendedsimple point chage SPC E model of
water displaysa significant anharmoniccontribu-
tion to U. To appioximatethe contributiondueto
the anharmonicity of the potential, we include
higher order termsin an expansionof the vibra-
tional enegy

vib 3 B 2 8 S

Here a and b are fitting parameters,and the
harmonic contribution to the enepy is given by

3kgT. Since dU dT, TdSdT,, we may
expressthe vibrational entropy as
vib harmonic anharmonic 6
86 3 B
— In — - 2 7

where { ;} are the eigenvaluesof the Hessian
matrix 2V % %. We calculate{ ;} from the
normal mode spectrumof the liquid after quench-
ing to theinheentstructue at each , T system
point simulated.

We only needto evaluatethe constantsa andb
to obtainS,;, . We heatthe quenchedstructuesand
measue the dependencef U on T, which allows
us to fit U to the form specifiedin Eq. 5. 1 n
order to obtain reliable fits of the constants, the
heatingscheduléefollows the following sequence:

The temperatue is first increasedto 50 K for

10 psto annealthe effect of any nearbyminima
that may be lower in enegy dueto the extreme
roughnes®f the landscape.

Thetemperatug is reducedto 1 Kfor 10 ps, to
allow the vibrational degees of freedom to
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Fig. 1. The diffusion constar®d as a function of 1 TS,,; for the SPC E model, confirming the predictedrelation of Adam and
Gibbs. Notethatthe curvesfor eachdensityhavebeenshiftedfor clarity. Figue redrawnfrom Ref.35. Verificationof the proposed

relationfor simplermodelsis reportedin Refs. £+48 .

equilibrate, followed by 10 psof datacollection
in the NVE ensemble.

The temperatug is thenincreasedo 10 K, and
then by 10 K intervals following the same
scheduleof 10 psfor the equilibrationof vibra-

tional degees of freedomand 10 ps of data
collectionin the NVE ensembleup to 190 K;

at higher T, diffusive motion becomessignifi-

canton thesetime scales.

At this point, we have both the total and
vibrational entopy for all state points simulated
andcannow calculateS., S—Si.

We also briefly discussthe calculation of the
entiopy of crystalline forms, since we want to
compae the properties of S,,s and the excess
entopy S SiquatSuysar  FOM the landscape
point of view, a crystalline arrangementcorre-
spondsto only a single basin, since significant
rearrangemendf the moleculeswould destoy the
crystallinestructue. Hence, oneexpectghecrystal
entopy to be entirely vibrationalin natue. Thus,
we calculateS;,«y Usingthe sametechniquesised

to calculateS,;, of the liquid inherent structues.
However since the crystal structue does not
change i.e. the systemis always exploring the
same crystalline basin, the normal modes{ ;}
are independentof T, but of coursestill depend
on . Quenche$rom severalT confirm this.

4. Testing the Adam—Gibbs hypothesis

Having obtained S, over a wide range of
density at supecooled temperatues, we can test
the proposedrelation

In conf 8

In the range of D values where bulk water
experimentshave beenperformed, we find agree-
mentwith the proposedrelationshipfor the SPC
E modelof water as shownin Fig. 1.

Evaluation of S, relies on the ability to per
form instantaneouguencheghatfollow a steepest
descenpath or alternatively a conjugategradient
minimization. Sincethis appoachis not experi-
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Fig. 2. S.ons @and S, at a fixed density
demonstratgroportionality Figue redrawnfrom Ref. 39.

mentally feasible, many experimentalistshave
exploitedthe fact that crystallineentiopy is vibra-
tional in natue and have appoximated S,
Siysar @nd henceS,,r S.. This appoximation
has beenfound to work well in the appioach of
Adam and Gibbs. However we do not in general
expectthat S,, S, Sinceit would imply that
the liquid and crystalline basins have the same
eigenfequenciesor, looselyspeaking,shapeand
that the liquid frequenciesare invariant 36,50.
Indeed, we seethatS,, and S, differ for the
SPC E model Fig. 2. Details of the ice simula-
tion are givenin Ref. 36. Hencethe successful
useof S,, canonly be explainedif S, S as
pointed out in Ref. 51,52; in sucha case, the
constantof proportionality can be absorbedinto
the free parameterof the Adam £Gibbs equation.
To testthis possibility we havemadea parametric
plot of S, and S, in the inset of Fig. 2,
demonstratinghe linear proportionalityandhence
explainingwhy S, canbe substitutedor S.q.

