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Using Monte Carlo simulations,we study the distributions of the 3-block massN; in four-, ®ve-,and
six-dimensionapercolationsystemsBecausehe probability of creatinglarge 3-blocksin thesedimensionds
very small, we usea “go with the winners' method of statisticalenhancemento simulate con®gurations
having probability as small as 107 *°. In earlier work, the fractal dimensionsof 3-blocks,d;, in 2D ~wo
dimensiondl and 3D were found to be 1.206 0.1 and 1.15% 0.1, respectively consistentwith the possibility
thatthe fractal dimensionmight be the samein all dimensionsWe ®ndthat the fractal dimensionof 3-blocks
decreasesapidly in higher dimensions,and estimated;5 0.76 0.2 4D! and 0.56 0.2 -5D!. At the upper
critical dimensionof percolation,d.5 6, our simulationsare consistentwith d;5 0 with logarithmic correc-

tions to powerlaw scaling.
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I. INTRODUCTION

Percolationis a classicmodelfor disorder@+3# It con-
tinuesto be of interestboth becausef the applicationof the
model to various physicalphenomendrom ow in porous
media@#to the behaviorof forest®res@#andbecauseasa
simplegeometricaimodelof a systemwith a phaseransition
it providesan ideal environmentfor studyingthe properties
of critical systems@#

A numberof yearsago,it wasrealizedthat for bond per
colationtheincipientin®niteclustercanbe decomposedhto
simply connectedlinks" and multiply connected blobs'
@*# Recently it has beenrecognizedfor bond percolation
that clustersand blobs are the k5 1 and k5 2 casesof
k-connectedgraphs(k-blockd, graphsin which all vertices
areconnectedo everyothervertexin the k-block by at least
k independenpaths@=10# The valuesof the fractal dimen-
sion d; of 3-blocksin two- and three-dimensiona2D and
3D! percolationsystemsat the percolationthresholdwere
foundto be 1.206 0.1 and1.1% 0.1, respectively@#

The fact that the fractal dimensionsof 3-blocksareiden-
tical within error barsis consistentwith the possibility that
d; might be independenbf dimension.This independence
on dimensionwould be surprising becauseall other non-
trivial exponentslependon dimensionbelowthe uppercriti-
cal dimensiond.5 6. To investigatewhetherds is, in fact,
independenbf dimension,we focusin this paperon deter
mining d5 for d5 4, 5, and6 usingMonte Carlosimulations.

In the following section,we study d5 for percolationon
the Cayleytreein orderto gaininsightinto the behaviorof
3-blocksin very high dimension.In Sec.lll, we discussthe
methodswe useto generatdarge 3-blocksin 4D, 5D, and
6D. In Sec.lV, we discussour results.

II. CAYLEY TREE RESULTS

Percolationon the Cayleytree hasbeenusedasa model
for percolationfor d> 6, the uppercritical dimensionof per
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colation. The cluster fractal dimensionand blob fractal di-
mension,aswell asa numberof othercritical exponentson
the Cayley tree, are identical to thoseof percolationfor d
> 6 @+3# Below, we arguethatfor percolationon the Cay-
ley treed,5 O for k> 3 suggestinghatwhile d; maychange
little betweend5 2 andd5 3, eventuallyd; decreasemore
rapidly approachingzerofor d5 6. To showthatd,5 O for
k> 3 for percolationon the Cayleytree,we makeuseof the
conceptof k-bone.Reference@# generalizeghe conceptof
backboneby de®ninga k-bone as the set of all sitescon-
nectedto k disjoint setsof points by k independenpaths.
Thus, clustersand backbonesare k-boneswith k5 1 and 2,
respectivelyFor a givenk, the fractal dimensionof k-bones
andk-blocksare equal @4

To seethat for percolationon the Cayleytree the fractal
dimensionof a 3-boneis zero,we chooseanythreepointson
the boundary-Fig. 1! andobservethatthereis only onesite
which is connectedto thesepoints by independentpaths.
This resultis independenbf the size of the tree,evenif the
treeis fully populated Hence,the fractal dimensionis zero.
Clearly this agumentholdsfor largerk andis meaningfulas

FIG. 1. Cayleytreein which eachsite exceptthoseon boundary
has three neighbors.We note that evenwhen all bondsare fully
occupied,there can be only one site which is connectedto three
siteson the boundary In this examplethe threesiteson the bound-
ary are the ®lled circles and the one site connectedto them by
independenpathsis the stripedcircle denotedby A.

