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Abstract
We investigate the relation between trading activity—measured by the
number of trades Nt —and the price change Gt for a given stock over a
time interval [t, t + t]. We relate the time-dependent standard deviation of
price changes—volatility—to two microscopic quantities: the number of
2
transactions Nt in t and the variance Wt
of the price changes for all
transactions in t. We find that Nt displays power-law decaying time
correlations whereas Wt displays only weak time correlations, indicating
that the long-range correlations previously found in |Gt | are largely due to
those of Nt . Further, we analyse the distribution P {Nt > x} and find an
asymptotic behaviour consistent with a power-law decay. We then argue that
the tail-exponent of P {Nt > x} is insufficient to account for the
tail-exponent of P {Gt > x}. Since Nt and Wt display only weak
interdependence, we argue that the fat tails of the distribution P {Gt > x}
arise from Wt , which has a distribution with power-law tail exponent
consistent with our estimates for Gt . Further, we analyse the statistical
properties of the number of shares Qt traded in t, and find that the
distribution of Qt is consistent with a Lévy-stable distribution. We also
quantify the relationship between Qt and Nt , which provides one
explanation for the previously observed volume–volatility co-movement.

1. Introduction
This paper summarizes the results of a few recent empirical
studies focused on quantifying the statistical features of stock
price fluctuations, market activity, and share-volume traded.
Our results are based on the analysis of transaction data for
1000 US stocks for the two-year period 1994–1995.
The first result we shall discuss concerns the asymptotic
nature of the distribution of stock returns. Our analysis shows
that the tails of the distribution of stock returns display a powerlaw decay with exponents α larger than the upper bound for
a Lévy-stable distribution. Our estimates of the exponents
indicate that although the second moment exists, moments
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larger than the third (in particular, the kurtosis) are divergent.
Our analysis also shows that, although not statistically stable,
the estimates of exponents characterizing these power laws are
quite similar for time scales t up to approximately 16 trading
days, indicating the slow onset of convergence to Gaussian
behaviour.
The second result concerns the statistical relationship
between returns and market activity. We relate the statistical
properties of the time-dependent standard deviation of
returns—volatility—to those of two quantities: the number
2
of trades Nt in t and the variance Wt
of the price changes
for all trades in t. We find that returns scaled by the volatility
have a distribution with tails that are consistent with those of

1469-7688/01/020262+08$30.00

© 2001 IOP Publishing Ltd

PII: S1469-7688(01)21452-3

Q UANTITATIVE F I N A N C E
a Gaussian. We next relate the non-Gaussian properties of
returns to those of Nt and Wt . We find that while the longrange correlations found in |Gt | are largely due to Nt , the
pronounced tails in the distribution of price fluctuations arise
largely from Wt .
The third result concerns the statistical properties of the
number of shares Qt traded in t and its relation to the
number of trades Nt . Our analysis of the number of shares qi
traded in each trade i shows that the distribution P {q > x} has
a tail that decays as a power law with an exponent within the
Lévy-stable
Since, the number of shares traded in t
domain.
t
is Qt = N
i=1 qi , in the limit of sufficiently large Nt , if qi
are i.i.d., the sum implies a statistical relationship between Qt
and Nt . We test the data for such a relationship and find good
agreement. We argue that the Q–N relationship, together with
the relationship between volatility and the number of trades,
provides an explanation for the previously observed volume–
volatility co-movement.

