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We analyzecrosscorrelationsbetweenprice¯uctuationsof differentstocksusingmethodsof randommatrix
theory ~RMT!. Using two large databases,we calculatecross-correlationmatricesC of returnsconstructed
from ~i! 30-minreturnsof 1000US stocksfor the2-yr period1994±1995,~ii ! 30-minreturnsof 881US stocks
for the 2-yr period1996±1997,and~iii ! 1-dayreturnsof 422 US stocksfor the 35-yr period1962±1996.We
test the statisticsof the eigenvaluesl i of C againsta `̀ null hypothesis'' Ð a randomcorrelationmatrix
constructedfrom mutuallyuncorrelatedtime series.We ®ndthata majority of theeigenvaluesof C fall within
the RMT bounds@l 2 ,l 1 # for the eigenvaluesof randomcorrelationmatrices.We test the eigenvaluesof C
within the RMT boundfor universalpropertiesof randommatricesand®ndgoodagreementwith the results
for the Gaussianorthogonalensembleof randommatricesÐimplying a large degreeof randomnessin the
measuredcross-correlationcoef®cients.Further, we ®ndthatthedistributionof eigenvectorcomponentsfor the
eigenvectorscorrespondingto the eigenvaluesoutsidethe RMT bounddisplaysystematicdeviationsfrom the
RMT prediction.In addition,we ®ndthat these`̀ deviatingeigenvectors'' arestablein time. We analyzethe
componentsof the deviating eigenvectorsand ®nd that the largest eigenvaluecorrespondsto an in¯uence
commonto all stocks.Our analysisof the remainingdeviating eigenvectorsshowsdistinct groups,whose
identities correspondto conventionallyidenti®edbusinesssectors.Finally, we discussapplicationsto the
constructionof portfolios of stocksthat havea stableratio of risk to return.
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I. INTRODUCTION

A. Motivation

Quantifying correlationsbetweendifferent stocks is a
topic of interestnot only for scienti®creasonsof understand-
ing the economyas a complexdynamicalsystem,but also
for practical reasonssuchas assetallocationand portfolio-
risk estimation@1±4#. Unlike mostphysicalsystems,where
one relatescorrelationsbetweensubunitsto basic interac-
tions, the underlying `̀ interactions'' for the stock market
problemarenot known.Here,we analyzecrosscorrelations
betweenstocksby applyingconceptsandmethodsof random
matrix theory, developedin thecontextof complexquantum
systemswheretheprecisenatureof the interactionsbetween
subunitsarenot known.

In order to quantify correlations,we ®rst calculatethe
price change~̀`return'' ! of stock i5 1, . . . ,N over a time
scaleDt,

Gi~t ! [ ln Si~t1 Dt !2 ln Si~t ! , ~1!

where Si(t) denotesthe price of stock i. Since different
stockshavevarying levelsof volatility ~standarddeviation!,
we de®nea normalizedreturn

gi~t ! [
Gi~t !2 ^Gi&

s i
, ~2!

where s i [ ÂGi
2&2 ^Gi&2 is the standarddeviation of Gi ,

and •̂•• & denotesa time averageover the period studied.
We then computethe equal-timecross-correlationmatrix C
with elements

Ci j [ ^gi~t !g j~t !&. ~3!

By construction,the elementsCi j are restrictedto the do-
main2 1< Ci j < 1, whereCi j 5 1 correspondsto perfectcor-
relations,Ci j 52 1 correspondsto perfect anticorrelations,
andCi j 5 0 correspondsto uncorrelatedpairsof stocks.

Thedif®cultiesin analyzingthesigni®canceandmeaning
of the empiricalcross-correlationcoef®cientsCi j aredueto
severalreasons,which includethe following:

~i! Marketconditionschangewith time andthecrosscor-
relationsthat exist betweenany pair of stocksmay not be
stationary.

~ii ! The ®nitelength of time seriesavailableto estimate
crosscorrelationsintroduces̀ `measurementnoise.''

