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Using Monte Carlo simulations,we study the distributionsof the 3-block massN3 in four-, ®ve-,and
six-dimensionalpercolationsystems.Becausetheprobabilityof creatinglarge3-blocksin thesedimensionsis
very small, we use a `̀ go with the winners'' method of statisticalenhancementto simulatecon®gurations
having probability as small as 102 30. In earlier work, the fractal dimensionsof 3-blocks,d3, in 2D ~two
dimensional! and3D were found to be 1.206 0.1 and1.156 0.1, respectively, consistentwith the possibility
that the fractal dimensionmight be the samein all dimensions.We ®ndthat the fractal dimensionof 3-blocks
decreasesrapidly in higher dimensions,and estimated35 0.76 0.2 ~4D! and 0.56 0.2 ~5D!. At the upper
critical dimensionof percolation,dc5 6, our simulationsare consistentwith d35 0 with logarithmic correc-
tions to power-law scaling.
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I. INTRODUCTION

Percolationis a classicmodel for disorder@1±3#. It con-
tinuesto beof interestbothbecauseof theapplicationof the
model to variousphysicalphenomenafrom ¯ow in porous
media@4#to thebehaviorof forest®res@5#andbecauseasa
simplegeometricalmodelof a systemwith a phasetransition
it providesan ideal environmentfor studyingthe properties
of critical systems@6#.

A numberof yearsago,it wasrealizedthat for bondper-
colationthe incipient in®niteclustercanbedecomposedinto
simply connected̀ `links'' and multiply connected̀ `blobs''
@7#. Recently, it has beenrecognizedfor bond percolation
that clusters and blobs are the k5 1 and k5 2 casesof
k-connectedgraphs(k-blocks!, graphsin which all vertices
areconnectedto everyothervertexin thek-block by at least
k independentpaths@8±10#. Thevaluesof thefractaldimen-
sion d3 of 3-blocks in two- and three-dimensional~2D and
3D! percolationsystemsat the percolationthresholdwere
found to be 1.206 0.1 and1.156 0.1, respectively@9#.

The fact that the fractal dimensionsof 3-blocksareiden-
tical within error barsis consistentwith the possibility that
d3 might be independentof dimension.This independence
on dimensionwould be surprising becauseall other non-
trivial exponentsdependon dimensionbelowtheuppercriti-
cal dimensiondc5 6. To investigatewhetherd3 is, in fact,
independentof dimension,we focus in this paperon deter-
mining d3 for d5 4, 5, and6 usingMonteCarlosimulations.

In the following section,we study d3 for percolationon
the Cayley tree in order to gain insight into the behaviorof
3-blocksin very high dimension.In Sec.III, we discussthe
methodswe useto generatelarge 3-blocks in 4D, 5D, and
6D. In Sec.IV, we discussour results.

II. CAYLEY TREE RESULTS

Percolationon the Cayley treehasbeenusedasa model
for percolationfor d> 6, theuppercritical dimensionof per-

colation. The cluster fractal dimensionand blob fractal di-
mension,aswell asa numberof othercritical exponentson
the Cayley tree, are identical to thoseof percolationfor d
> 6 @1±3#. Below, we arguethat for percolationon theCay-
ley treedk5 0 for k> 3 suggestingthatwhile d3 maychange
little betweend5 2 andd5 3, eventuallyd3 decreasesmore
rapidly approachingzero for d5 6. To show that dk5 0 for
k> 3 for percolationon the Cayleytree,we makeuseof the
conceptof k-bone.Reference@9#generalizesthe conceptof
backboneby de®ninga k-bone as the set of all sites con-
nectedto k disjoint setsof points by k independentpaths.
Thus,clustersand backbonesare k-boneswith k5 1 and 2,
respectively. For a given k, the fractal dimensionof k-bones
andk-blocksareequal@9#.

To seethat for percolationon the Cayley tree the fractal
dimensionof a 3-boneis zero,we chooseanythreepointson
the boundary~Fig. 1! andobservethat thereis only onesite
which is connectedto thesepoints by independentpaths.
This result is independentof the sizeof the tree,evenif the
treeis fully populated.Hence,the fractal dimensionis zero.
Clearly this argumentholdsfor largerk andis meaningfulas
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FIG. 1. Cayleytreein which eachsiteexceptthoseon boundary
has three neighbors.We note that even when all bondsare fully
occupied,therecan be only one site which is connectedto three
siteson theboundary. In this examplethe threesiteson thebound-
ary are the ®lled circles and the one site connectedto them by
independentpathsis the stripedcircle denotedby A.
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long asthebranchingfactor in theCayleytreeis greaterthan
or equalto k, andholds independentof size.

