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The incipient in®niteclusterappearingat the bond percolationthresholdcan be decomposedinto singly
connected̀`links'' and multiply connected̀`blobs.'' Here we decomposeblobs into objectsknown in graph
theoryas3-blocks.A 3-block is a graphthat cannotbe separatedinto disconnectedsubgraphsby cutting the
graphat two or fewervertices.Clusters,blobs,and3-blocksarespecialcasesof k-blockswith k5 1, 2, and3,
respectively. We studybondpercolationclustersat the percolationthresholdon two-dimensional~2D! square
latticesandthree-dimensionalcubic latticesand,usingMonteCarlosimulations,determinethedistributionof
thesizesof the3-blocksinto which theblobsaredecomposed.We ®ndthatthe3-blockshavefractaldimension
d35 1.26 0.1 in 2D and 1.156 0.1 in 3D. Thesefractal dimensionsare signi®cantlysmaller than the fractal
dimensionsof theblobs,makingpossiblemoreef®cientcalculationof percolationproperties.Additionally, the
closenessof the estimatedvaluesfor d3 in 2D and3D is consistentwith the possibility that d3 is dimension
independent.Generalizingtheconceptof thebackbone,we introducetheconceptof a `̀ k-bone,'' which is the
set of all points in a percolationsystemconnectedto k disjoint terminal points ~or setsof disjoint terminal
points! by k disjoint paths.We arguethat the fractaldimensionof a k-boneis equalto the fractaldimensionof
k-blocks,allowing usto discusstherelationbetweenthefractaldimensionof k-blocksandrecentwork on path
crossingprobabilities.
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I. INTRODUCTION

Percolationis the classicmodel for disorderedsystems
@1±3#. For concretenesswe will studybondpercolationsys-
temsin which bondson a latticearerandomlyoccupiedwith
probability p. Clustersare de®nedas groups of sites and
bondswhich areconnectedby occupiedbonds.Clusterscan
be decomposedinto objectsknown asblobs.Blobs aresets
of sitesandbondswhich cannotbedecomposedinto discon-
nectedsetsby cuttingonly onebond.Equivalentlyblobsare
sometimesdescribedasbeingmultiply connectedÐthereare
at leasttwo disjoint pathsbetweeneachpoint in a blob and
everyotherpoint in the blob. The decompositionof the en-
tire percolationclusterinto blobshasbeenextensivelystud-
ied @4#, as hasbeenthe distributionof sizesof blobs in the
backbone@5#. For bothclusterandbackboneblobs,the frac-
tal dimensionof the blobs is the fractal dimensionof the
backbone.

Here we addressthe questionsof ~i! whether there are
more fundamentalobjectsinto which blobs can be decom-
posed,and~ii ! whethertheseobjectsthenbe further decom-
posed.To answerthesequestions,weemploythelanguageof
graphtheory, in whichsitesaretheverticesandbondsarethe
edgesof a graph@6#.

Onecande®nek-connectedgraphs~or k-blocks! asgraphs
thatcannotbeseparatedinto disconnectedsubgraphsby cut-
ting the graphat fewer than k vertices@6,7#. Thus,clusters
are1-blocksandblobsare2-blocks.Thenaturalnextlevel of
decompositionof percolationsystemsis to decomposeblobs
~2-blocks! into 3-blocks.By the de®nitionabove,3-blocks

aregraphsthat cannotbe decomposedby cutting the graphs
at fewerthanthreevertices.Froma physicist's point of view,
onecanunderstandwhat 3-blocksareby consideringa blob
asa resistornetworkwith eachbondbeinga resistor. Assume
one is trying to determinethe resistancebetweentwo verti-
cesof the network.One can simplify the network by using
Kirchoff 's Laws to replacegroupsof sequentialbondsand
groupsof parallel bondsby single virtual bondshaving re-
sistanceequivalentto thebondsreplaced.After this hasbeen
doneas completelyas possible,what are left are 3-blocks.
We de®nethe massof a 3-block as the numberof virtual
bonds plus the number of nonreplacedoriginal bonds re-
mainingin the3-block.Figures1 and2 provideexamplesof
thedecompositionof a blob into 3-blocks.It hasbeenshown
@6# that the decompositionof 2-blocks into 3-blocks is
unique.

Determiningthescalingof thedistributionof the3-blocks
into which the2-blockscanbedecomposedis thesubjectof
this paper. In graph theory, the sitesare typically not con-
strainedto a latticestructure,andoneis only concernedwith
thetopologyof thegraphs;we will, however, work on square
andcubic lattices.

II. NOTATION

Sincewe dealwith a numberof different typesof fractal
objects,we employthe following notation.

~i! The fractal dimensionof an object of type X will be
denotedasdX .