If we usea long-timeseriesto circumventtheproblemof
®nitelength,our estimateswill beaffectedby thenonstation-
arity of crosscorrelations.For thesereasons,theempirically-
measuredcrosscorrelationswill contain`̀ random'' contribu-
tions,andit is a dif®cultproblemin generalto estimatefrom
C the crosscorrelationsthat arenot a resultof randomness.

How can we identify from Ci j , those stocks that re-
mainedcorrelated~on the average! in the time period stud-
ied? To answer this question,we test the statisticsof C
against the `̀ null hypothesis'' of a random correlation*Correspondingauthor. Email address:plerou@cgl.bu.edu
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matrixÐa correlationmatrix constructedfrom mutually un-
correlatedtime series.If thepropertiesof C conformto those
of a randomcorrelationmatrix, thenit follows that the con-
tentsof theempiricallymeasuredC arerandom.Conversely,
deviationsof the propertiesof C from thoseof a random
correlationmatrix conveyinformationabout`̀ genuine'' cor-
relations.Thus,our goalshallbeto comparethepropertiesof
C with thoseof a randomcorrelationmatrix andseparatethe
contentof C into two groups:~a! thepartof C thatconforms
to the propertiesof randomcorrelationmatrices~̀`noise'' !
and~b! the part of C that deviates~̀`information'' !.

B. Background

The study of statisticalpropertiesof matriceswith inde-
pendent random elementsÐrandom matricesÐhas a rich
history originating in nuclear physics @5±13#. In nuclear
physics,the problemof interest50 yearsagowas to under-
standtheenergy levelsof complexnuclei,which theexisting
modelsfailed to explain.Randommatrix theory~RMT! was
developedin this contextby Wigner, Dyson,Mehta,andoth-
ersin orderto explainthe statisticsof energy levelsof com-
plex quantumsystems.Theypostulatedthat theHamiltonian
describinga heavynucleuscanbe describedby a matrix H
with independentrandomelementsH i j drawn from a prob-
ability distribution@5±9#. Basedon this assumption,a series
of remarkablepredictionsweremadethat arefound to be in
agreementwith the experimentaldata @5±7#. For complex
quantum systems,RMT predictions representan average
over all possibleinteractions@8±10#. Deviations from the
universalpredictionsof RMT identify systemspeci®c,non-
randompropertiesof thesystemunderconsideration,provid-
ing cluesaboutthe underlyinginteractions@11±13#.

Recentstudies@14,15#applyingRMT methodsto analyze
thepropertiesof C showthat ' 98% of theeigenvaluesof C
agreewith RMT predictions,suggestinga considerablede-
greeof randomnessin the measuredcrosscorrelations.It is
also found that thereare deviationsfrom RMT predictions
for ' 2% of thelargesteigenvalues.Theseresultspromptthe
following questions:

~1! What is a possibleinterpretationfor the deviations
from RMT?

~2! Are the deviationsfrom RMT stablein time?
~3! Whatcanwe infer aboutthestructureof C from these

results?
~4! What arethe practicalimplicationsof theseresults?
In the following, we addressthesequestionsin detail.We

®ndthat the largesteigenvalueof C representsthe in¯uence
of theentiremarketthat is commonto all stocks.Our analy-
sis of the contentsof the remainingeigenvaluesthat deviate
from RMT showstheexistenceof crosscorrelationsbetween
stocksof thesametypeof industry, stockshavinglargemar-
ket capitalization,andstocksof ®rmshavingbusinessin cer-
tain geographicalareas@16±18#. By calculating the scalar
productof theeigenvectorsfrom onetime periodto thenext,
we ®ndthat the `̀ deviatingeigenvectors'' havevarying de-
greesof time stability, quanti®edby the magnitudeof the
scalar product. The largest two to three eigenvectorsare
stablefor extendedperiodsof time, while for the restof the

deviating eigenvectors,the time stability decreasesas the
correspondingeigenvaluesare closer to the RMT upper
bound.