2. Databases analysed
Our empirical results are based on the analysis of different
databases covering securities traded in the three major US
stock exchanges, namely (i) the New York Stock Exchange
(NYSE), (ii) the American Stock Exchange (AMEX), and
(iii) the National Association of Securities Dealers Automated
Quotation (Nasdaq).
For studying short-time scale dynamics, we analyse the
Trades and Quotes (TAQ) database, from which we select the
two-year period January 1994 to December 1995. Nasdaq
and AMEX merged in October 1998, after the end of the
period studied in this work. The TAQ database, which has
been published by NYSE since 1993, covers all trades at the
three major US stock markets. This huge database is available
in the form of CD-ROMs. The rate of publication was one
CD-ROM per month for the period studied, but recently has
increased to two–four CD-ROMs per month. The total number
of transactions for the largest 1000 stocks is of the order of 109
in the two-year period studied. We analyse the largest 1000
stocks, by capitalization on 3 January 1994, which survived
through to 31 December 1995.
The data are adjusted for stock splits and dividends. The
data are also filtered to remove spurious events, such as occur
due to the inevitable recording errors. The most common error
is missing digits which appears as a large spike in the time series
of returns. These are much larger than the usual fluctuations
and can be removed by choosing an appropriate threshold. We
tested a range of thresholds and found no effect on the results.
To study the dynamics at longer time horizons, we analyse
the Center for Research and Security Prices (CRSP) database.
The CRSP Stock Files cover common stocks listed on NYSE
beginning in 1925, the AMEX beginning in 1962, and the
Nasdaq Stock Market beginning in 1972. The files provide
complete historical descriptive information and market data
including comprehensive distribution information, high, low
and closing prices, trading volumes, shares outstanding, and
total returns. In addition to adjusting for stock splits and
dividends, we have also detrended the data for inflation.
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3. The distribution of stock returns
The nature of the distribution of stock returns has been a topic
of interest for over 100 years [1]. A reasonable a priori
assumption, motivated by the central limit theorem, is that
the returns are independent, identically Gaussian distributed
(i.i.d.) random variables, or equivalently, a random walk in
the logarithm of price [2].
Empirical studies (for a review, see [3–6]) show that
the distribution of returns has pronounced tails, in striking
contrast to those of a Gaussian. To account for the fat tails,
Mandelbrot [7] proposed a simple generalization of the central
limit theorem to variables which lack a finite second moment,
which leads to Lévy-stable distributed returns [7, 8]. This
particularly simple way of obtaining fat-tailed distributions
is however shown to be inconsistent by empirical studies
on the decay of the tails of the return distribution [9–12].
In particular, alternative hypotheses for modelling the return
distribution were proposed, which include a log-normal
mixture of Gaussians [12], Student t distributions [9–11], and
exponentially truncated Lévy distributions [13, 14].
Conclusive results on the distribution of returns are
difficult to obtain, and require a large number of data to study
the rare events that give rise to the tails. In our study [15–17],
we analyse approximately 40 million records of stock prices
sampled at 5 min intervals for the 1000 leading US stocks for
the two-year period 1994–1995 and 30 million records of daily
returns for 6000 US stocks for the 35-year period 1962–1996.
For time scales shorter than one day, we analyse the data from
the TAQ database.
The basic quantity studied for individual companies is the
price Si (t). The time t runs over the working hours of the
stock exchange—excluding nights, weekends and holidays.
For each company, we calculate the return
Gi ≡ Gi (t, t) ≡ ln Si (t + t) − ln Si (t) .

(1)

We then calculate the cumulative distributions—the
probability of a return larger than or equal to a threshold—
of returns Gi for t = 5 min. For each stock i =
1, . . . , 1000, the asymptotic behaviour of the functional form
of the cumulative distribution is consistent with a power law,
P {Gi > x} ∼

1
,
x αi

(2)

where αi is the exponent characterizing the power-law decay.
In order to compare the returns of different stocks with
different volatilities, we define the normalized return gi ≡
(Gi − Gi T )/vi , where . . . T denotes a time average over
the 40 000 data points of each time series, for the two-year
period studied, and the time-averaged volatility vi of company
i is the standard deviation of the returns over the two-year
period vi 2 ≡ Gi 2 T − Gi T 2 . Values of the exponent αi
can be estimated by a power-law regression on each of these
distributions P {gi > x} ∼ x −α , whereby we obtain the
average value for the 1000 stocks,

