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The universality hypothesis predicts that critical-point exponents should be independent of the ratio 
R = Js /Jxy , where Js and Jxy are the interplanar and intraplanar coupling strengths respectively, This 
hypothesis is supported by calculations for y and v for the SC and fee Ising lattices. 

The universality hypothesis [l] is designed to 
provide an answer to the question ‘On what fea- 
tures of an interaction Hamiltonian do critical- 
point exponents depend ? ‘. The validity of the uni- 
versality hypotheses has been seriously questioned 
by recent results [2-41 that certain exponents for a 
special sort of two-dimensional Ising-like model 
varied smoothly with the magnitude of a four- 
spin interaction. It is, of course, quite possible 
that the universality hypothesis is still valid for 
realistic, three-dimensional systems, and it is 
this problem that we address in the present work. 

A large portion of the models that are of ex- 
perimental interest can be described by the 
classical Hamiltonian 

where the vectors r, r’ label sites on a d-di- 
mensional lattice of N sites, SF is the crth com- 
ponent of a spin vector in a D-dimensional spin 
space, and Jg_ r 1 denotes an exchange constant. 
For D = 1,2,3 and 00 the Hamiltonian (1) reduces 
to the Ising, plane rotator, classical Heiselberg, 
and spherical models respectively [ 51. 

Since current evidence favors spin indepen- 
dence of the critical-point exponents [6], we 
have considered only the classical Hamiltonian 
(1). Thus essentially the only parameters upon 
which critical-point exponents might depend 
are (i) the lattice dimensionality, d, (ii) the spin 
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space dimensionality, D, (iii) the ‘lattice ani- 
Q sotropy’ or dependence of Jr_rt upon the direc- 

tion of r-r’, (iv) the ‘spin space anisotropy’ or 
dependence of JF_ r 7 upon LY, and (v) the range of 
interaction, or dependence of JF_ ,.t upon 1 r- r’i . 

The universality hypothesis would predict that 
critical-point exponents depend upon (ii) and (iv) 
only through the symmetry of the ordered phase, 
so that one can assign an ‘effective D’ to an ar- 
bitrary anisotropic interaction (as concluded [7] 
from high-temperature series expansions). Here 
we study the possible dependence of critical- 
point exponents upon (iii), lattice anisotropy; in 
a subsequent work we study the possible depen- 
dence upon (v), the range of interaction. Accord- 
ingly, we have used the technique of bond and 
vertex renormalization [8] to calculate high- 
temperature series expansions for the two-spin 
correlation function F(r) for the interaction 
Hamiltonian 

gl.anis. = - 2 Jxy SfSjz - 5 J, $s; 

(ii> (iii) 

I _ J,,[c" ,&f,+ R 5 SfSf] (2) 

<ij) (0) 

Here R = Jz /Jxy and the first summation is over 
pairs of nearest-neighbor sites whose relative 
displacement vector rij has no z component, 
while the second summation is over all other 
pairs of nearest neighbor sites. We treat the sim- 
ple cubic (SC) and the face centered cubic (fee) lat. 
tices, and we note that in the limit R - 0, the 
SC and fee lattices reduce to non-interacting 
planes (d = 2), while in the limit R -m, the SC 
lattice reduces to an array of non-interacting 
chains (d = l), and the fee lattice reduces to a 
bee lattice (d = 3). 
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Fig.1. The dependence upon l/n of successive esti- 
mates from Park’s method, for% 
for various values of R t J, /Jxy. 
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vature displayed for R << 1 and R >> 1 indicates that 
the series have not yet settled down to the true three- 
dimensional behavior. The behavior shown in this 
figure is representative of that obtained by other ex- 

trapolation methods (see discussion in text). 

To the best of our knowledge this work is the 
first treatment of %l_anis. for d = 3 lattices using 
series expansions *. 

We have calculated the coefficients in the 
high-temperature series expansion for the two- 
spin correlation function, 

l?(r) = 5 g,(t) xn , 
n=O 

through order gI0 for %l.anis_ (for which x 5 
E Jxy/kT ). The coefficients gn( t) were then 
utilized to calculate series of corresponding 
lengths for the reduced zero-field isothermal 
susceptibility, 

xT’cr(y)’ ganxn-eVY , 
r E=O 

for the ‘second moment’, 

* For the d = 2 Ising model, it has been shown by 
various authors that ff, p and V are constant for 
O<J,./Jy< 0. 
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/.l’2 q ~r2lT(r) s c b,a? - E-(2V+ y) , 
r n=O 

and for the zero-field specific heat, 

It is by now conventional to obtain estimates 
for critical-point exponents by making extrapo- 
lations based upon a finite number of exactly- 
calculated terms, and many methods have been 
proposed to render this step possible; for ex- 
ample 
(i) the ratio mentioned, (ii) the method of Pad6 
approximants, (iii) ‘Park’s method’ [9], (iv) 
‘Tc renormalization’ [7]. We note that methods 
(iii) and (iv) provide estimates of the critical- 
point exponents that do not depend in any way 
upon the critical temperature. 

For 0.08 CR for the fee lattice, and for 
0.2 c R 6 5.0 for the SC lattice, both the expo- 
nents y and v were found to be unchanged from 
their values for the isotropic case, R = 1. For 
very small values of R (as well as for very large 
values of R in the case of the SC lattice), we 
find evidence from the series (cf., e.g., fig. 1) 
that ten terms are not sufficient to indicate the 
true three-dimensional nature of the lattice. 
Since it would be difficult to imagine why the 
series should ‘lock in’ on the R = 1 values of the 
exponents for all R within such a wide range, 
and since we have clear eivdence that the series 
are not convergent outside the range of R for 
which the R = 1 values are indicated, we feel that 
the exponents y and v probably take on their 
values for an isotropic lattice (R = 1) for all R 
in the range 0 < R < *, changing discontinuously 
to the appropriate values for a two-dimensional 
lattice (y = 1.75 and v = 1) for R = 0 (and, in the 
case of the SC lattice, changing discontinuously 
to the behavior of a one-dimensional lattice for 
R = co) **. 

In summary, then, we conclude that y = 
= 1.25 * 0.01 and v = 0.635 f 0.010 for911,an.s, 
for the range 0.08 6 R (fee) and 0.2 <R c 1 i 0.2 
(SC) ***. For values of R outside this range, we 

** For the CH series none of the methods was suffi- 
ciently smoothtly convergent for us to make any firm 
conclusions at this time concerning the dependence 
of (Y upon R. 

***Our estimates revealed that 2~ was slightly greater 
than ‘y for most cases, however, the confidence 
limits on the exponent r] = 2 -Y/V were sufficiently 
large as to preclude any statement at this time 
concerning whether in fact 11 > 0. 
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have evidence that our series are not sufficiently 
long to display their true asymptotic behavior. 
Therefore, our results are fully consistent with 
the predictions of the universality hypothesis. 

We wish to thank M. Ferer, M.A. Moore and 
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program they used for their nearest -neighbor 
isotropic calculations. We also wish to acknow- 
ledge many helpful conversations with Sava 
MiloSevic’ and M. Howard Lee. 
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