~ii ! The numberdistributionof objectsof type X in space
of type Y of sizeL will be denotedasn(NX ,LY).

~iii ! The exponentof the power-law regimeof a distribu-
tion of objectsof typeX in spaceof typeY will bedenotedas
t X,Y .*Electronicaddress:gerryp@bu.edu
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~iv! Theamplitudeof a distributionof objectsof typeX in
spaceof type Y will be denotedasAX,Y .

~v! We de®nednY throughthe relation

^n~L !&; LdnY, ~1!

where^n(L)&is the averagenumberof disjoint objectsof a
given type in spaceY.

~vi! Thedenotespacesof typeX or Y, we use0,1,2,3 . . .
to denotek-blockswith k5 0,1,2,3 . . . correspondingto Eu-
clideanspace,clusters,blobs,and3-blocks,respectively. We
useB to denotethe percolationclusterbackbone.

~vii ! Additionally, because,as notedabove,objectssuch
as3-blockscanbenested,we denotequantitiesthat relateto
all levels of nestingwith an asterisk.Speci®cally, t X,Y* and
AX,Y* denotethe exponentof the power-law regimeand the
amplitudeof a distributionof nestedobjectsof type X at all
levelsof nestingin spaceof typeY. Similarly, dnY* is de®ned
throughthe relation

^n* ~L !&; LdnY* , ~2!

where^n* (L)&is theaveragenumberof nestedobjectsat all
levels of nestingof a given type in spaceY. Quantitiesnot
quali®edwith an asteriskwill denotequantitiesat a single
level or quantitiesthat cannotbe nested.

Using this notation,previousresultsare@5#

n~N2 ,LB!5 A2,BLdnBN2
2 t 2,Bf L2SN2

Ld2
D ~3!

for the numberdistributionof blobsof massN2 in the per-
colationclusterbackboneand@4#

n~N2 ,L1!5 A2,1L
dn1N2

2 t 2,1f L2SN2

Ld2
D ~4!

for thenumberdistributionof blobsof massN2 in thewhole
percolationcluster. The®nite-sizescalingfunction f L2(x) in
Eqs.~3! and~4! approaches0 whenx. 1 andis 1 otherwise.

In analogywith Eqs. ~3! and ~4! we expectthe number
distributionof 3-blocksat all levelsof nestingin a blob to be

n* ~N3 ,L2!5 A3,2* Ldn2* N3
2 t 3,2*

f cSN3

c Df L3SN3

Ld3
D, ~5!

wherec is themassof thesmallest3-blockandthe®nite-size
scaling function f c(x) approaches0 when x, 1 and is 1
otherwise, re¯ecting the fact that there cannot be any
3-blockssmallerthan the smallestsize c. In all dimensions
andfor all lattices,c5 5. For simplicity we will approximate
n* (N3 ,LB) as

n* ~N3 ,L2!5 HA3,2* Ldn2* N3
2 t 3,2*

, c< N3< aLd2

0 otherwise.
~6!

III. SIMULA TIONS

We perform simulationswith p5 0.5, the exactpercola-
tion thresholdfor 2D @2,3# and p5 0.2488126, the most
precisecurrentestimatefor the percolationthresholdfor 3D
@8#. We createdpercolationclusters,which includedthesites
(0,L/2) and (L,L/2) for the 2D simulationsand the sites
(0,L/2,L/2) and(L,L/2,L/2) for the 3D simulations,decom-
posedthebackbonesdeterminedby thesesitesinto blobsand
thendecomposedtheblobsinto 3-blocks.We studybothdis-

FIG. 1. ~a! Decompositionof 2-blockG into subgraphsG1 , G2,
and G3. The rightmostgraphrepresentsG with the subgraphsre-
placed by equivalent `̀ virtual edges.'' ~b! SubgraphG2 of G is
decomposedby identifying subgraphG21 . Therightmostgraphrep-
resentsG2 with the subgraphG21 replacedby its equivalentedge.
~c! SubgraphG3 of G is decomposedby identifying subgraphG31 .
The rightmostgraphrepresentsG3 with the subgraphG31 replaced
by its equivalentedge.In ~a!, ~b!, and~c! virtual edgesaredenoted
by dashedlines.Note that while not shownin this ®gure,subgraph
G31 could be further decomposed.The 3-blocks containedin the
graphG areG21 , having®veedges,andG3 ~with thesubgraphG31

replacedby its equivalentedge! havingeight edges.