3.10 ± 0.03
(positive tail)
α=
(3)
2.84 ± 0.12
(negative tail)
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Removing overnight events yields the average values of α =
3.11 ± 0.15 for the positive tail and α = 3.03 ± 0.21 for the
negative tail.
Motivated by scale-free phenomena observed in a wide
range of complex physical systems that have a large number of
interacting units, it was believed that the power-law behaviour
of the tails of the return distribution must apply to a wide
range of observations. However, economists [18, 19, 22]
have emphasized that power-law tails may apply only to a
small fraction of extreme events. In our case, we find the
power-law distribution of returns to hold for events larger than
approximately 2 standard deviations, below which the nature
of the distribution is affected by the discreteness of prices.
A parallel analysis on the distribution of S&P 500 index
returns shows consistent asymptotic behaviour [16], although
the central part of the distribution seems to display Lévy
behaviour for short time scales (< 30 min) [13]. One reason
for a different behaviour at the central part of the distribution
of S&P 500 returns is the discreteness [2, 23] of the prices
of individual stocks (which causes a cut-off for low values of
returns) that comprise the S&P 500 index.

4. Scaling of the distributions of returns
and correlations in the volatility
Since the values of α we find are inconsistent with a statistically
stable law, we expect the distribution of returns P (G) on
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where N is the number of tail events used. We use the criterion
that N does not exceed 10% of the sample size, simultaneously
ensuring that the sample is restricted to the tail events [3]. Thus,
we obtain the average estimates for 1000 stocks,

2.84 ± 0.12
(positive tail)
α=
.
(5)
2.73 ± 0.13
(negative tail)

(a)
1000 stocks

Number of occurrences

where the fits are performed in the region 2  g  80.
In figure 1(a) we show the histogram for αi , obtained from
power-law regression-fits to the positive tails of the individual
cumulative distributions of all 1000 companies studied, which
shows an approximate Gaussian spread around the mean value
α = 3.10 ± 0.03. These estimates of the exponent α are well
outside the Lévy-stable range (which requires 0 < α < 2),
and is therefore consistent with a finite variance for returns.
However, moments larger than 3, in particular the kurtosis,
seem to be divergent [3, 18]. Our results are similar to the
results of the analysis of the daily returns of 30 German stocks
comprising the DAX index [19], daily CRSP returns [3], and
foreign exchange rates [20].
In order to obtain an alternative estimate for α, we use
the estimator of Hill [3, 21]. We calculate the inverse local
slope of the cumulative distribution function P (g), γ ≡
− (d log P (g)/d log g)−1 for the negative and the positive tail.
We obtain an estimator for γ , by sorting the normalized
increments by their size, g (1) > g (2) > ... > g (N ) . The
cumulative distribution can then be written as P (g (k) ) = k/N ,
and we obtain for the local slope


N
−1

γ = (N − 1)
log g (i) − log g (N ) ,
(4)
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Figure 1. (a) The histogram of the tail exponents of the distribution
of returns obtained by power-law regressions to the cumulative
distribution functions of each stock, where the fit is for all x larger
than 2 standard deviations. This histogram is not normalized—the
y-axis indicates the number of occurrences of the exponent. (b) The
average values of the exponent α characterizing the asymptotic
power-law behaviour of the distribution of returns as a function of
the time scale t obtained using Hill’s estimator. The values of α
for t < 1 day are calculated from the 1000 stocks from the TAQ
database while for t  1 day they are calculated from 6000 stocks
from the CRSP database. The unshaded region, corresponding to
time scales larger than (t)× ≈ 16 days (6240 min), indicates the
range of time scales where we find results consistent with the onset
of a slow convergence to Gaussian behaviour. The rate of
convergence to Gaussian appears to be slower for the negative tail.

larger time scales to converge to Gaussian. In contrast,
our analysis of daily returns from the CRSP database shows
that the distributions of returns retain the same functional
form for a wide range of time scales t, varying over three
orders of magnitude, 5 min t  6240 min = 16 days
(figure 1(b)). The onset of convergence to a Gaussian starts
to occur only for t > 16 days [16, 17]. In contrast, npartial sums of computer-simulated time series of the same
length generated with a probability distribution with the same
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|G(t)| |G(t + τ )| ∼ τ −a ,

(6)

where . . . denotes the autocorrelation function. We obtain
the average value for the exponent a = 0.34 ± 0.09 for
the 1000 stocks studied. In order to detect genuine longrange correlations, the effects of the U-shaped intraday pattern
[32,33] for |G| has been removed [30]. This result is consistent
with previous studies [2, 34–36] which also report long-range
correlations. In addition to analysing the correlation function
directly, we apply power spectrum analysis and the recently
developed detrended fluctuation analysis [30, 37]. Both of
these methods yield consistent estimates of the exponent a.

