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We developa methodof constructingpercolationclustersthat allows us to build very large clustersusing
very little computermemoryby limiting the maximumnumberof sitesfor which we maintainstateinformation
to a numberof the orderof the numberof sitesin the largestchemicalshell of the clusterbeingcreatedThe
memory requiredto grow a cluster of masss is of the order of s bytes where v rangesfrom 0.4 for
two-dimensionak2D! latticesto 0.5 for six ~or highet-dimensionallattices.We usethis methodto estimate
dmin, theexponentelatingthe minimumpathl to the Euclideandistancer, for 4D and5D hypercubidattices.
Analyzing both site andbond percolationwe ®ndd,,;;,5 1.60% 0.0054D! andd,;,5 1.81%5 0.006-5D!. In
orderto determined,,, to high precision,andwithout bias, it wasnecessaryo ®rst®ndprecisevaluesfor the
percolationthreshold,p;: p.5 0.19688% 0.000003+4D! and p.5 0.14085 0.00001-5D! for site and p,
5 0.16013® 0.0000034D! and p.5 0.118174 0.000004-5D! for bond percolation.We also calculatethe

Fisherexponentt determinedn the courseof calculatingthe valuesof p,:

52.41% 0.004-5D!.
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I. INTRODUCTION

Percolationis a standardmodel for disorderedsystems
@,2# In percolationsystemssitesor bondson a lattice are
populatedwith probability p. The valueof p at which in®nite
clustersare formed is known as the critical probability or
percolationthresholdp. . The shortestpathexponentd i, is
de®nedy the relation @,4,5¢

N & rmin, 1!

wherer is the Euclideandistancebetweentwo siteson a
clusterand | is the length of the shortestpath traveling
alongoccupiedsitesandbondsin the percolationcluster The
lengthof this pathis alsoknown asthe ~chemicaldistance"
betweenthe sites.We canalsowrite

Ng | F 2!

which de®neghe exponentz5 1/d,,,. With the exceptions
of d> 6 ~wherez5 1/2) andd5 1 ~wherez5 1), z is not

known exactly The mostcommonmethodof determiningz

numerically ~and the one we will usé is to grow clusters,
calculatingthe averagedistance’r & of sitesin the cluster
from the seedof the clusteras a function of chemicaldis-

tancel from the seed.n orderthat®nitesizeeffectsdo not

play a role, the lattice must be large enoughsuchthat the

clustersthat are grown do not reachthe boundariesof the

lattice.

Becausecorrectionsto scaling decreasewith increasing
| , the largerthe valueof | 4 thevalueof | at which we
stopthe growth, the moreaccuratelywe canestimatez. The
limitations on the size | .« to which the clusterscan be
grown have beenthe computermemory available for the
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simulation and the computer processingpower neededto

build theseclusters The methodof “datablocking" @, 7##has
helpedamelioratethe needfor large amountsof memory In

this method, the lattice is logically divided into blocks;
memoryfor a block is not allocateduntil the lattice grows
into that block. The data blocking method has been used
recently to obtain precise estimatesfor the percolation
thresholdand associate@xponentdor bond and site perco-
lation on a number of lattices @,84 Ultimately, however
although suf®cientcomputer power is available to build

larger clusters,the clustersize is limited by the amountof

memoryavailable.This becomegarticularly true asthe di-

mensionof thelattice d increasesinceat criticality the clus-
ter becomedessdenseasd increases®# To reachthe same
clustermassor | ,.x, We musthavelarger lattices.

In this paperwe describea methodof constructingclus-
ters that dramatically reducesthe memory requirements
neededto grow large clustersrelative to previousmethods.
Using this methodof building large clusters,we estimatez
for hypercubidatticesin four and®vedimensionsThe study
of critical propertiesin higher dimensionsis importantbe-
causeone can use the resultsto test relations, which are
conjecturedo hold in all dimensionshyperscalingelations
andexponentghat arebelievedto be the samein all dimen-
sions-~superuniversagéxponents The currentbestestimates
of d,, for four and®vedimensions1.63% 0.03 @#and1.8
@+ respectivelyareof relatively low precisioncomparedo
the estimatesavailablein two and threedimensionsl.1307
6 0.0004and1.374 0.006,respectively@,44