FIG. 2. Exampleof decompositionof backboneinto 3-blocks.
The thin lines representthe bondsin the backbonebetweenpoints
$0,15%and $31,15%on a lattice with L5 32. The backboneis com-
posedof a few singlebondblobsconnectedto the terminalpoints
anda single large blob containing950 bonds.The thick lines rep-
resentthevirtual bondsof a singletop-level3-block into which the
blob has been decomposed.This 3-block contains 216 virtual
bonds.Someof the groupsof bondsreplacedby virtual bondscan
themselvesbe decomposedinto lower-level 3-blocksandso on.
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tributionsof 3-blocksin blobsof given massN2, anddistri-
butionsof 3-blocksin backbonesin systemsof a given size
L. For purposesof analysis,we group togetherblobs with
mass2m2 1, N2< 2m.

We perform the decompositioninto 3-blocks along the
lines of the proceduresketchedin Ref. @6#. Basically, this
procedureis as follows: We ®rstdesignatethe blob that we
are decomposingas the 2-block graphG. The naturalnext
level of decompositionis to identify connectedsubgraphs
with two or moreedgesthat areconnectedto G at only two
vertices.We denotethesesubgraphsG1 ,G2 ,G3 , . . . of G as
two-terminalobjects.Thesetwo-terminalobjectscanthenbe
replacedin G by `̀ virtual edges,'' e1 ,e2 ,e3 , . . . . Note that
this processcan be continuedrecursively. That is, the sub-
graph Gi may itself contain sub-graphs,Gi 1 ,Gi 2 ,Gi 3 , . . .
thatareconnectedto Gi at only two vertices;we thenreplace
the subgraphsGi j in Gi by virtual edgeseGi j . The process
continuesuntil the only remainingsubgraphsare thosethat
cannotbe decomposedfurther by making cuts at two verti-
ces; these,by de®nition,are 3-blocks.An exampleof this
decompositionis shownin Fig. 1. Othermethodsof decom-
postioninto 3-blocksaredescribedin Refs.@9,10#.

We perform at least 3700 realizationsfor each system
size; for the smallersystemsizesfor which the simulations
run morequickly we performedasmanyas108 realizations.
Because,the larger the systemsthe larger the number of
3-blockscontainedin the system,the statisticsfor the larger
systemswere acceptabledespitethe lower numberof real-
izations.We bin the resultsfor all systemsizesin order to
smooththe plots.

IV. TWO SPATIAL DIMENSIONS

In this sectionwe discussour resultsfor 3-blocksin 2D
percolation.Resultsin 3D areanalogousandarediscussedin
the following section.

A. 3-blocks in blobs

Figure 3~a! plots the distributionsP* (N3uN2), the prob-
ability thata 3-blockcontainedin a blob of sizeN2 contains
N3 bonds,for variousvaluesof N2 . P(N3uN2) is thenumber
distributionn* (N3 ,N2) normalizedto unity. Consistentwith
Eqs. ~5! and ~6!, the plots exhibit power-law regimesfol-
lowed by cutoffs due to the ®nite size of the blobs. The
`̀ bumps'' in the distributionsright beforethe cutoffs repre-
sent3-blocksthat would havebeenlarger but are truncated
dueto the ®nitesizeof the blobs in which they areembed-
ded.We estimatetheslopeof thepower-law regimes,t 3,2* , to
be 2.356 0.05.Since

N3; Ld3 ~7!

and

N2; Ld2, ~8!

we expect

N3; N2
d3 /d2. ~9!

In Fig. 3~b!, we show the collapsedplots in which we
scalethedistributionsby N2

d3 /d2 usingthemostprecisepub-
lished estimatefor d2 , 1.64326 0.0008@11#. ~A consistent
more recentestimate,d25 1.64316 0.0006,is given in Ref.
@12#.! Visually, we ®ndthe bestcollapseis obtainedfor d3
5 1.206 0.1.

We canalsoestimated3 usingEq. ~A5! from the Appen-
dix

d3~t 3,2* 2 1!5 dn2* 5 d2 . ~10!

Using t 3,2* 5 2.356 0.05 and d25 1.64326 0.0008,results
in an estimateof d35 1.226 0.05.

B. 3-blocks in backbone

Figure 4~a! plots the distributionsP* (N3uLB), the prob-
ability that a 3-block containedin the backboneof a system
of size L contains N3 bonds, for various values of L.
P* (N3uLB) is the numberdistribution n* (N3 ,LB) normal-
ized to unity. Consistentwith Eqs. ~5! and ~6!, the plots
exhibit power-law regimesfollowed by cutoffs due to the
®nite size of the systems.We estimatethe slope of the
power- law regimes,t 3,B* , to be 2.256 0.05.In Fig. 4~b!, we

FIG. 3. 2D ~a! distributions P* (N3uN2) of the number of
3-blocks of massN3 in a blob of size N2 versusN3 for ~from
bottomto top! N25 210,212,214, and216. Thedistributionsexhibit a
power-law regime with slope 2 2.356 0.05 ~b! Distributions for
N25 212,213,214,215, and 216 scaledwith the value 1.20 for the
fractal dimensiond3 which gives the bestcollapseof the plots in
~a!.
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showthe collapsedplots in which we scalethe distributions
by Ld3. Visually, we ®nd the best collapseis obtainedfor
d35 1.156 0.1.