To testthat thedeviatingeigenvaluesaretheonly `̀ genu-
ine'' informationcontainedin C, we comparetheeigenvalue
statisticsof C with the known universalpropertiesof real
symmetric random matrices,and we ®nd good agreement
with the RMT results.Using the notion of the inversepar-
ticipation ratio, we analyzethe eigenvectorsof C and ®nd
largevaluesof inverseparticipationratio at bothedgesof the
eigenvaluespectrumÐsuggestinga `̀ randomband'' matrix
structurefor C. Last,we discussapplicationsto thepractical
goal of ®ndingan investmentthat providesa given return
without exposureto unnecessaryrisk. In addition, it is pos-
sible that our methodscan also be applied for ®lteringout
`̀ noise'' in empirically measuredcross-correlationmatrices
in a wide variety of applications.

This paperis organizedas follows. SectionII containsa
brief descriptionof the dataanalyzed.SectionIII discusses
thestatisticsof cross-correlationcoef®cients.SectionIV dis-
cussesthe eigenvaluedistribution of C and compareswith
RMT results.SectionV teststhe eigenvaluestatisticsC for
universalpropertiesof real symmetricrandommatricesand
Sec.VI containsa detailedanalysisof thecontentsof eigen-
vectors that deviate from RMT. SectionVII discussesthe
time stability of thedeviatingeigenvectors.SectionVIII con-
tains applicationsof RMT methodsto construct`̀ optimal''
portfolios that havea stableratio of risk to return. Finally,
Sec.IX containssomeconcludingremarks.

II. DATA ANALYZED

We analyzetwo different databasescovering securities
from the threemajor US stockexchanges,namely, the New
York Stock Exchange~NYSE!, the American Stock Ex-
change~AMEX!, andthe NationalAssociationof Securities
DealersAutomatedQuotation~NASDAQ!.

DatabaseI. We analyzethe Tradesand Quotes~TAQ!
database,that documentsall transactionsfor all major secu-
rities listed in all the threestockexchanges.We extractfrom
this databasetime seriesof prices@19# of the 1000 largest
stocksby marketcapitalizationon the startingdateJanuary
3, 1994.We analyzethis databasefor the2-yr period1994±
1995@20#. From this database,we form L5 6448recordsof
30-min returnsof N5 1000 US stocksfor the 2-yr period
1994±1995.We alsoanalyzethe pricesof a subsetcompris-
ing 881 stocks~of those1000 we analyzefor 1994±1995!
thatsurvivedthroughtwo additionalyears1996±1997.From
this data,we extractL5 6448 recordsof 30-min returnsof
N5 881 US stocksfor the 2-yr period1996±1997.

DatabaseII . We analyzetheCenterfor Researchin Secu-
rity Prices ~CRSP! database.The CRSPstock ®les cover
common stocks listed on NYSE beginning in 1925, the
AMEX beginningin 1962,and the NASDAQ beginningin
1972.The®lesprovidecompletehistoricaldescriptiveinfor-
mation and market data including comprehensivedistribu-
tion information,high, low, and closing prices,trading vol-
umes,sharesoutstanding,andtotal returns.We analyzedaily
returnsfor thestocksthatsurvivefor the35-yr period1962±

VASILIKI PLEROUet al. PHYSICAL REVIEW E 65 066126

066126-2



1996 and extract L5 8685 recordsof 1-day returns for N
5 422 stocks.