II. CLUSTER GENERATION

One method of cluster generationis the Leath method
@0t In this methoda site is chosenas the seedsite of the
cluster Using a randomnumbergeneratoranda given bond
occupationprobability one determineswhether the bonds
connectedo the seedsite are occupiedor not @1# If abond
is occupied,the site to which this bond connectss consid-
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eredto be part of the clusterandbecomesa “growth site."
Thesesitesare at chemicaldistanceof unity from the seed
site; all sitesat the samechemicaldistancel from the seed
site areconsideredo bein “chemicalshelll ." The process
is thenrepeatedor eachof thesegrowth siteswith the next
setof growthsitesbeingat chemicaldistance? from the seed
site. The cluster continuesto grow until the growth stops
naturally the growth is terminated by the sides of the
d-dimensionallattice of edgelL, or the maximumchemical
distancel . is reached.

We use the Leath methodto constructclusters,but we
keeptrack of which bondsareoccupiedandwhich siteshave
beenvisited by a method different from that traditionally
used.Traditionally, this stateinformationis storedin anarray
of sizeequalto the numberof lattice sites.In the datablock-
ing method,memory usagecan be improved by allocating
blocks in this array dynamically Vollmayr @2# eliminated
the useof this array storing statusof visited sitesin a data
structurethusreducingmemoryrequirements$o grow a clus-
ter of masss to O(s). We extendthe approachof Ref. @2#
further, reducing the memory requiredto O(s") where u
rangesrom 0.4 for two-dimensionalatticesto 0.5for six ~or
highet-dimensionalattices.

To seehow this canbe done,we ®rstconsiderthe usesof
this stateinformation.

~al Occupancystatus Information concerningwhethera
site/bondis occupiedis maintainedso that it is the same,
independentf whenit is accesseth thegrowthprocessFor
example,we would not generatea clusterwith the proper
statisticsf we treateda bondasoccupiedduring onestageof
the clustergrowth andthentreatedit asemptyduringa later
stage.

‘! Visited status Information concerningwhethera site
hasbeenvisited or not is maintainedin orderthat-al we do
notmultiply countthe presencef asitein the clusterand-b!
we do not retraceour stepsduring clustergenerationcausing
the growth processo neverend.

A. Occupancy status

We addressthe need to maintain information about
whetherabondis occupiedor not by usinga randomnumber
generationschemein which the randomnumberassociated
with a bondis determinedby the locationof the bondin the
lattice @2# andthe orientationof the bond. This is doneby
®rstassigninga uniquenumbern to any site in the lattice as
follows. Let (X1,X5,X3 .. .Xq) be the coordinatef the site
in the lattice,andlet (L,,L,,L3, ... ,Ly) be thelengthsof
the sidesof the lattice. Then

n~X1,X2,X3, -

5 T.mLzll X2#_3% X3, ..

,Xd!

CLgl xgt 3

assignsa uniguenumberto any site in the lattice. We assign
a uniguenumbern8to any bondin the lattice by de®ning

. Xq'd#l o,
4!

N8xX1,X5,X3, . .. ,Xg,0!5 @~Xq,X5,Xz, . .
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whereo is the orientationof a bond attachedto site x ~as-
sumingvalues0 to d2 1).

Furthermorewe want to assignuniquenumbersto bonds
over many differentrealizations We thende®ne

N9xXq,X5,X3, . .

5 @8x4,%X5,X3, . .

. Xq,0,m!

. Xq,0!M#1L m, 5l

wherem is the numberof the realizationandM is the maxi-
mum numberof realizationswe planto create.

We then generatea 64-bit random number R using an
encryptionlikealgorithm f(n9 @3#usingn9 asits input,

R5 f~n9. 0!