«2003 The AmericanPhysicalSociety



G. PAUL AND H. E. STANLEY

long asthe branchingfactorin the Cayleytreeis greaterthan
or equalto k, and holdsindependentf size.

Il. SIMULATION METHOD
A. Statistical enhancementmethod

Randomlygeneratedealizationsin which large 3-blocks
arepresenbecomemoreandmorerareasthe systemdimen-
sion increasesln fact, if traditional techniquesare usedto
generateealizationsfor d aslow as4 the rangeof the val-
uesof the masse®f 3-blockscreatedare so small that one
cannotdetermined; either by ®ndingthe best collapseof
plotsof the distributionof masse®r by inferring d; from the
slopeof the powerlaw regimeof the distributions.

To overcomethis problem,we usea “go with the win-
ners' methodof statisticalenhancementlescribedin Ref.
@1# The basic idea of this approachin the contextof a
percolationclustergrowth algorithmis asfollows:

! Beforewe startgrowinga cluster assigna valueof one
to the weight W of the cluster

~i! We usethe Leathmethodto grow clusters@2# While
the clusteris growing, we calculatecertainpropertiesof the
stateof the clusteraftereveryinterval of n chemicalshellsof
growth.

~ii ! If certaincriteria on the propertiesof the stateof the
cluster that are describedbelow are met, we “clone' the
state so we have m copies~including the originall of the
state,adjust W accordinglyto W/m and continue growing
eachof thesem clones.If thesecriteria are not met, simply
continuegrowing the nonclonedcluster

Cloning cantake place multiple times during the growth
of acluster;theresultis a treestructureof realizationswvhere
the leavesof the tree representthe completion of cluster
growth. At eachof thesecompletionsof clustergrowth, we
calculatethe quantitiesbeing studied, in this case3-block
massesandwith weight W updatea histogramoverall clus-
ters. By addingthemwith weight W, statisticalaveragesre
not biasedeventhoughthe ensembléds biased.

Here, m and n are parameterswhich can be tuned to
achieve the desired level of “rareness' which can be
reached.If n is large and m is small, there will be little
cloning and we will generateclusterswith weights only
moderatelysmallerthan without enhancementf n is small
andm is large, therewill be much cloningandwe will gen-
erateclusterswith weightsvery much smallerthan without
enhancementiowever if n is suf®cientlysmalland/ormis
suf®cientlylarge, cluster growth will effectively neverend
naturally andwe will not be ableto extractusefulinforma-
tion from the simulation.

From animplementatiorstandpointjt is not necessaryo
actually createcopiesof the stateof the systemin computer
memoryto createthe clones;as notedin Ref. @1# we can
effectively walk the clone tree in a “depth-®rst' manney
completelytreating a given clone before we begin treating
the next clone.Whatis requiredis that we savethe stateof
the systembeforewe begingrowth basedon a clone so that
we canreturnto thatstatewhenwe begingrowth on the next
clone. This savingof stateis accomplishechaturally with a
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FIG. 2. P(NsW), thedistributionof 3-blockmassN3 for ~from

left to right! L5 8, 16, 32, 64, and 128 for the caseof four dimen-
sions.~al uncollapsed;h! collapsedusinga valueof d;5 0.7.

“last-in-®rst-out’ stack in which we maintain information
aboutsitesin the cluster

We ®rst attempted to create realizations with large
3-blocksby creatingvery denseclusters.We setas our cri-
teria for cloning the condition that the numberof occupied
bondsactually createdduring the n shell interval be larger
than the number of times we determinedwhethera bond
should be occupiedtimes the bond occupationprobability
While this algorithmis very effective in creatingdenseclus-
ters,it did notresultin large 3-blockswithin the clusters We
were, however successfulin creating clusters with large
3-blocksby usinga criterion which resultsin the creationof
large blobs: clone if the most massiveblob found in the
clusterat the end of the interval is more massivethan the
largestblob createdbefore growth in the interval is begun.
That is, either an existing blob grows, one or more blobs
merge or a new blob is createdwhich is more massivethan
any existing previousto growth in the interval.

B. Incremental cluster decomposition

The decisionwhetherto clonedepend®n a knowledgeof
the massof the largestblob in the cluster It would be unac-
ceptably inef®cientto decomposethe entire cluster into
blobs startingfrom scratcheachtime we mustmakea clon-
ing decision.Insteadwe useanalgorithmfor clusterdecom-
position which allows us to incrementallydecomposethe
clusterinto blobs. At the end of an interval of n chemical
shellsof growth, we needonly to considerthe effect on the
clusterdecompositiorof the sitesandbondswe haveadded
to theclusterduringtheinterval. The algorithm,basedon the
algorithmof Ref. @3#for determiningthe clusterbackbone,
works asfollows:
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FIG. 3. P(N3W), thedistributionof 3-block massN; for from
left to right! L5 8, 16, 32, and 64 for the caseof ®vedimensions.
~al uncollapsed;b! collapsedusinga value of d;5 0.5.