III. STATISTICS OF CORRELATION COEFFICIENTS

We analyze the distribution P(Ci j ) of the elements
$Ci j ; iÞ j%of thecross-correlationmatrix C . We ®rstexam-
ine P(Ci j ) for 30-minreturnsfrom theTAQ databasefor the
2-yr periods1994±1995 and 1996±1997 @Fig. 1~a!#. First,
we note that P(Ci j ) is asymmetricand centeredarounda
positivemeanvalue(^Ci j &. 0), implying thatpositivelycor-
relatedbehavioris moreprevalentthannegativelycorrelated
~anticorrelated! behavior. Second,we ®ndthat^Ci j &depends
on time, e.g., the period 1996±1997 showsa larger ^Ci j &
than the period 1994±1995. We contrast P(Ci j ) with a
controlÐa correlation matrix R with elementsRi j con-
structedfrom N5 1000 mutually uncorrelatedtime series,
each of length L5 6448, generatedusing the empirically
founddistributionof stockreturns@21,22#. Figure1~a! shows
that P(Ri j ) is consistentwith a Gaussianwith zeromean,in
contrastto P(Ci j ). In addition,we seethatthepartof P(Ci j )
for Ci j , 0 ~which correspondsto anticorrelations! is within
theGaussiancurvefor thecontrol,suggestingthepossibility
that theobservednegativecrosscorrelationsin C maybean
effect of randomness.Furthermore,our analysisof a surro-
gatecorrelationmatrix generatedfrom the randomizedem-
pirical time seriesof returnsshowgoodagreementwith the
Gaussiancurvefor the control @Fig. 1~b!#.

Figure1~c! showsP(Ci j ) for daily returnsfrom theCRSP
databasefor ®venonoverlapping7-yr subperiodsin the35-yr
period1962±1996.We seethatthetime dependenceof ^Ci j &
is more pronouncedin this plot. In particular, the period
containing the market crash of October 19, 1987 has the
largestaveragevalue^Ci j &, suggestingtheexistenceof cross
correlationsthat are more pronouncedin volatile periods
than in calm periods @23±25#. We test this possibility by
comparing^Ci j & with the averagevolatility of the market
~measuredusing the S&P 500 index!, which shows large
valuesof ^Ci j &during periodsof large volatility ~Fig. 2!.

IV. EIGENVALUE DISTRIBUTION OF THE
CORRELATION MATRIX

As statedabove,our aim is to extract information about
crosscorrelationsfrom C. So,we comparethe propertiesof
C with thoseof a randomcross-correlationmatrix @14#. In
matrix notation,the correlationmatrix canbe expressedas

C5
1

L
G GT, ~4!

where G is an N3 L matrix with elements $gi m
[ gi(mDt) ;i 5 1, . . . ,N; m5 0, . . . ,L2 1%, andGT denotes
the transposeof G. Therefore,we considera randomcorre-
lation matrix

R5
1

L
A AT, ~5!

where A is an N3 L matrix containingN time seriesof L
randomelementsai m with zeromeanandunit variance,that
aremutually uncorrelated.

Statisticalpropertiesof randommatricessuch as R are
known @26,27#. Particularly, in the limit N! ` , L! ` , such
that Q[ L/N (. 1) is ®xed,it was shownanalytically @27#
thattheprobabilitydensityfunctionPrm(l ) of eigenvaluesl
of the randomcorrelationmatrix R is given by

Prm~l !5
Q

2p

A~l 1 2 l !~l 2 l 2 !

l
, ~6!

for l within theboundsl 2 <l i<l 1 , wherel 2 andl 1 are
the minimum andmaximumeigenvaluesof R, respectively,
given by

l 6 5 11
1

Q
6 2A1

Q
. ~7!

For ®niteL andN, theabruptcutoff of Prm(l ) is replacedby
a rapidly decayingedge@28#. Note that the expressionEq.
~6! is exactfor the caseof Gaussian-distributedmatrix ele-
mentsai m . Numerically, we ®ndthat for thecaseof power-
law distributedai m , the eigenvaluedistributionof the con-
trol correlationmatrix showsgood agreementwith Eq. ~6!,
as long as the power-law exponentsare outside the LeÂvy
stabledomain@29#. In particular, for the caseof power-law
distributed time serieswith exponentidentical to that for
stockreturns@21,22#, we ®ndgoodagreementwith Eq. ~6!.