A bondis occupiedf R. 2%p. In practice becausdor large
latticesanda large numberof realizationsn9is greaterthan
254 the maximumsize of the input to the randomnumber
algorithm,we actually determinethe randomnumberin two
steps,

Bs f $@-n!d#l 091 m... </

Thatis, we ®rstcreateanintermediateandomnumberbased
only on the coordinate®f the bondandthencreatethe ®nal
randomnumberbasedon the intermediaterandomnumber
the orientationof the bondandtherealizationnumber Using

the testdescribedn @4# we con®rmthat, within statistical
error, our algorithm generatesunbiasedrandom numbers.
This testis importantbecausehereis only a smalldifference
betweenthe inputs to the random number generatorfor

neighboring sites. Any correlations between the outputs
would causencorrectresults@4# The generatiorof random
numbersusing Eq. ~7! is slower than congruenceor shift

register techniques@4# but is somewhatcompensatedy

eliminating the processingdone to store and accessbond
statewhenmaintainedn anarray In any case the neteffect
of using this approachis abouta factor of 5 increasein

calculationtime becauseof the slownessof the encryption-
like randomnumbergeneratothat we used.

B. Visited status

We addressthe need to maintain information about
whethera site hasbeenvisited or not by storinginformation
aboutvisited sitesin a datastructure.Eachentryin the data
structurecontainsthe coordinatesof the site, the chemical
shellof the site,anda bit mapwith onebit for eachdirection
from which the site canbe visited. The datastructurecanbe
accesse@sa " circular list" ~®rst-in-®rst-outjueue so en-
tries can be addedand deleted.Since a site can be visited
from different directions, we must ensurethat a site is
countedonly onceandthat backtrackingdoesnot occur To
accomplishthis, before adding a site to the list of growth
sites,we ®rstcheckto seeif it is alreadyin the list.

1. If it is alreadyon the list, we do not add a new entry
but, in the entryfor the site alreadyin thelist, we do setthe
bit correspondingo the orientationof the connectedbond
which wastraversedo visit the site.
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2.If it is notin the list, we addit ~storingthe coordinates

andchemicallengthand settingthe bit correspondingo the
directionfrom which the site wasvisited.

Whenwe areaboutto procesghe entry for a growth site,
we only countthe site oncein the massof the cluster and
only attemptto grow the clusterin directions other than
thosefrom which the site wasvisited. In this way we avoid
backtrackingalong alreadytraveledpaths.If the datastruc-
ture had to be searchedsequentiallyevery time we were
aboutto createa growth site, the time neededwould make
this approachimpractical.In Ref. @24 the datastructurewas
maintainedas a binary tree in orderto reducesearchtime.
We usethe faster”hashtable’ method@5#to accessentries
for the visited sites.

The hashingtechnigueworks as follows: A key K is as-
sociatedwith eachentry of the datastructure We usea func-
tion h(K) to mapthe key into a “slot" at offseth(K) in a
“hashtable.' If the slotin the tableis not alreadyused,we
storethe numberor addressof the entry in this slot; if the
slot is used-this is referredto asa “collision"! we addthe
entryto a chainof entriesall of which mapto the samevalue
h(K). Ideally the function h(K) mapsthe keys uniformly
overtheslotsin thetablesowe obtainfew long chains.If we
usea hashtable of size M5 2™, wherem is anintegerand
chooseK as the unique numbern of the site, an effective
hashingfunctionis @5#

1

h-n!5 wam

@nrClmod2“#, 8!

wherew is the word sizein bits! of our computerand the
hashconstantC is the leastsigni®cantw bits of the product
of 2¥ andthe “goldenratio," (A2 1)/2. Thush(n) yields
the upperm bits ~shift right w2 m bits! of theresultof taking
thelower w bits of the productof the uniquesite numberand
the hashconstantC. We implementthe ability to chainen-
triesin the datastructureby de®ninganother®eldin the data
structureentry thatservesasa chainpointer®eld.To ®ndan
entryin the datastructurefor a site, we calculatethe unique
site numberusing Eq. 3!, ®ndthe offsetin the hashtable
using Eq. 8!, andthenwalk the chain of entriesto ®ndthe
entrywith the desiredcoordinateslf we makethe sizeof the
hashtableequalto the size of the site datastructure we ®nd
the averagenumberof hash™ collisions' to be lessthantwo
sowe candetermindf asite hasbeenvisitedvery ef®ciently