~+! During the growth of the cluster we identify “loop
sites." Loop sitesare siteswhich are reachedfrom two or
more differentgrowth sitessimultaneously@, 134

~i! At the endof aninterval of growth, we usethe burn-
ing algorithm @,13to walk backfrom eachloop sitetoward
the origin of the cluster When we reacha stateduring the
walk whenonly onesite is burning,all sitestraversedso far
composea blob. If during the walk we hit an existing blob,
that blob is incorporatedinto the blob associatedwith the
loop site from which the walk started.

i Whenwe haveexhausteall clonescreatedattheend
of aninterval, we mustrestorethe systemto its stateat the
beginningof the interval. That is, we must ~a! destroyall
blobs created,b! separateany blobs which were meged,
and-~¢! reduceanyblobswhich grewduringtheintervalback
to their size at the beginningof the interval.

This is all accomplishedy carefully maintainingthe ap-
propriatestateinformationduring the growth and clusterde-
compositionprocesses.

IV. RESULTS AND DISCUSSION

Using the methodsdescribedn the precedingsection,we
generatepercolationclusterson hypercubiclatticesfor 2D,
3D, 4D, 5D, and6D attheir respectivepercolationthresholds
@4,15¢ To validate our useof the go with the winnersap-
proachandour incrementaktlusterdecompositiortechnique,
we comparedbur resultsin 2D and 3D with previousresults
@,1# andfound themto be consistent.

In Fig. 2-a!, we plot P(N3W ), the distributionof 3-block
massN3 in a systemof sizelL for variousL for d5 4. In Fig.
2-b!, we plot the samedistributionscollapsedusingthe esti-
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FIG. 4. P(NsW), thedistributionof 3-blockmassN3 for ~from
left to right! L5 8, 16, and 32 for the caseof six dimensions-al
uncollapsed;b! collapsedusinga valueof d;5 0.25, <! collapsed
assumingN3; 11 AlnL with A5 1.0.

matedvalueds;5 0.7 which, visually, yieldsthe bestcollapse.
We showanalogousplots for d5 5 andd5 6 in Figs. 3 and
4. Basedon the value of d; which yields the bestcollapse,
we estimate

. 76 0.2 -4D!
1
3 5 0.2 -5D!. 1

If we ®tourresultsfor 6D with a powerlaw, thenwe ®ndthe

bestcollapseis obtainedfor d;5 0.25% 0.2. However it it

dif®cultto numericallydistinguishbetweenpowerlaw scal-
ing with a smallexponentandlogarithmicscaling.Hence,in

Fig. 4!, we alsocollapsethe distributionsfor 6D assuming
ds5 0 with logarithmic correctionsto scaling

Ns; 11 AinL  -6D!, 2!

with A5 1.0. The quality of the collapsedor powerlaw scal-
ing andlogarithmicscalingseemto be comparablehowever
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the factsthatds;5 0 for the Cayleytree andthatlogarithmic
correctionsto scalingare commonat the upper critical di-
mensionfavor the conclusionthatd;5 0 for d5 6.

Our results,despitetheir limited precision,indicate that
d; is not independenbf dimensionbelow the uppercritical
dimension.The possibility of suchindependencén 2D and
3D is only a manifestatiorof the relatively low precisionof
the resultsandthe relative closenes®f the actualvaluesof
d; for d5 2 and3.

Finally, we maketwo observations:

4! We note that the behaviorof d; with dimensionis
qualitatively the oppositeof the behaviorof d,, the blob
fractal dimension,in the following sense:d, increasessig-
ni®cantlybetweend5 2 andd5 3 butincreasevery slowly
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betweend5 3 andd5 6 @,16+19% while d; is slowly de-
creasingbetweend5 2 andd5 3 but thendecreasesigni®-
cantly betweend5 3 andd5 6.

~i! Sincek5 0 correspondgo the entire system,which
scalesas LY, we notethatfor k5 0, 1, 2, and 3, the fractal
dimensiond, for 6D are®6, 4, 2, and0, respectivelythatis,
a seriesof decreasingonsecutiveevenintegers.
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