5. Analysis of trading activity
5.1. Statistics of trading activity
In order to understand the reasons for the pronounced tails of
the return distribution and long-range correlations in volatility,
we follow an approach in the spirit of models of time
deformation proposed by Clark [12], Tauchen and Pitts [38],
Stock [39], Lamoureux and Lastrapes [40], Ghysels and Jasiak
[41], and Engle and Russell [42].
Returns G over a time interval t can be expressed as the
sum of several changes δpi due to the i = 1, . . . , Nt trades
in the interval [t, t + t],
Gt =

Nt


δpi .

(7)

i=1

If t is such that Nt
1, and δpi have finite variance, then
one can apply the central limit theorem, whereby one would
obtain the result that the unconditional distribution P (G) is
Gaussian [12, 43]. It is implicitly assumed in this description
that Nt has only narrow Gaussian fluctuations, i.e. has a
standard deviation much smaller than a large mean value Nt .
In order to ensure that the sampling time interval t for
each stock contains a sufficient number of transactions Nt , we
partition the set of 1000 stocks into six groups (I–VI) based
on the average time between trades δt . Each group contains
approximately 150 stocks. For a specific group, we choose a

NDt

Number of stocks

asymptotic behaviour agree well with Gaussian behaviour
for n  256 [6, 16]. Thus, the rate of convergence of
the distribution P {G > x} to a Gaussian is remarkably
slow, indicative of time dependences [2, 24] which violate the
conditions necessary for the central limit theorem to apply.
To test for time dependences, we analysed the
autocorrelation function of returns, which we denote
G(t)G(t +τ ) , using 5 min returns of 1000 stocks. Our results
show pronounced short-time (< 30 min) anti-correlations due
to the bid–ask bounce [2, 25]. For larger time scales, the
correlation function is at the level of noise, consistent with
the efficient market hypothesis [2, 26, 27]. However, lack of
linear correlation does not imply independent returns, since
there may exist higher-order correlations. Our recent studies
[28–30] show that the amplitude of the returns measured by
the absolute value or the square has long-range autocorrelations
with persistence [31] up to several months,
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Figure 2. Histogram of tail exponents β characterizing the decay of
the cumulative distributions P {Nt > x}, estimated using Hill’s
estimator for each of the 1000 stocks. We obtain an average value
β = 3.40 ± 0.05.

sampling time t at least 10 times larger than the average value
of δt for that group. We choose the sampling time intervals
t = 15, 39, 65, 78, 130 and 390 min respectively for groups
I–VI. Overnight returns have been excluded.
Our investigation of Nt [44] shows stark contrast with
a Gaussian time series with the same mean and variance—
there are several events of the magnitude of tens of standard
deviations which are inconsistent with Gaussian statistics
[42, 45–48]. Specifically, we find that the distribution of Nt
displays an asymptotic power-law decay [44]
P {Nt > x} ∼ x −β (x

1) .

(8)

For the 1000 stocks that we analyse, we estimate β using
Hill’s method [21] and obtain a mean value β = 3.40 ± 0.05
(figure 2). Note that β > 2 is outside the Lévy-stable domain
0 < β < 2 and is inconsistent with a stable distribution for
Nt [49].

5.2. Price fluctuations and trading activity
Since we find that P {Gt > x} ∼ x −α , we can ask whether
the value of β we find for P {Nt > x} is sufficient to give rise
to the fat tails of returns. To test this possibility, we implement,
for each stock, the least-squares regression
ln |Gt (t)| = a + b ln Nt (t) + ψ(t) ,