Next we considerthedistributionof `̀ top-level'' 3-blocks
in the backbone.Top-level3-blocksare thosenot contained
within another3-block.In Fig. 5~a!, we plot thedistributions
P(N3uLB), the probability that a top-level3-block contained
in thebackboneof a systemof sizeL containsN3 bonds,for
various valuesof L. The plots exhibit power-law regimes
followed by cutoffs dueto the®nitesizeof thesystems.The
exponentof the power-law regimest 3,B is estimatedto be
1.66 0.05. In Fig. 5~b!, we show the collapsedplots, in
which we scalethedistributionsby Ld3. Thebestcollapseis
obtainedfor d35 1.156 0.1, the samevalueasfor the distri-
butionsof 3-blocksof all levels.Thusthe fractaldimensions
of thetop-level3-blocksis thesameasthefractaldimension
of 3-blocks of all levels but the slopesof the power-law
regimesaredifferent; this is seenalso in Fig. 6.

We canalsouseEq. ~A10!

d3~t 3,B2 1!5 dnB5
1

n
~11!

to obtain an estimateof d3. SincednB is known exactly in
two dimensionsandhasbeenwell studiedin higherdimen-
sionsand becauseone can usually determinethe slopet 3,B

more accuratelythan d3 can be determinedby ®ndingthe
best scalingcollapse,we determined3 more accuratelyby
solvingEq.~11! for d3. Usingour estimatefor t 3,B abovewe
®nd d35 1.256 0.1. Combining this result with our earlier
estimates,we makethe ®nalestimate

d35 1.206 0.1. ~12!

FIG. 4. 2D ~a! distributions P* (N3uL) of the number of
3-blocksof massN3 in a backboneof size L versusN3 for ~from
bottomto top! L5 16, 32, 64, 128,256,and512.The distributions
exhibit a power-law regimewith slope2 2.256 0.05 ~b! Distribu-
tions scaledwith the value 1.15 for the fractal dimensiond3 that
givesthe bestcollapseof the plots in ~a!.

FIG. 5. 2D ~a! distributionsP(N3uL) of thenumberof top level
3-blocksof massN3 in a backboneof size L versusN3 for ~from
top to bottom! L5 8, 16, 32, 64, and128.The distributionsexhibit
a power-law regimewith slope2 1.66 0.1. ~b! Distributionsscaled
with the value1.15 for the fractal dimensiond3 that givesthe best
collapseof the plots in ~a!.

FIG. 6. 2D distributionsP(N3uL) of top-level 3-blocks~®lled
symbols! and P* (N3uL) of all-level 3-blocks ~un®lledsymbols!.
While the slopesof the power-law regimesof the two types of
distributionsare different, the ®nite-size-systemcutoffs are essen-
tially superimposed,consistentwith the fractal dimensionof the
two typesof distributionsbeingequal.
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C. Why the fractal dimensionof 3-blocksis smaller than the
fractal dimension of the backboneand 2-blocks

The fractal dimension of the 3-blocks is considerably
smaller than the fractal dimension, dB5 1.64326 0.0008
@11#, of 2-blocks ~blobs!. This is becausevirtual bonds
~which arecountedasonebond! replacemanybondsin the
object which it replaces.This can be seenif we plot the
distributionsP* (M3uLB), theprobability thata 3-blockcon-
tained in the backboneof a systemof size L containsM3
bonds where we can count not the virtual bonds,but all
bondscontaineda 3-block. In Fig. 7~a! we plot P* (M3uLB)
for variousL. The best collapsefor theseplots @Fig. 7~b!#
correspondsto a fractal dimensionof 1.66 0.1 consistent
with the fractal dimensionof 2-blocks in 2D. This can be
understoodasa re¯ection of the fact that in a systemof size
L, themassof thelargest3-block~countingall bonds! canbe
the sameasthe backbonemass.This is similar to the situa-
tion with blobs and backbones;the largestblob in a back-
bonecanbe aslarge asthe whole backbone,which explains
why the fractal dimensionof blobsis the sameasthe fractal
dimensionof the backbone.

Replacinga groupof bondsby a virtual bondis analogous
to removingdanglingendson a clusterwhendeterminingthe
backbone.

V. THREE SPATIAL DIMENSIONS

Our analysisof theresultsof the3D simulationsproceeds
in a similar mannerto the analysisfor 2D.