This approachof keepingthe statusof visited sitesin a
specialdatastructurenotin the lattice arrayl appliesto any
lattice model. In the caseof growing percolationclusterswe
can further reducethe amountof memory neededsigni®-
cantly Thisis accomplishedy recognizingthata site which
is multiply visited is done so during the growth of a single
chemicalshell. This is the key insight that allows us to re-
ducethe memoryrequirementindcanbe con®rmedy con-
sidering the bonds adjacentto a site in a lower chemical
shell: 4! an occupiedbond adjacentto a site in a lower
chemicalshellcannotbe a pathto revisit thatsite becauseve
do not backtrackand +i! an unoccupiedbond adjacentto a
sitein alower chemicalshell cannotbe on the pathto revisit
that site. Sitesin the samechemicalshell can, however be
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FIG. 1. Examplesof cluster growth at the beginning of the
populationof sitesat chemicaldistance3 from the seedsite. The
seedsitesare denotedby stripedcircles.-al Exampleof a square
lattice in which a site C is multiply visited from sitesA andB. !
Example of a triangular lattice in which site C can be multiply
visited from sites A and D and in which site D can be multiply
visited from sites B and C. ¢! Examplein which the clusteris
grownfrom multiple seedsSite C canbe multiply visited from sites
A andD; site D canbe multiply visited from sitesB and C.

visited by multiple pathsasshownin Fig. 1-al. Thuswe need
only keepstateinformation aboutgrowth sites,which them-
selveshavenot yet beenusedto createentriesfor the next
chemicalshell. The numberof suchsitesat any pointin the
growth procesawill be of the orderof the size of the current
chemicalshell.

Thediscussiorsofar hasbeenfor hypercubidattices.For
theselattices,we ensurethatwe did not doublecountsite or
backtrack by maintaining information about growth sites,
which themselvediavenot yet beenusedto createentriesfor
the next chemical shell and then checking for duplicates.
More generally-e.g.,for triangularlatticed, the situationis a
little morecomplicatedasshownin the examplein Fig. 1-b!.
A similar situationis shownin Fig. 1!, wherewe grow a
clusterfrom multiple seedsTo treatboth typesof situation,
we must maintain 4! stateinformation about growth sites
that themselveshavenot yet beenusedto createentriesfor
the next chemicalshell and +i! stateinformation aboutall
sitesin the chemicalshell previousto the one being built.
Beforewe adda siteto thelist of growth sites,we checkif it
is alreadypresenin the previousshell;if it is, we do notadd
it.

The size of a chemicalshell canbe estimatedas follows.
The chemical distancel scaleswith the mean Euclidean
radiusof the clusterr as

| ; rAmin 94

while the clustermass-the numberof sitesin the clustet s
scalesas

s; rdr, 9b!
whered,,, hasvalues1.13 and 2 for d5 2 and 6, respec-
tively @,4,16,1% d;, the fractal dimensionof the cluster
masshastheexactvalues91/4& 1.89and4 for d5 2 and6,
respectively@,2# Then

s; | dr/dmin ~0

and
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TABLE I. Simulationparametersandresultsfor p. andthe Fisherexponentt.

Dimension Type No. of realizations Smax o8 t
Bond 10 131073 0.16013® 0.000003
4 2.31% 0.003
Site 108 131073 0.19688% 0.000003
Bond 108 16 383 0.118174 0.000004
5 2.41% 0.004
Site 106 16 383 0.14085 0.00001

ds; | (@f/dmin2 1| 5 —gdmin/dry(dt/dmin)2 14|

5 s12 (dmin/dr)q| 41!
Settingdl 5 1, we ®ndthe size of the outermostchemical
shell of a clusterof masss scalesas
Seherrs!; sY, 2!
whereu5 12 dp,/d; .
The valuesof v rangefrom ' 0.4to 0.5 for d5 2 to d
5 6. Thusthe sizeof the datastructureto containthe visited
statusis only of the orderof the squareroot of the sizeof the
cluster size becausewe only store statusfor the largest
chemicalshell.