We next comparethe eigenvaluedistribution P(l ) of C
with Prm(l ) @14#. We examineDt5 30-min returns for N
5 1000 stocks,each containing L5 6448 records.Thus Q
5 6.448, and we obtain l 2 5 0.36 and l 1 5 1.94 from Eq.
~7!. We computethe eigenvaluesl i of C, wherel i arerank
ordered(l i 1 1. l i) @30#. Figure3~a! comparestheprobabil-
ity distribution P(l ) with Prm(l ) calculatedfor Q5 6.448.
We note the presenceof a well-de®ned̀`bulk'' of eigenval-
ueswhich fall within the bounds@l 2 ,l 1 # for Prm(l ). We
also note deviationsfor a few (' 20) largest and smallest
eigenvalues.In particular, the largest eigenvaluel 1000' 50
for the 2-yr period, which is ' 25 times larger than l 1
5 1.94.

SinceEq. ~6! is strictly valid only for L! ` andN! ` ,
we musttest that the deviationsthat we ®ndin Fig. 3~a! for
the largestfew eigenvaluesarenot an effect of ®nitevalues
of L and N. To this end, we contrastP(l ) with the RMT
result Prm(l ) for the randomcorrelationmatrix of Eq. ~5!,
constructedfrom N5 1000mutuallyuncorrelatedtime series
generatedto haveidenticalpower-law tails as the empirical
distribution of returns @21#, each of the same length L
5 6448. We ®nd good agreementwith Eq. ~6! @Fig. 3~b!#,
thus showing that the deviationsfrom RMT found for the
largestfew eigenvaluesin Fig. 3~a! arenot a resultof thefact
thatL andN are®nite,or of thefact thatreturnsarefat tailed.

As an additional test, we randomizethe empirical time
seriesof returns,therebydestroyingall theequal-timecorre-
lations that exist. We then computea surrogatecorrelation
matrix. The eigenvaluedistribution for this surrogatecorre-
lation matrix @Fig. 3~c!#showsgoodagreementwith Eq. ~6!,
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con®rmingthat the largesteigenvaluesin Fig. 3~a! aregenu-
ine effect of equal-timecorrelationsamongstocks.

Figure 4 compares P(l ) for C calculated using L
5 1737daily returnsof 422stocksfor the7-yr period1990±
1996. We ®nd a well-de®nedbulk of eigenvaluesthat fall
within Prm(l ), and deviations from Prm(l ) for large
eigenvaluesÐsimilar to what we found for Dt5 30 min
@Fig. 3~a!#. Thus,a comparisonof P(l ) with theRMT result
Prm(l ) allows us to distinguishthe bulk of the eigenvalue
spectrumof C that agreeswith RMT ~randomcorrelations!
from the deviations~genuinecorrelations!.

V. UNIVERSAL PROPERTIES: ARE THE BULK OF
EIGENVALUES OF C CONSISTENT WITH RMT?

The presenceof a well-de®nedbulk of eigenvaluesthat
agreewith Prm(l ) suggeststhat thecontentsof C aremostly
randomexceptfor the eigenvaluesthat deviate.Our conclu-
sion was basedon the comparisonof the eigenvaluedistri-
bution P(l ) of C with that of randommatricesof the type
R5 (1/L)A AT. Quite generally, comparisonof the eigen-
valuedistributionwith Prm(l ) aloneis not suf®cientto sup-
port the possibility that the bulk of the eigenvaluespectrum
of C is random.Randommatricesthat havedrasticallydif-
ferent P(l ) share similar correlation structures in their
eigenvaluesÐuniversalpropertiesÐthatdependonly on the
generalsymmetriesof the matrix @11±13#. Conversely, ma-
trices that have the sameeigenvaluedistribution can have
drasticallydifferenteigenvaluecorrelations.Therefore,a test
of randomnessof C involvestheinvestigationof correlations
in the eigenvaluesl i .