A. 3-blocks in blobs

Figure 8~a! plots the distributionsP* (N3uN2), the prob-
ability thata 3-blockcontainedin a blob of sizeN2 contains
N3 bonds,for variousvaluesof N2. We estimatetheslopeof
the power-law regimes,t 3,2* , to be 2.636 0.05. In Fig. 8~b!,
we showthe collapsedplots in which we scalethe distribu-
tionsby N2

d3 /d2 with d25 1.876 0.03@13#. Visually, we ®nd
the bestcollapseis obtainedfor d35 1.156 0.1.

Estimatingd3 usingEq. ~A5! from theAppendix,

d3~t 3,2* 2 1!5 dn2* 5 d2 , ~13!

with t 3,2* 5 2.636 0.05 and d25 1.876 0.03, resultsin an es-
timateof d35 1.156 0.05.

B. 3-blocks in backbone

Figure 9~a! plots the distributionsP* (N3uLB), the prob-
ability that a 3-block containedin the backboneof a system
of size L containsN3 bonds,for various valuesof L. We
estimatethe slope of the power-law regimes,t 3,B* , to be
2.556 0.05. In Fig. 9~b!, we show the collapsedplots in

FIG. 7. 2D ~a! distributions P* (M3uL) of the number of
3-blocksof massM3 in a backboneof sizeL versusM3 for from
top to bottom! L5 16, 32, 64, 128, 256, and512. In M3 we count
not virtual bondsbut all bonds in the 3-block. The distributions
exhibit a power-law regimewith slope2 1.86 0.1 ~b! Distributions
scaledwith thevalue1.6 for the fractaldimensiond3 thatgivesthe
bestcollapseof the plots in ~a!.

FIG. 8. 3D ~a! distributions P* (N3uN2) of the number of
3-blocks of massN3 in a blob of size N2 versusN3 for ~from
bottom to top! N25 211,212, and 213. The distributionsexhibit a
power-law regime with slope 2 2.636 0.05 ~b! Distributions for
N25 211,212, and213 scaledwith the value1.15 for the fractal di-
mensiond3 that givesthe bestcollapseof the plots in ~a!.
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which we scalethedistributionsby Ld3. Visually, we ®ndthe
bestcollapseis obtainedfor d35 1.156 0.1.

Next we consider the distribution of the `̀ top-level''
3-blocksin thebackbone.In Fig. 10~a!, we plot thedistribu-
tions P(N3uLB), theprobability thata top-level3-blockcon-
tained in the backboneof a systemof size L containsN3
bonds,for variousvaluesof L. The exponentof the power-
law regimest 3,B is estimatedto be 2.06 0.05.In Fig. 10~b!,
we showthe collapsedplots, in which we scalethe distribu-
tions by Ld3. The best collapse is obtained for d35 1.15
6 0.1, the samevalueasfor the distributionsof 3-blocksof
all levels.As in 2D, the fractal dimensionsof the top level
3-blocksis the sameasthe fractal dimensionof 3-blocksof
all levelsbut theslopesof thepower-law regimesarediffer-
ent; this is seenalso in Fig. 11.

Using Eq. ~A10!

d3~t 3,B2 1!5 dnB5
1

n
. ~14!

To obtainan estimateof d3 with our estimatefor t 3,B above
we ®ndd35 1.146 0.1. Combiningthis result with our ear-
lier estimates,we makethe ®nalestimate

d35 1.156 0.1. ~15!

The simulationresultsnotwithstanding,it would be sur-
prising if d3 weresmallerin 3D than in 2D because,below
the critical dimensiondc5 6, both the fractal dimensionsof
clustersand blobs increasewith the Euclideandimension.
This suggeststhat while the actual values of d3 may be
within the boundswe haveestimated,the actualvalueswill
be consistentwith d3 (2D)< d3 (3D).

FIG. 9. 3D ~a! distributions P* (N3uL) of the number of
3-blocksof massN3 in a backboneof size L versusN3 for ~from
top to bottom! L5 8, 16, 32, 64, and128.The distributionsexhibit
a power-law regimewith slope2 2.556 0.1.~b! Distributionsscaled
with the value1.15 for the fractal dimensiond3 that givesthe best
collapseof the plots in ~a!.

FIG. 10. 3D ~a! distributionsP(N3uL) of the numberof top-
level 3-blocksof massN3 in a backboneof size L versusN3 for
~from top to bottom! L5 32, 64, 128, 256, and 512. The distribu-
tions exhibit a power-law regimewith slope2 2.06 0.1. ~b! Distri-
butionsscaledwith the value1.15for the fractal dimensiond3 that
givesthe bestcollapseof the plots in ~a!.

FIG. 11. 3D distributionsP(N3uL) of top-level3-blocks~®lled
symbols! and P* (N3uL) of all-level 3-blocks ~un®lledsymbols!.
While the slopesof the power-law regimesof the two types of
distributionsare different, the ®nite-size-systemcutoffs are essen-
tially superimposedconsistent,with the fractal dimensionof the
two typesof distributionsbeingequal.