lll. PERCOLATION THRESHOLD AND FISHER
EXPONENT

In orderto determined,,, to high precisionand without
bias, it is necessarto ®rst®nd valuesof the percolation
thresholdsubstantiallymore precisethan previously known
~4n mostcasek To determinethesethresholdswe usedthe
methodof measuringclustersizestatisticsof individual clus-
ters grown on large virtual latticesas describedin @# The
data-blockingnethod@#usedinvolvesassigningnemoryto
partsof the lattice only whenthe clustergrowsinto it. With
the data-blockingmethod like the hashingmethod,atableis
usedto accessa data structurebut in this case,the data
structure entries representblocks of sites instead of indi-
vidual sites; there are no collisions, but some memory is
wasted.The advantagef usingthe data-blockingmethodas
opposedo the oneproposedn this work is thatthe statesof
all sitesare recorded-as describedin the AppendiX, o it
allows using a fast random number generatar The data-
blocking method allows lattices of suf®cientsize to keep
®nite-sizeeffects under control, with suf®cientspeedto
achievegood statistics.~The hashingmethod describedin
this papercould also havebeenusedfor this calculation!

In four dimensions4D!, we usea virtual lattice of 512*
sites, broken up into blocks of 16* sites each.In 5D, the
virtual lattice of size 128 is divided into blocks of size 8°.
The clustersize cutof sy, is 21’5 131,072, and 2%
5 16384 for 4D and 5D, respectively The thresholdis de-
terminedasthe value of p thatleadsto the clustersize dis-
tribution ng bestfollowing a powerlaw ng; s f. Simulating
about10® clustersfor eachcase andusingthe dataanalysis
techniqguesemployedin @% we &d

0.19688% 0.000003 @D site#
0.16013® 0.000003 @D bond#

13l
Pe> ") 14085 0.00001 @D sitex 13
0.118174 0.000004 @D bondt
Also, for t we ®ndthe values
|_j.3136 0.003 @D#
t 414
41% 0.004 @D#

Theseresultsare more precisethan someof the published
valuesfor p.5 0.1601% 0.00012@# 0.140% 0.0003 @84

and 0.1181% 0.00004 @9 for 4D bond, 5D site, and 5D

bond percolation,respectivelyandfor ¢5 2.41 for 5D per

colation;for 4D site percolation Ballesteroset al. @0#found
the comparablyprecisevalue p;5 0.196906 0.0000055ust
slightly higherthanourd and¢5 2.312% 0.0007.The ana-
lytic e-expansionmethod has also beenusedto estimate
critical exponents @l+5# Using the third-order
e-expansionfor /7 of Ref. @1# and the scalingrelations ¢

5d/df1 1 and d;5 (d1 22 #)/2, we ®nd t5 2.348 and
2.421 for 4D and 5D, respectively Thesevaluesare fairly

closeto the valueswe measured.

All simulationparametersindour resultsaresummarized
in Tablel. The precisionof our resultsis suf®cientlyhigh
that we expectthat statisticalerrorsin p. will not havean
effect on our value of d, -

IV. SHORTEST PATH EXPONENT

To calculatethe shortestpath exponent,we ran simula-
tions at the percolationthresholdsound above.We stopped
clustergrowth at | ,,,5 2048for 4D bond and site percola-
tion and| ,,,,5 1024 for 5D bond and site percolation.We
simulated733 10°, 393 10°, 1053 1°, and 203 10° real-
izationsfor 4D bond, 4D site, 5D bond,and 5D site perco-
lation, respectivelyDuring our simulations,we kepttrack of
the maximumandminimum lattice pointsto which our clus-
tersextendedUsingthis information,we determinedhesize
of the lattice that we would haveneededo build if we had
beenusing conventionalmemorytechniquesFor d5 5 the
lattice would have had sidesof length L5 245 resultingin
approximately90m 10° lattice sites(' 1 TB memory; the
actualmemoryusedwaslessthan' 10° <1 MB!, six orders
of magnitudesmaller
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FIG. 2. Euclideandistance’r & versuschemicaldistancel for
site percolation~upperline! and bond percolationHower line! for
~al 4D and-b! 5D. Theslightly differentapparenslopesof the plots
for bond and site casescan be attributedto differentvaluesof the
correction-to-scalingparameters.

Figure 2-al showsplots of *r &for 4D site and bond per
colation, while Fig. 2-b! showsplots of *r &for 5D site and
bondpercolationWhile the plotsresemblestraightlines, the

effects of correctionsto scaling are, in fact, considerable.