(9)

where ψ(t) has mean zero and the equal time covariance
Nt ψ(t) = 0. Only those intervals having Nt  20 are
considered for this regression. For 30 actively traded stocks,
we find the average value b = 0.55 ± 0.04.
Values of b ≈ 0.5 are consistent with what we would
expect from equation (7), if δpi are i.i.d. with finite variance.
In other words, suppose δpi are chosen only from the interval
[t, t + t], and let us hypothesize that these δpi are mutually
independent, with a common distribution P (δpi |t ∈ [t, t +t])
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Figure 3. (a) Positive tail of the cumulative distribution of "
averaged over all stocks within each of the six groups I–VI (based
on the average time between trades). Each symbol shows the
average behaviour of the cumulative distributions of the scaled
variable " for all stocks in each of the six groups. The negative tail
(not shown) displays similar behaviour. (b) Histogram of excess
kurtosis of ". For the 1000 stocks studied, we obtain the average
value of kurtosis 0.46 ± 0.03 and skewness 0.018 ± 0.002.
2
having a finite variance Wt
. Under this hypothesis, the central
limit theorem, applied to the sum of δpi in equation (7), implies
that the ratio
Gt
(10)
"≡
√
Wt Nt

must be a Gaussian-distributed random variable with zero
mean and unit variance [38, 43]. We test this hypothesis by
analysing the distribution P (") and the correlations in ". Our
results indicate that the distribution P (") is consistent with a
Gaussian (figures 3(a) and (b)), with mean values of excess
kurtosis ≈ 0.46 for all 1000 stocks [44]. This is noteworthy
since, for the unconditional distribution P (Gt ), the kurtosis
is divergent (empirical estimates yield mean values ≈ 80 for
1000 stocks). Similar results have also been reported by recent
independent studies [46–48].
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Figure 4. Histogram of power-law exponents γ for the cumulative
distribution P {Wt > x}, obtained using Hill’s estimator for each of
the 1000 stocks separately. We obtain an average value
γ = 2.9 ± 0.1.
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1

0

One implication of our result is that the fat tails of
P {Gt > x} ∼ x −α cannot be caused solely due to
−β
because by conservation of probabilities
P {N
√t > x} ∼ x , −2β
P { Nt > x} ∼ x
with 2β ≈ 6.8. Equation (10) then
implies that Nt alone cannot explain the value α ≈ 3. Since
Nt is not sufficient to account for the fat tails in Gt , one other
2
. By
possibility is that it arises from the local variance Wt
2
definition Wt is the variance of all δpi in t. We investigate
the statistics of Wt and examine if the distribution of Wt is
sufficient to explain the value of α found for P {Gt > x}. We
find that the distribution of Wt displays power-law asymptotic
behaviour, P {Wt > x} ∼ x −γ . For the 1000 stocks analysed,
we obtain the average value γ = 2.9 ± 0.1 [44], consistent
with the estimates of α for the same stocks (figure 4). Thus,
the pronounced tails of the distribution of returns are largely
due to those of Wt .

5.3. Volatility correlations and trading activity
Thus far we discussed equation (10) from the point of view
of distributions. Next, we analyse time correlations in Nt ,
and relate them to the time correlations of |Gt | [44]. To
detect genuine long-range correlations, we first remove the
marked U-shaped intradaily pattern [32, 33] in Nt using the
procedure of [30]. We find that the autocorrelation function
Nt (t)Nt (t + τ ) ∼ τ ν . We obtain the mean value of the
exponents ν = 0.30 ± 0.02 for all 1000 stocks (figure 5) using
the detrended fluctuation analysis method [37].
In addition, we investigate how the exponent ν of the
autocorrelation function of Nt is related to that of |Gt |. To
this end, we also estimate the time correlations in Wt and
|"| and find only short-range correlations.
Thus, the long√
range correlations in volatility (Wt Nt ) arise due to those
of Nt . Indeed, our estimate of the average value of the
exponent a = 0.34 ± 0.09 is consistent with our estimate
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Figure 5. Histogram of exponents ν characterizing the power-law

decay of the autocorrelation function Nt (t)Nt (t + τ ) . We find
the mean value for 1000 stocks ν = 0.30 ± 0.02, consistent with
long memory. In order to detect genuine long-range correlations, the
U-shaped intraday pattern for Nt has been removed by dividing
each Nt by the intraday pattern [30].

of ν = 0.30 ± 0.02. Together with the above discussion
on distribution functions, these results suggest an interesting
dichotomy—that the fat tails of the distribution of returns Gt
arise from Wt and the long-range volatility correlations arise
from trading activity Nt [44].