GERALD PAUL AND H. EUGENESTANLEY PHYSICAL REVIEW E 65 056126

056126-6



As in 2D, if we do not replacetwo-terminalobjectsin a
3-blockby a singlevirtual bond,the fractaldimensionof the
3-block is that of a blob ~seeFig. 12!.

Estimatesfor all of the2D and3D exponentsaresumma-
rized in TableI.

VI. DECOMPOSITION OF THE WHOLE PERCOLATION
CLUSTER

While we haveonly decomposed2-blocksthat comprise
the cluster backbone,we could proceedsimilarly for all
2-blocksinto which a clusteris decomposed.The fractal di-
mensionof the 3-blocks into which a cluster is ultimately
decomposedshouldbe the sameasthe fractal dimensionof
the 3-blocks into which the backboneis ultimately decom-
posed.The only differencewe would expectin our results
would be that the slopeof the power-law regimeof the dis-
tribution of the top-level3-blockswould be given by

d3~t 3,12 1!5 dn15 d, ~16!

the analogyof Eq. ~A10!

VII. k-BONES AND PATH CROSSING PROBABILITIES

Justasblobsandbackboneshavethesamefractaldimen-
sion, we can identify objectsanalagousto backboneswhich

have the samefractal dimensionsas k-blocks. We de®nea
k-boneas the set of all points in a percolationsystemcon-
nectedto k disjoint terminalpoints~or setsof disjoint termi-
nal points! by k disjoint paths.Thusthebackboneis a k-bone
with k5 2. Justasthelargestk-blocksinto which a backbone
can be decomposedare 2-blocks, the largest k-blocks into
which a k-bonecanbedecomposedarek-blocks.The fractal
dimension of k-bones is the fractal dimension of the
k-blocks. One can see this easily by noting that if the
k-terminalpoints that de®nea k-boneareconnectedto each
other, the resultingstructureis k-block.

Recentwork @14# has identi®eda relationshipbetween
pathcrossingprobabilitiesandthe fractaldimensionsof per-
colationstructures.Speci®cally, considerthe probability, PÃk

P

that in an annularregionthe small inner circle of radiusr is
connectedto the larger outer circle of radiusR, R@r , by k
disjoint paths.Then

PÃk
P; Sr

RDxÃk

. ~17!

It hasbeenobserved@14# that xÃ1 is the codimensionof the
percolationcluster and xÃ2 is the codimensionof the back-
bone.We extendtheseobservationsto the caseof generalk

d2 xÃk5 dk , ~18!

whered is the spatialdimensionof the system.This should
hold in all dimensionswherethe annulusis now de®nedby
two hyperspheres.It hasbeenargued@12#that

xk, xÃk, x2k , ~19!

wherexk is the polychromaticpath crossingexponent@14#
andwhich hasbeenfound rigorously in 2D to be @14#

xk5
1

12~k22 1! . ~20!

Using Eqs.~18!±~20!, we ®ndin 2D

2 11
12 , d3, 4

3 , ~21!

TABLE I. Measuredfractaldimension,measuredpower-law re-
gimeexponent,andcalculatedfractaldimensionfor 3-blocksin 2D
and 3D. The calculatedvalue of d3 is determinedby Eq. ~10! for
3-blocksin a blob andEq. ~11! for 3-blocksin the backbone.

d3 t d3

Measured Measured Calculated
2D

All 3-blocksin blob 1.206 0.1 2.356 0.05 1.226 0.05
All 3-blocksin backbone 1.156 0.1 2.256 0.05 Ð
Top-level3-blocksin backbone 1.156 0.1 1.606 0.05 1.256 0.1

3D

All 3-blocksin blob 1.156 0.1 2.636 0.05 1.156 0.05
All 3-blocksin backbone 1.156 0.1 2.556 0.05 Ð
Top-level3-blocksin backbone 1.156 0.1 2.06 0.05 1.146 0.1

FIG. 12. 3D ~a! distributions P* (M3uL) of the number of
3-blocksof massM3 in a backboneof sizeL versusM3 for ~from
top to bottom! L5 8, 16, 32, 64, and 128. In M3 we count not
virtual bondsbut all bondsin the3-block.Thedistributionsexhibit
a power-law regimewith slope2 1.876 0.1.~b! Distributionsscaled
with the value1.85 for the fractal dimensiond3 that givesthe best
collapseof the plots in ~a!.
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consistentwith our estimatefor d3 in 2D.
The relationshipbetweenthe path crossingproblem for

k5 2 and the backbonedimensionhas been recently ex-
ploited to determinedB very accuratelyusinga transferma-
trix technique@12#. Possibly similar methodscan be em-
ployedto ®ndthefractaldimensionof k-bones~andtherefore
k-blocks! with k> 3 to high precision.