III. SIMULA TION METHOD

A. Statistical enhancementmethod

Randomlygeneratedrealizationsin which large 3-blocks
arepresentbecomemoreandmorerareasthesystemdimen-
sion increases.In fact, if traditional techniquesare usedto
generaterealizations,for d aslow as4 the rangeof the val-
uesof the massesof 3-blockscreatedare so small that one
cannotdetermined3 either by ®ndingthe best collapseof
plotsof thedistributionof massesor by inferring d3 from the
slopeof the power-law regimeof the distributions.

To overcomethis problem,we usea `̀ go with the win-
ners'' methodof statisticalenhancementdescribedin Ref.
@11#. The basic idea of this approachin the context of a
percolationclustergrowth algorithmis asfollows:

~i! Beforewe startgrowinga cluster, assigna valueof one
to the weight W of the cluster.

~ii ! We usetheLeathmethodto grow clusters@12#. While
the clusteris growing,we calculatecertainpropertiesof the
stateof theclusteraftereveryintervalof n chemicalshellsof
growth.

~iii ! If certaincriteria on the propertiesof the stateof the
cluster that are describedbelow are met, we `̀ clone'' the
stateso we have m copies~including the original! of the
state,adjust W accordinglyto W/m and continuegrowing
eachof thesem clones.If thesecriteria arenot met, simply
continuegrowing the nonclonedcluster.

Cloning can takeplacemultiple timesduring the growth
of a cluster;theresultis a treestructureof realizationswhere
the leavesof the tree representthe completion of cluster
growth.At eachof thesecompletionsof clustergrowth, we
calculatethe quantitiesbeing studied,in this case3-block
masses,andwith weightW updatea histogramoverall clus-
ters.By addingthemwith weight W, statisticalaveragesare
not biasedeventhoughthe ensembleis biased.

Here, m and n are parameterswhich can be tuned to
achieve the desired level of `̀ rareness'' which can be
reached.If n is large and m is small, there will be little
cloning and we will generateclusters with weights only
moderatelysmallerthanwithout enhancement.If n is small
andm is large, therewill be muchcloning andwe will gen-
erateclusterswith weightsvery much smallerthan without
enhancement.However, if n is suf®cientlysmall and/orm is
suf®cientlylarge, clustergrowth will effectively neverend
naturally, andwe will not be able to extractuseful informa-
tion from the simulation.

Froman implementationstandpoint,it is not necessaryto
actuallycreatecopiesof the stateof the systemin computer
memory to createthe clones;as noted in Ref. @11# we can
effectively walk the clone tree in a `̀ depth-®rst'' manner,
completelytreatinga given clone beforewe begin treating
the next clone.What is requiredis that we savethe stateof
the systembeforewe begingrowth basedon a cloneso that
we canreturnto thatstatewhenwe begingrowthon thenext
clone.This savingof stateis accomplishednaturallywith a

`̀ last-in-®rst-out'' stack in which we maintain information
aboutsitesin the cluster.

We ®rst attempted to create realizations with large
3-blocksby creatingvery denseclusters.We set as our cri-
teria for cloning the condition that the numberof occupied
bondsactually createdduring the n shell interval be larger
than the number of times we determinedwhethera bond
should be occupiedtimes the bond occupationprobability.
While this algorithmis very effective in creatingdenseclus-
ters,it did not resultin large3-blockswithin theclusters.We
were, however, successfulin creating clusters with large
3-blocksby usinga criterionwhich resultsin thecreationof
large blobs: clone if the most massiveblob found in the
clusterat the end of the interval is more massivethan the
largestblob createdbeforegrowth in the interval is begun.
That is, either an existing blob grows, one or more blobs
merge or a new blob is createdwhich is moremassivethan
any existingpreviousto growth in the interval.

B. Incr emental cluster decomposition

Thedecisionwhetherto clonedependson a knowledgeof
the massof the largestblob in the cluster. It would be unac-
ceptably inef®cient to decomposethe entire cluster into
blobsstartingfrom scratcheachtime we mustmakea clon-
ing decision.Instead,we useanalgorithmfor clusterdecom-
position which allows us to incrementallydecomposethe
cluster into blobs.At the end of an interval of n chemical
shellsof growth, we needonly to considerthe effect on the
clusterdecompositionof the sitesandbondswe haveadded
to theclusterduringtheinterval.Thealgorithm,basedon the
algorithmof Ref. @13#for determiningthe clusterbackbone,
works asfollows:

FIG. 2. P(N3uL), thedistributionof 3-blockmassN3 for ~from
left to right! L5 8, 16, 32, 64, and128 for the caseof four dimen-
sions.~a! uncollapsed,~b! collapsedusinga valueof d35 0.7.
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~i! During the growth of the cluster we identify `̀ loop
sites.'' Loop sitesare siteswhich are reachedfrom two or
moredifferentgrowth sitessimultaneously@7,13#.