6. Statistics of share volume traded
Understanding the equal-time correlations between volume
and volatility and, more importantly, understanding how the
number of shares traded impacts the price has long been a
topic of active research [2, 12, 23, 38, 46, 50–53]. Using an
approach similar to the above, we analyse the statistics of the
number of shares Qt traded in a time interval t [54]. We
find that the probability distributions P {Qt > x} display a
power-law asymptotic behaviour
1
.
(11)
xλ
Using Hill’s estimator, we obtain an average value λ =
1.7 ± 0.1 [54], within the Lévy-stable domain 0 < λ < 2.
We next analyse time correlations in Qt . We consider
the family of correlation functions [Qt (t)]a [Qt (t + τ )]a ,
where the parameter a (< λ/2) is required to ensure that the
correlation function is well defined. Instead of analysing the
correlation function directly, we use the method of detrended
fluctuation analysis [37]. We find a power-law decay of the
autocorrelation function,
[Qt (t)]a [Qt (t + τ )]a ∼ τ −κ .

(12)

For the parameter a = 0.5, we obtain the average value
4

Here, κ is the exponent characterizing the decay of the autocorrelation
function, compactly denoted [Qt (t)]a [Qt (t + τ )]a . Values of a in the
range 0.1 < a < 1 yield δ in the range 0.75 < δ < 0.88—consistent with
long-range correlations in Qt .

1.0

2.0
Exponent z

3.0

4.0

Figure 6. Histogram of the values of the tail exponent ζ of the
distribution of the number of shares traded per trade P {q > x}
obtained for each of the 1000 stocks using Hill’s estimator, whereby
we find the average value ζ = 1.53 ± 0.07. The dotted curve shows
a Gaussian distribution with the same mean and variance.

κ = 0.34 ± 0.04 [54]. We also investigate if the qi are
correlated in ‘transaction time’, defined by i, and we find only
short-range correlations.

6.1. Share volume traded and number of trades
To investigate the reasons for the observed power-law tails of
P (Qt ) and the long-range correlations in Qt , we first note
that
Nt

Qt ≡
qi ,
(13)
i=1

is the sum of the number of shares qi traded for all i =
1, . . . , Nt transactions in t. Hence, we next analyse the
statistical properties of the number of shares traded during
each trade qi and find that the distribution P {q > x} displays
a power-law decay
P {q > x} ∼

P {Qt > x} ∼

4

200

1
,
qζ

(14)

where ζ has the average value ζ = 1.53 ± 0.07 (figure 6) for
1000 stocks [54].
Note that ζ is within the interval 0 < ζ < 2, indicating
that P {q > x} is a positive (or one-sided) distribution within
the Lévy-stable domain [55].5 Therefore, the reason why the
distribution P {Qt > x} has similar asymptotic behaviour to
P {q > x}, is that P {q > x} lacks a finite second moment, and
Qt is related to q through equation (13). Indeed, our estimate
of ζ is comparable within error bounds to our estimate of λ.
The general form of a characteristic function
φ(x) of a Lévy-stable

 
x
tan π2 ζ
[ζ = 1],
distribution P (q) is ln ϕ(x) ≡ iµx − γ |x|ζ 1 + iβ |x|
where 0 < ζ < 2, γ is a positive number, µ is the mean, and β is an asymmetry
parameter. An inverse Fourier tranformation shows that these distributions
have asymptotic behaviour described by a power-law decay P {q > y} ∼ y −ζ
characterized by the exponent ζ . The case where the parameter β = 1 gives
a positive or one-sided Lévy-stable distribution.
5
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To confirm that P (q) is within theLévy-stable domain, we
also examine the behaviour of Qn ≡ ni=1 qi . We first analyse
the asymptotic behaviour of P (Qn ) for increasing n. For
a Lévy-stable distribution, n1/ζ P ([Qn − Qn ]/n1/ζ ) should
have the same functional form as P (q), where Qn = n q
and . . . denotes average values. We find that the distribution
P (Qn ) retains its asymptotic behaviour for a range of n—
consistent with a Lévy-stable distribution [54]. We obtain
an independent estimate of the exponent ζ by analysing the
scaling behaviour of the moments µr (n) ≡ |Qn − Qn |r ,
where r < ζ .6 For a Lévy-stable distribution [µr (n)]1/r ∼
n1/ζ . Hence, we plot [µr (n)]1/r as a function of n and obtain
an inverse slope of ζ = 1.45 ± 0.03—consistent with our
previous estimate of ζ [54].7