260 280 300

240
T (K)

1.0 gn?® for the SPCE model. The inset showsa parametricplot solid line to

5. Application of the Adam—Gibbs hypothesis
to experimental data

5.1. Estimationof entropy for T Ty

To determinea reasonabldorm for the entiopy
S ST,P intherangeTx T Ty, wefirst focus
on thermodynamicproperties that facilitate the
calculation of S in the easily-accessibleregions
T Ty and T Ty, and whose valuesalso place
strict limits on the possiblebehaviorof S in the
region Ty T Ty. Like S,, all other "excess'
guantities, such as specific heatCg* and enthalpy
He, refer to the difference betweenliquid and
crystallinestates. Each of thesethree quantitiesis
known experimentallyfor T Ty, aswell as T
Tx.
In the difficult-to-pr obelx T T, region, we
constructtwo possibleforms for S,,. To connect
theregionsT T, andT Ty, we mustconsider
the thermodynamicconstraintson the entopy.
Theseconstraintsare:
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Fig. 3. a Possibleforms for the excessentopy S., in the
experimentallyinaccessibleegion. The two curvesshow the
fits obtainedusing the upper and lower boundson the area
under S,,. The entopy of fusion & 21.8 X mol for
freezingat 273 Kisindicatedby thearrow, b Constantpres-
sure excessspecific heat C3* T dS,, dT p for the possible
forms of S,, shownin a . Figue redrawnfrom Ref. 39.

I£1V S, andC¥* at the endpointsandthe slopes
of S, a Tx and T,—four constraints.

V ST mustbeamonotonicincreasingfunction
becauseCg* 0. Note that this is not a uniquely
definedconstraint.

VI The area A underthe curve ST is defined
by the excessGibbsfreeenegy Ge,.

ex ex H' 9
Ourchallengeis to determinea functionalform
for S, T, given only its valuesat the limiting
temperatues Ty and Ty, the areaA underS T,
and the monotonicity of ST . Relatedwork on
the possibility of a liquid+liquid phasetransition
53+69 suggestghat ST should not containa
discontinuity at atmosphericpressue, and hence
we aim to developa form for ST and its

derivatives that variescontinuously 70+72.

We show possibleforms of S, that satisfy the
upperand lower boundson the area constraintof
S, in Fig. 3. Thesetwo curvesrepresentappoxi-

mate boundson the form of S, in the unknown
region; theseboundsare somewhatlarger if the
uncertaintyin S., is alsoincluded. Fig. 3 shows
that S, and Cg* both display these significant
changesn their behaviorbelow 230 K. Thisis a
result of the fact that S, must remain nearly
constantnear Ty in order to satisfy the constraint
of Eq. 9. The inflection inS,, Fig. 3 must
occurat T 215 K; were theinflection to occurat
a significantly lower temperatue, the area A
boundedby ST would be too large.

5.2. Prediction of dynamicproperties

Having establishedhe legitimacyof the Adam +
Gibbs equation, as well as the proportionality
betweenS.,; and S,,, we now considerapplying
the Adam £Gibbsequationto our estimatedvalues
for S, in the deeplysupecooledregionT T,.