Sinceby de®nitionC is a realsymmetricmatrix, we shall

FIG. 1. ~a! P(Ci j ) for C calculatedusing 30-min returnsof
1000 stocksfor the 2-yr period 1994±1995 ~solid line! and 881
stocksfor the 2-yr period1996±1997~dashedline!. For the period
1996±1997 ^Ci j &5 0.06, larger than the value ^Ci j &5 0.03 for
1994±1995.The narrow paraboliccurve showsthe distribution of
correlationcoef®cientsfor the control P(Ri j ) of Eq. ~5!, which is
consistentwith a Gaussiandistributionwith zeromean.~b! P(Ci j )
~circles! for the correlationmatrix calculatedusingrandomized30-
min returns of 1000 stocks ~1994-1995! shows good agreement
with the control ~solid curve!. ~c! P(Ci j ) calculatedfrom daily
returnsof 422stocksfor ®ve7-yr subperiodsin the35 years1962±
1996.We ®nda large value of ^Ci j &5 0.18 for the period 1983±
1989,comparedwith theaveragê Ci j &5 0.10for theotherperiods.

FIG. 2. The stair-step curve shows the averagevalue of the
correlationcoef®cientŝCi j &, calculatedfrom 4223 422correlation
matricesC constructedfrom daily returnsusing a sliding L5 965
daytime window in discretestepsof L/55 193days.Thediamonds
correspondto the largest eigenvaluel 422 ~scaledby a factor 4
3 102) for thecorrelationmatricesthusobtained.Thebottomcurve
showsthe S&P 500 volatility ~scaledfor clarity! calculatedfrom
daily recordswith a sliding window of length40 days.We ®ndthat
both ^Ci j & and l 422 have large valuesfor periodscontainingthe
marketcrashof October19, 1987.
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test the eigenvaluestatisticsC for universalfeaturesof ei-
genvaluecorrelationsdisplayedby real symmetricrandom
matrices.Considera M3 M realsymmetricrandommatrix S
with off-diagonalelementsSi j , which for i , j are indepen-
dentandidenticallydistributedwith zeromean^Si j &5 0 and
variance^Si j

2 &. 0. It is conjecturedbasedon analytical@31#
and extensivenumericalevidence@11# that in the limit M
! ` , regardlessof thedistributionof elementsSi j , this class
of matrices,on the scaleof local meaneigenvaluespacing,
displaytheuniversalproperties~eigenvaluecorrelationfunc-
tions! of the ensembleof matriceswhoseelementsare dis-
tributedaccordingto a GaussianprobabilitymeasureÐcalled
the Gaussianorthogonalensemble~GOE! @11#.

Formally, GOE is de®nedon the spaceof real symmetric
matricesby two requirements@11#. The ®rst is that the en-
sembleis invariantunderorthogonaltransformations,i.e., for
any GOE matrix Z, the transformationZ! Z8[ WTZ W,
where W is any real orthogonalmatrix (W WT5 I), leaves
the joint probability P(Z)dZ of elementsZi j unchanged:
P(Z8)dZ85 P(Z)dZ. The secondrequirementis that the el-
ements$Zi j ; i < j%arestatisticallyindependent@11#.

By de®nition,randomcross-correlationmatricesR @Eq.

~5!# that we are interestedin arenot strictly GOE-typema-
trices, but rather belong to a special ensemblecalled the
`̀ chiral'' GOE @13,32#. This can be seenby the following
argument.De®nea matrix B,

B[ F 0 A/AL

AT/AL 0 G. ~8!

The eigenvaluesg of B are given by det(g2I2 AAT/L)5 0
and similarly, the eigenvaluesl of R are given by det(l I
2 AAT/L)5 0. Thus, all nonzeroeigenvaluesof B occur in
pairs,i.e., for everyeigenvaluel of R, g6 56 Al areeigen-
valuesof B. Sincetheeigenvaluesoccurpairwise,theeigen-
valuespectraof both B andR havespecialpropertiesin the
neighborhoodof zero that are different from the standard
GOE @13,32#. As thesespecialpropertiesdecayrapidly as
onegoesfurther from zero,the eigenvaluecorrelationsof R
in the bulk of the spectrumarestill consistentwith thoseof
the standardGOE. Therefore,our goal shall be to test the
bulk of theeigenvaluespectrumof theempiricallymeasured
cross-correlationmatrix C with theknownuniversalfeatures
of standardGOE-typematrices.