~ii ! At the endof an interval of growth,we usethe burn-
ing algorithm@7,13#to walk backfrom eachloop sitetoward
the origin of the cluster. When we reacha stateduring the
walk whenonly onesite is burning,all sitestraversedso far
composea blob. If during the walk we hit an existingblob,
that blob is incorporatedinto the blob associatedwith the
loop site from which the walk started.

~iii ! Whenwe haveexhaustedall clonescreatedat theend
of an interval, we must restorethe systemto its stateat the
beginningof the interval. That is, we must ~a! destroyall
blobs created,~b! separateany blobs which were merged,
and~c! reduceanyblobswhich grewduringtheintervalback
to their sizeat the beginningof the interval.

This is all accomplishedby carefully maintainingthe ap-
propriatestateinformationduring thegrowthandclusterde-
compositionprocesses.

IV. RESULTS AND DISCUSSION

Using themethodsdescribedin theprecedingsection,we
generatepercolationclusterson hypercubiclatticesfor 2D,
3D, 4D, 5D, and6D at their respectivepercolationthresholds
@14,15#. To validateour useof the go with the winnersap-
proachandour incrementalclusterdecompositiontechnique,
we comparedour resultsin 2D and3D with previousresults
@9,10#andfound themto be consistent.

In Fig. 2~a!, we plot P(N3uL), thedistributionof 3-block
massN3 in a systemof sizeL for variousL for d5 4. In Fig.
2~b!, we plot the samedistributionscollapsedusingthe esti-

matedvalued35 0.7which,visually, yieldsthebestcollapse.
We showanalogousplots for d5 5 andd5 6 in Figs. 3 and
4. Basedon the value of d3 which yields the bestcollapse,
we estimate

d35 H0.76 0.2 ~4D!

0.56 0.2 ~5D!.
~1!

If we ®tour resultsfor 6D with a powerlaw, thenwe ®ndthe
bestcollapseis obtainedfor d35 0.256 0.2. However, it it
dif®cult to numericallydistinguishbetweenpower-law scal-
ing with a smallexponentandlogarithmicscaling.Hence,in
Fig. 4~c!, we alsocollapsethedistributionsfor 6D assuming
d35 0 with logarithmiccorrectionsto scaling

N3; 11 Aln L ~6D!, ~2!

with A5 1.0. Thequality of thecollapsesfor power-law scal-
ing andlogarithmicscalingseemto becomparable;however,

FIG. 3. P(N3uL), thedistributionof 3-blockmassN3 for ~from
left to right! L5 8, 16, 32, and64 for the caseof ®vedimensions.
~a! uncollapsed,~b! collapsedusinga valueof d35 0.5.

FIG. 4. P(N3uL), thedistributionof 3-blockmassN3 for ~from
left to right! L5 8, 16, and 32 for the caseof six dimensions.~a!
uncollapsed,~b! collapsedusinga valueof d35 0.25, ~c! collapsed
assumingN3; 11 Aln L with A5 1.0.
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the factsthat d35 0 for the Cayleytreeandthat logarithmic
correctionsto scalingare commonat the uppercritical di-
mensionfavor the conclusionthat d35 0 for d5 6.

Our results,despitetheir limited precision,indicate that
d3 is not independentof dimensionbelow the uppercritical
dimension.The possibility of suchindependencein 2D and
3D is only a manifestationof the relatively low precisionof
the resultsand the relativeclosenessof the actualvaluesof
d3 for d5 2 and3.

Finally, we maketwo observations:
~i! We note that the behavior of d3 with dimensionis

qualitatively the oppositeof the behavior of d2, the blob
fractal dimension,in the following sense:d2 increasessig-
ni®cantlybetweend5 2 andd5 3 but increasesvery slowly

betweend5 3 and d5 6 @2,16±19#, while d3 is slowly de-
creasingbetweend5 2 andd5 3 but thendecreasessigni®-
cantly betweend5 3 andd5 6.

~ii ! Since k5 0 correspondsto the entire system,which
scalesasLd, we note that for k5 0, 1, 2, and3, the fractal
dimensionsdk for 6D are6, 4, 2, and0, respectively, that is,
a seriesof decreasingconsecutiveevenintegers.
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