VIII. RELATIONSHIP TO RENORMALIZA TION GROUP

The processof replacing a two-terminal object t by a
single virtual bond and then replacingtwo-terminalobjects
within t by singlevirtual bondsandso on is reminiscentof
the decimationprocessin renormalizationgroup ~RG! ap-
proachesto percolation@2,3,15,16#. It is here,however, that
thesimilarity ends.Thedecimationprocessperformedin the
decompositioninto 3-blocks is an exact decimation per-
formed on objects in individual realizationswhile the RG
decimationis performedon the lattice andis an approxima-
tion, exceptfor hierarchicallattices.Also, thepurposeof the
decompositioninto 3-blocks is to improve computational
performanceand analyzethe propertiesof substructuresof
the clusterwhile the purposeof RG calculationsis to ®nd
propertiesof percolationanalytically. Finally, whereasRG
approacheson hierarchicallatticesresult in objectsthat are
®nitely rami®ed,the decompositioninto 3-blocks we per-
form maintainsthe in®niterami®cationof the Euclideanlat-
tice.

IX. COMPUTATIONAL IMPLICA TIONS

The fact that the fractal dimensionof 3-blocksis signi®-
cantly smaller than the fractal dimensionof 2-blocks has
importantcomputationalimplications.We canef®cientlycal-
culateproperties~e.g.,resistance,velocity distributions,self-
avoidingwalk statistics! of a percolationclusteror backbone
as follows: ~i! decomposethe cluster or backboneinto
2-blocks;~ii ! decomposethe2-blocksinto 3-blocks;~iii ! cal-
culate the desiredpropertiesof the 3-blocks; ~iv! algebra-
ically determinethepropertiesof the2-blocksfrom theprop-
erties of the 3-blocks; and ~v! algebraicallydeterminethe
propertiesof the clusteror backbonefrom the propertiesof
the 2-blocks.

In many casesthe computationwill require less CPU
~computerprocessing! resourcewhen the complexity of the
computationis a powerlaw or exponentialof themassof the
objectfor which thepropertyis beingcalculated.By decom-
positionwe makethemassof theseobjectssmaller. Reduced
CPUresourceusageis alsoobtainedif only a decomposition
into 2-blocksis madealthoughthesavingis less.Systemsof
larger size than that could be treatedbefore can now be
treatedwhenwe decomposeinto 3-blocksbecausethefractal
dimensionof the3-blocksis lower thanthatof thebackbone
in which they areembedded;this is not true if we only de-
composeinto 2-blocks.

As an exampleof the dramatically smaller size of the
largest3-block versusthe sizeof the largestblob considera
3D systemof size L5 1000.At criticality, the largestmass
blob in thebackbonewill beof theorderL1.62' 63000while

the massof the largest3-block in the backbonewill be of
L1.2' 4000.In Fig. 2 we showan actualsimulationrealiza-
tion in which a blob of 950 bonds is decomposedinto a
3-block with only 216 virtual bonds,greatly reducing the
computationalcomplexity.

X. DISCUSSION

Traditionally the decompositionof percolationsystems
has beento decomposethe systeminto clusters~1-blocks!
andto decomposethe clustersinto blobs~2-blocks!. We ex-
tend this decomposition by decomposing2-blocks into
3-blocks.3-blocksareespeciallyinterestingbecausein con-
trast to 1- and2-blocks,the 3-blockshavethe propertythat
they canbe nested.That is, two-terminalobjects,which are
replacedby singlevirtual bondsin a 3-block,canthemselves
contain other 3-blocks. Becauseof this replacementof a
2-terminalobjectby a virtual bond,the fractal dimensionof
3-blocksis signi®cantlysmallerthanthefractaldimensionof
2-blocks.As discussedin the precedingsection,this smaller
fractal dimensionhas importantcomputationalimplications
for the size of percolationsystems,which can be analyzed
andthe speedat which the analysiscanbe performed.

In addition,within the error barsof our calculations,the
valuesfor the 3-block fractal dimensionappearto be identi-
cal for 2D and 3D systems.Simulationsof larger systems
andhigher-dimensionsystemscould help answerwhetherin
fact d3 is independentof dimension~superuniversal!. It will
also be of interest to determinethe propertiesof k-blocks
with k. 3.
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APPENDIX A: RELATIONSHIPS AMONG EXPONENTS

Herewe ask if any of the fractal dimensionsandpower-
law regimeexponentswe haveidenti®edarerelated.To an-
swerthis questionwe must®rstbrie¯y reviewsomeexisting
resultsfor relationsbetweenotherexponents.