Onecustomarilyassumeshatcorrectiongo scalinghavethe
functionalform @,2,4,5¢

N& | 211 Al 2P1 eee 15!
wherethe constantA dependon the dimension lattice type

and percolationtype ~bond or site but the exponentD de-
pendsonly on dimension.Let

I\r&

h~d 1] —; | 27841 Al 2P1 eee
| 8

~l6l

wherez8is an estimatedvalue of z If | ,,, were in®nitely
large, we could determinez asthe value of z8 which results
in a plot of h(l ) that asymptoticallyapproaches constant
~.e.,haszeroslopeas| ! " ); howeversincel . is ®nite,
we may obtain misleadingresultsif we determinez in this
manner Neverthelessye canusethis approacto determine
boundson z

To seehow this is accomplished®rstconsiderFig. 3-a,
in which we plot h(l ) for 4D bond percolationfor various
valuesof z8 Fromthis ®gureandEq.~16! it is clearthatA is
positive. Hence,we know that if for large | the slope of
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FIG. 3. h(l )[ ~ &l ?versusl for -al 4D bondpercolationfor
valuesof rom top to bottom z8 0.615, 0.620,and0.625and-b!
4D site percolation for values of ~from top to bottom z8
5 0.623, 0.625, and 0.627. The dashedhorizontal lines are pro-
vided asguidesto the eyeto allow oneto betterseethat, for large
| , the middle plots of h(l ) in ~a! and-b! areincreasingand de-
creasing respectively

h(l ) becomesnincreasingunction,the leadingpowerlaw

term | 278 will dominate becausez. z8 Thus a lower

boundon z is thatvalue of z8 at which h(l ) asymptotically
becomesanincreasingfunction. From Fig. 3-a! this valueis

0.620.

We can proceedsimilarly by consideringsite percolation
in 4D, plotting h(l ) for 4D site percolationfor variousval-
uesof z8in Fig. 3-b!. Fromtheseplotsit is clearthat A for
bondpercolationis negative Hencewe know thatif for large
| theslopeof h(l ) becomesa decreasindgunction, we are

seeingthe leadingpowerlaw term | 28 dominatebecause
z, z8 Thusanupperboundon zis thatvalueof z8at which
h(l ) asymptoticallybecomesa decreasingunction. From
Fig. 3-b! this valueis 0.625.

Proceedingn the samemannerfor site and bond perco-
lation in 5D @eeFig. 4-a,0# we ®ndthat the constantA is
positive for both bond and site percolation,allowing us to
determineonly an upperboundof z5 0.5515-the lower of
the upperboundsfor site and bond percolatioh. While this
methodof ®ndingboundson z by identifying the value of z8
at which the slope of h(l ) changessign doesnot always
yield both upperandlower bounds,it hasthe advantagehat
it doesnot requireany estimationof the parameter&\ andD
in Eq.~12! and,in fact, is somewhainsensitiveto the exact
form of the the corrections-to-scalingerms.

We also analyzeour datausing anothermore commonly
usedmethod@+6# That methodis to plot the effective ex-
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FIG. 4. h(l )[ ~ &I * versusl for ~al 5D site percolationfor
valuesof ~rom top to bottorm z8 0.5510, 0.5515,and 0.5520,
and-b! 5D bond percolationfor valuesof ~from top to bottonl z8
5 0.5595, 0.5615,and0.5635.The dashechorizontallines are pro-
vided asguidesto the eyeto allow oneto betterseethat, for large
| , the the middle plots of h(l ) in ~a! and-b! aredecreasing.

ponentsz(l ) betweerpointsl and2l versus 2P usingan
estimatedvalue of D thatyields the straightestine. The ef-
fectiveexponentz(l ) betweentwo pointsat! and2l isthe
value of the slopebetweenthesepointsin a log-log plot of
~N()H&