We select proportionality constants in the
Adam +Gibbs equationto fitS,, to 73,74 and
D 75 Fig.4 forT 235 K, where experimental
measuesof all quantitiesare available. The super
Arrhenius behaviorforT 230 Kis typical for a
fragile liquid 12,13. The maximum in G*

appoximately 225  Kis reflectedby the inflec-
tion of andD; this changeis not clearly evident
in or D until T 190, wher the dynamic
propertiesare appioximatelyArrhenius. In contrast
to the fragile behavior for T close to T,, the
behaviorfor T nearTy is characteristiof a strong
liquid 12,13 which is Arrhenius behaviorwith
an appopriate activationenegy. Here we find an
activationenegy E 74kJ mol, which converts
to a “fragility index' m E 2.30RT, 28, if we
useTy 136 K, orm 24, if we usél; 160 K,
comparableto m for sodium trisilicate a very
strong liquid 77 . Sucha crossoverfrom fragile-
to-strong behavioris not typical of liquids 78,
but doesappearin simulationsof BeFand SiO ,
79,80, which, like water havea tetrahedrahet-
work structue 81 . The value of E is consistent
with that obtainedexperimentallyfrom crystalli-
zationkinetics 82+8 Zexpectedo correspondto
the activationenegy of the diffusion constantof
the crystallizing phase 85. However we point
out that thesecrystallizationkinetics-basedresults
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Fig. 4. a Fitof S, andviscosity . Experimental data
method. The experimentaldata

kJ mol
39.

are in conflict with the evaporation-ratebased
diffusivity results of Ref. 76, which obtain
E 170 kJmol, indicating that further tests are
necessaryto determinethe propertiesof waterin
this region.

For most systems, the value of T, 10"
Poise, while Fig. 4ashowsthat reachesthis
valueat T 160 K, significantly higher than the
expectedly, 136 K. This may be anindicationof
the limitations of our appoach for estimating
dynamic properties. Alternatively, this may be an
indication that Ty of wateris in fact significantly
higherthan 136 K. Velikevetal. 41 showsthat

are from 73,74. Diffusion constar predictedusing the same
for T 235 Karefrom75. ThedataforT 160 K
show behaviorexpectedfor a strong liquid for T 220 Kbi.e.

are from 76. b Both a and b

Arrhenius behaviorwith an activationeneg¥, 3 in units of
12. Theinsetsshowthe quality of the fit in the regionwher experimentadataare available. Figue redrawnfrom Ref.

the thermal datafor hyperquenchedglassywater
are incompatiblewith what is known about the
relaxation of trappedenthalpyfrom other hyper
guenchedglasses,andthat the incompatibility can
only be resolvedif the datafor waterare re-scaled
using a glasstransition temperatug of 165 +170
K. This roughly coincideswith the T, predicted
by Fig. 4. While a simple linear extrapolationof
binary aqueoussolution datasuggestsT, 136 K
for pure water linear extrapolationsare unreliable
if the tamget substancés a networkforming liquid,
like water 86. A n alternateextrapolation, appli-
cable to other network forming liquids, suggests
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that T, for wateris considerablyhigher than 136
K 86. However this remainsa matterof contio-
versy 87 .

If the assignmendf T, 160 Kis correct, then
the datausedat T 150 Krefersto a glassystate,
and henceS,, 150 K would be smallerfor an
equilibrium state. Fortunately even if the dataat
150 Kare out of equilibrium, it doesnot seveely
effect our estimatesbecausehe value of S, 150
K is alreadyextremely small, and further equili-
bration at the T would only reduceS,, closerto
ze. This would result in a slightly more pro-
nouncednflection on S, thanwe haveanticipated
here.

6. Conclusion

We have presentedevidencefrom simulations
supportingthe use of Adam £Gibbs equationto
interpret the dynamicsof supecooledliquids. In
the caseof liquid watetr experimentaldata, when

combinedwith the Adam £Gibbsequation, suggest

that water undegoesan unusualfragile-to-strong
crossover which may prove importantin techno-
logical usesof vitreouswater such as biopreser
vation. Additionally,
supportingthe conjectue that T, may be signifi-
cantly higherthan previously expected.
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