1. Previousresults

It hasbeenshowngenerally@17,18#that, for disjoint ob-
jectsof type X embeddedin a spaceY,

dX~t X,Y2 1!5 dnY . ~A1!

Equation~A1! holdsif t X, 2 or if dnY is equalto the fractal
dimensionof spaceY, dY .

Specialcasesof Eq. ~A1! havebeenidenti®edpreviously
for Y5 0, 1, and2 correspondingto Euclideanspace,perco-
lation clusterspace,andpercolationbackbonespace,respec-
tively.

~i! The ®rstis the familiar scalingrelation for the Fisher
exponentt @2,3#

d f~t 2 1!5 dn05 d ~clusters! , ~A2!
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whered is theEuclideandimension,d f thefractaldimension
of thecluster, andt theexponentof thepower-law regimein
the distributionof clustersizes.

~ii ! In Ref. @4#it wasshownthat

dblob-cl~t blob-cl2 1!5 dn15 d f , ~clusterblobs! , ~A3!

where dblob-cl and t blob-cl are the fractal dimensionand the
exponentof thepower-law regime,respectively, for all blobs
in the cluster.

~iii ! In Ref. @5#it wasarguedthat

dblob-bb~t blob-bb2 1!5 dnB5 dred, ~backboneblobs!
~A4!

wheredblob-bb and t blob-bb are the fractal dimensionand the
exponentof the power-law regime, respectively, for those
blobs in the backboneand dred is the fractal dimensionof
singly connectedred bondsin the backbone.

Both dblob-cl and dblob-bb are equal to dB , the backbone
fractal dimension.In ~i! and ~ii !, Eq. ~A1! appliesbecause
dnY5 dY ; in ~iii !, Eq. ~A1! appliesbecauset X, 2.

2. 3-blocks in blobs

In analogywith Eqs.~A2! and~A3!, we would expect

d3~t 3,2* 2 1!5 dn2* 5 d2 . ~A5!

We ®rstcon®rmthat the total numberof 3-blocksin blobs
scaleswith the exponentd2. If

^n~L !&; Ldn2 ~A6!

and

N2; Ld2. ~A7!

Thenwe would expect

^n~N2!&; Ldn2 /d2. ~A8!

Figures13~a! and 13~b! are log-log plots of ^n(N2)&, the
averagenumberof all 3-blocksin a blob,versusblob sizeN2
for 2D and3D, respectively. The straightline ®tswith slope
1.06 0.05areconsistentwith dn25 d2. Our simulationresults
in 2D from Sec. IV, d35 1.20 and t 3,25 2.35 result in
d3(t 3,2* 2 1)5 1.62closeto the valued25 1.6432.In 3D, our
simulationresultsfrom Sec.V, d35 1.15 and t 3,25 2.63 re-
sult in d3(t 3,2* 2 1)5 1.87 identical to the value d25 1.87
@13#.

3. 3-blocks in backbone

Becausethenumberof top-level3-blocksin thebackbone
is proportionalto the numberof 2-blocks in the backbone,
the number of top level 3-blocks in the backboneshould
scalethesameway thenumberof 2-blocksin thebackbone.
For all dimensionsand lattices,dnB hasbeenshown to be
@19,20#

dnB5 dred5
1

n
, ~A9!

FIG. 13. ^n* (N2)&, theaveragenumberof 3-blocksin a blob of
sizeN2 versusN2 for ~a! 2D and~b! 3D.

FIG. 14. ^n(L)&, the averagenumberof top-level3-blocksin a
backboneof sizeL versusL. ~a! 2D The solid line hasslope0.75.
~b! 3D The solid line hasslope1.14.
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wheren is the exponentassociatedwith the divergenceof
the correlationlengthasp approachespc @1,2#. In 2D 1/n is
exactly 3/4 @21,22#; in 3D, 1/n has been estimatedto be
1.1436 0.01@23,24#. We would expect

d3~t 3,B2 1!5 dnB5
1

n
. ~A10!

Figures14~a! and 14~b! are log-log plots of ^n(L)&, the

averagenumberof top-level3-blocksin thebackboneversus
systemsizeL for 2D and3D, respectively. The straightline
®tswith slope0.756 0.05and1.146 0.05areconsistentwith
the exactandpreviouslyestimatedvaluesfor 1/n of 3/4 and
1.143in 2D and3D, respectively. Our 2D simulationresults
from Sec.IV, d35 1.15 and t 3,25 1.60 result in d3(t 3,B2 1)
5 0.69 closeto the value 1/n5 3/4. For 3D, our simulation
results from Sec. V, d35 1.15 and t 3,25 2.0 result in
d3(t 3,B2 1)5 1.15closeto the value1/n5 1.143.
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