In@~21 1&2 In@ 18
n@l #2 In@ #

In@ -2l &~ 18

7z 15 n@#

A7

Thel 5 0 interceptof a plot of z(I ) will be anestimatefor
z, andthe slopewill be proportionalto A. Our bestestimate
for D for d5 4 andd5 5 is 0.4, D, 0.6,sowe useavalue
of D of 0.5andplot z(l ) for 4D siteandbondpercolationin
Fig. 5a and 5D site and bond percolationin Fig. 5!. In
Fig. 54, thefact thatthe slopesof the lines changesuggests
that we are seeingthe effects of both the correction-to-
scalingtermin Eq. 15! aswell ashigherorderterms,which
becomdesssigni®cantt largervaluesof | . In generaljt is
moreef®ciento generatesmallerclustersandmoreof them,
ratherthanfewer, larger ones.However if the correctionsto
scalingarenot well understoodr large, thenonemustbuild
the largestclusterspossible As we seehere,strongcorrec-
tionsto scalingarepresenin 4D percolationwherethe plots
of effective slopechangeat large| . If we hadusedsmaller
clusters using traditional memory-managementechniques
we would have obtainedincorrectresults.In Fig. 5!, the
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FIG. 5. Effectiveexponentz versusl/l 2P with D5 0.5for bond
percolationupperline! andsite percolationdower line! for ~a 4D
and-b! 5D.

almosthorizontalplot for site percolationindicatesthat the
amplitude,A, of the correction-to-scalingermis very small.
Fromtheseplotsandour estimatesaboveof boundson z, we
estimate

6256 0.002 @D#
z5

~18
555 0.002 @D# 18
In termsof d,,,, this correspondso
H.ﬁozs 0.005 @D#
dpminB <9

1.81%5 0.006 @D#

The previously publishedvaluesfor d,, obtainedby nu-
merical methodsare 1.63 0.03 @*and 1.8 @#for 4D and
5D. Thusour estimatesof d,,;, are of higheraccuracythan
the existing onesand have accuracycomparableto that for
the estimateof d,, in 3 dimensions1.374 0.006 @4 Us-
ing the rational form of the secondorder e-expansion,of
Ref. @5# @ which a cubic term was addedso that d,,;,(d
51)5 1] we ®ndd,;;,5 1.568 and 1.803 for 4D and 5D,
respectively The e-expansionresult for 5D is just a small
amountoutsidethe errorbarof our result. The agreementan
be improved by making a @,1# Padeapproximationto the
e-expansion series; using this technique, we ®nd d,
5 1.614 and 1.814 for 4D and 5D, respectively in good
agreementvith our results.

Ourresultsandall simulationparametersre summarized
in Tablell.
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TABLE Il. Simulationparametersand resultsfor the spreadingexponentz and shortestpath exponent

dmin-
Dimension Type Pe No. of realizations | . z Omin
Bond 0.160130 733 10° 2048
4 0.62% 0.002 1.607% 0.005
Site 0.196889 3% 10° 2048
Bond  0.118174 103 10° 1024
5 0.55% 0.002  1.81% 0.006
Site 0.14081 203 10° 1024

V. DISCUSSION

We have developeda techniquethat allows us to build
very large percolationclustersusing very little memory In
fact, using the methoddescribedhere, relative to computer
processingpower availabletoday andin the foreseeabldu-
ture, computemrmemoryis no longera constrainton building
percolationclustersnearthe percolationthreshold.The criti-
cal computer resource thus becomes solely processing
power For example by extrapolatingfrom our simulations,
we ®ndthat with our method,with lessthan 10° bytes of
memory we could build a 5D cluster of 10* sites, which
would haverequireda lattice of 10’ sites,andreacha value
of | max Of 10" ~versusthe 1024 cutoff we usedin our simu-
lationd. But the time to build a single trillion-site cluster
would be about2000h on currentworkstationsAs processor
speedsincrease our techniquefor reducingmemory usage
should allow critical exponentsand constantsto be deter
minedwith greaterprecision.Currenttechniqueof growing
clusters,including the one describedin this paper require
computemprocessingesourceof O(s), wheres is the size of
the clustergrown.

We note that the techniquewe have developedis useful
whenwe cancountthe quantitiesin which we areinterested
aswe build thecluster-e.g.,clustermass averagalistanceto
sitesin a chemicalshell. On the otherhand,it is not clear
how we could calculatethe massof the backbone for ex-
ample,using our methodbecausecurrentmethodsof deter
mining backbonemassrequire knowing all the sitesin the
cluster notjust thosein the currentchemicalshell. To obtain
backbonepropertiesone could, however reducememoryre-
quiredto ; s ~versusLY) by maintaininginformation about
all visited sites~not just thosein the currentchemicalshell
in a datastructureas opposedo maintainingthe full lattice
datastructure@2# In the Appendix,we describean alterna-
tive methodof clustergeneratiorthat canbe usedwhenin-
formationaboutall visited sitesmustbe maintained.