6.2. Share volume traded and trading activity
Since
Nt the qi have only weak correlations, we ask how Qt ≡
i=1 qi can show much stronger correlations. To address this
question, we note that (i) Nt is long-range correlated [44],
and (ii) P (q) is within the Lévy-stable domain with exponent
1/ζ
1/ζ
ζ , and therefore, Nt P ([Qt − q Nt ]/Nt ) should, from
equation (13), have the same distribution as any of the qi . Thus,
we hypothesize that the dependence of Qt on Nt can be
separated by defining [54]
χ≡

Qt − q Nt
1/λ

Nt

,

(15)

where χ is a one-sided Lévy-distributed variable with zero
mean and exponent ζ [55].8 Since Nt is a random variable,
one crucial condition for the hypothesis (equation (15)) to be
valid is that the distribution P {Nt > x} must have a tail
that decays much more rapidly than that of qi [56], which
is indeed what we have seen in the previous sections (our
estimates of the tail exponent of Nt , β are significantly larger
than those of ζ ).9 To test the hypothesis of equation (15), we
first analyse P (χ) and find similar asymptotic behaviour to
P (Qt ). Next, we analyse correlations in χ and find only
weak correlations—implying that the correlations in Qt are
largely due to those of Nt [54]. Indeed, our estimates of the
exponent κ = 0.34 ± 0.04 is consistent with our estimate of
the exponent ν = 0.30 ± 0.02 for Nt .

6.3. Price fluctuations and share volume traded
One interesting implication of these results is an explanation
for the previously observed [12,50–53] equal-time correlations
between Qt and volatility Vt , which is the local
√ standard
deviation of price changes Gt . Now, Vt = Wt Nt from
The values of ζ reported are using r = 0.5. Varying r in the range
0.2 < r < 1 yields similar values.
7 To avoid the effect of weak correlations in q on the estimate of ζ , the
moments [µr (n)]1/r are constructed after randomizing each time series of
qi . Without randomizing, the same procedure gives an estimate of ζ =
1.31 ± 0.03.
8 See footnote 5.
9 If N
t were independent, it can be proved that this condition is sufficient
for equation (15). However, in the presence of long-range correlations in Nt ,
although an exact proof is beyond the scope of this paper, based on numerical
evidence, it seems reasonable to conjecture the sufficiency of this condition.
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equation (10). Consider the equal-time correlation, Qt Vt ,
where the means are subtracted from Qt and Vt . Since Qt
1/ζ
depends on Nt through Qt = q Nt + Nt χ , and if the
equal-time correlations Nt Wt , Nt χ , and Wt χ are
small (correlation coefficients ≈ 0.1), it follows that the equal3/2
1/2
time correlation Qt Vt ∝ Nt − Nt Nt , which
is positive due to the Cauchy–Schwartz inequality. Thus, the
previously observed volume–volatility co-movement is largely
due to Nt —consistent with the results of [50] that, on average,
the size of trades has no more information content than that
contained in the number of transactions.
Another implication concerns the relationship between
price fluctuations Gt and order-imbalances φ ≡ qb − qs ,
defined as the difference between the number of shares traded
in buyer-initiated trades qb and seller-initiated trades qs [2].
Since the tail statistics of the distribution of returns P {Gt >
x} has a power-law asymptotic behaviour with exponent α ≈ 3,
and that of the number of shares traded P {q > x} has the
exponent ζ ≈ 1.7, one can rule out a linear relationship
between Gt and φ. In order for the statistics to be consistent,
the relationship has to be ‘weaker’ than linear, such as a
square-root relationship [57]. This is consistent with empirical
findings ([2] and references therein), which show a nonlinear
relationship between price fluctuations and order imbalances.
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