Finally, it is useful to compareour method with the
Hoshen-Kopelmamethod@6# which constructsall clusters
in a d-dimensionallattice by successivelypopulatingd2 1
dimensionaklicesof thelattice. Memoryis usedto storethe
last and currentslice of the lattice so the memory needed
scalesasL % 1, The Hoshen-Kopelmamethodis muchless
memory ef®cientthan the method presentedhere, and be-
comes less effective as the dimension increasessince
L921/L9 1 with increasingd. Also, the Hoshen-Kopelman
methodcannotbe usedto calculated,;,. On the otherhand,

the Hoshen-Kopelmamethodis bettersuitedto otherprob-
lems, such as calculatingthe numberof clustersthat span
acrossa rectangularsystem,than our method,basedon the
Leathalgorithm.

ACKNOWLEDGMENTS

We thankY. AshkenazysS. V. Buldyrey, P. Grassbeger, S.
Havlin, and D. Staufer for helpful commentsand discus-
sions,and BP Amoco and NSF for ®nanciakupport.

APPENDIX: ALTERNATIVE METHOD
OF CLUSTER GROWTH

We discussa variant of our approachin which we still
storeinformationconcerningvhich sitesarevisitedin a data
structureandaccesghe entriesusinga hashtable. However
if one storesinformation aboutall visited sites,not just for
thosein the last shelks!, then a traditional randomnumber
generator ~one which does not take the coordinates/
orientationof the bond as inputt can be used.Let us ®rst
considerthe casewherewe haveno needfor occupiedbond
information-e.g.,we aresimply countingthe numberof sites
in the clustet. When consideringa growth site, if: ! an
adjacentsite is vacantwe determinewhetherthe bond con-
nectedto that site is occupiedor not; 4i! an adjacentsite is
not vacant we simply do not make a determination of
whetherthe bondis occupied.

In this way we make a determinationabout whethera
given bondis occupiedno morethanonce.

Now considerthe casein which we do have a needto
know whethera bondis occupiedor not -e.g.,we arecount-
ing the numberof bondsin the clusteror we will be deter
mining the backboneof the clustet. In this case whencon-
sideringa growth site, if:

~+! An adjacentsite is vacant,we determinewhetherthe
bond connectedo that site is occupiedor not.

~i! An adjacensiteis notvacantandis in a higherchemi-
cal shell,we alsodeterminevhetherthe bondis connectedo
that site is occupiedor not.

~ii! An adjacentsite is not vacantand is in the same
chemicalshell as the growth site, we makea determination
aboutwhetherthe bondis occupiedonly if thedirectionfrom
thegrowthsiteto theadjacensiteis positive.In thisway, the
determinationabout whetherthe bond is occupiedis done
only once.This situationarisesin noncubic-e.g.,triangulat
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lattices and when we start cluster growth with multiple
seeds.

~4v! An adjacensiteis notvacantandis in alower chemi-
cal shell than the growth site, we make no determination
aboutwhetherthe bondto that site is occupied;whetherthe
bondis occupiedhasbeendeterminedearlierin the growth
processlin fact, the bond must be unoccupiedbecaussf it
wereoccupiedwe would havereachedhe growth site earlier
directly from the adjacentsite.

Thuswe ensurethat we determinewhethera bondis oc-
cupiedonceandonly once.If oneneedsto keepa recordof

PHYSICAL REVIEW E 64 026115

whethera givenbondis occupied-e.g.,to laterdeterminethe
backboné this information can be storedin the entry in the
datastructurefor the sitewith which thebondsareassociated
alongwith the coordinatef the site, etc.

This method tradesoff memory ~we keep state for all
visited sited versusperformancewe canusethe fastertra-
ditional randomnumbergeneratorasopposedo theencryp-
tionlike randomnumbergeneratadr. Also, in caseswherewe,
for someotherreasonmustkeepstateinformationaboutall
the sites, we can obtain the bene®tof the using a faster
randomnumbergeneratar
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