In the following, we test the statisticalpropertiesof the
eigenvaluesof C for threeknown universalproperties@11±
13# displayed by GOE matrices: ~i! the distribution of
nearest-neighboreigenvaluespacingsPnn(s), ~ii ! the distri-
butionof next-nearest-neighboreigenvaluespacingsPnnn(s),
and~iii ! the `̀ numbervariance'' statisticS2.

Theanalyticalresultsfor the threepropertieslistedabove
hold if the spacingsbetweenadjacenteigenvalues~rank or-
dered! areexpressedin units of averageeigenvaluespacing.
Quite generally, the averageeigenvaluespacing changes
from onepart of the eigenvaluespectrumto the next.So, in
order to ensurethat the eigenvaluespacinghas a uniform
averagevaluethroughoutthespectrum,we must®nda trans-

FIG. 3. ~a! EigenvaluedistributionP(l ) for C constructedfrom
the 30-min returnsfor 1000stocksfor the 2-yr period1994±1995.
The solid curveshowsthe RMT resultPrm(l ) of Eq. ~6!. We note
severaleigenvaluesoutsidethe RMT upperboundl 1 ~shadedre-
gion!. The inset showsthe largesteigenvaluel 1000' 50@l 1 . ~b!
P(l ) for the random correlation matrix R, computed from N
5 1000 computer-generatedrandomuncorrelatedtime serieswith
length L5 6448 showsgood agreementwith the RMT result, Eq.
~6! ~solid curve!. ~c! Eigenvaluedistribution for a surrogatecorre-
lation matrix constructedfrom randomized30-min returnsshows
goodagreementwith Eq. ~6! ~solid curve!.

FIG. 4. P(l ) for C constructedfrom daily returnsof 422stocks
for the 7-yr period 1990±1996. The solid curve showsthe RMT
result Prm(l ) of Eq. ~6#! using N5 422 and L5 1737. The dot-
dashedcurveshowsa ®t to P(l ) usingPrm(l ) with l 1 andl 2 as
free parameters.We ®ndsimilar resultsas found in Fig. 3~a! for
30-min returns.The largesteigenvalue~not shown! has the value
l 4225 46.3.
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formation called `̀ unfolding,'' which mapsthe eigenvalues
l i to newvariablescalled`̀ unfoldedeigenvalues'' j i , whose
distribution is uniform @11±13#. Unfolding ensuresthat the
distancesbetweeneigenvaluesareexpressedin unitsof local
meaneigenvaluespacing@11#, and thus facilitatescompari-
son with theoreticalresults.The proceduresthat we usefor
unfolding the eigenvaluespectrumarediscussedin the Ap-
pendix.

A. Distribution of nearest-neighboreigenvaluespacings

We ®rst consider the eigenvaluespacing distribution,
which re¯ects two point as well as eigenvaluecorrelation
functionsof all orders.We comparethe eigenvaluespacing
distribution of C with that of GOE randommatrices.For
GOE matrices,the distributionof `̀ nearest-neighbor'' eigen-
valuespacingss[ j k1 12 j k is given by @11±13#

PGOE~s!5
p s

2
expS2

p
4

s2D, ~9!

oftenreferredto asthe`̀ Wignersurmise'' @33#. TheGaussian
decayof PGOE(s) for larges @bold curvein Fig. 5~a!#implies
thatPGOE(s) `̀ probes'' scalesonly of theorderof oneeigen-
valuespacing.Thus,the spacingdistributionis known to be
robustacrossdifferentunfolding procedures@13#.

We ®rstcalculatethedistributionof the`̀ nearest-neighbor
spacings'' s[ j k1 12 j k of theunfoldedeigenvaluesobtained
usingtheGaussianbroadeningprocedure.Figure5~a! shows
that the distribution Pnn(s) of nearest-neighboreigenvalue
spacingsfor C constructedfrom 30-min returnsfor the 2-yr
period1994±1995agreeswell with theRMT resultPGOE(s)
for GOE matrices.

Identicalresultsareobtainedwhenwe usethe alternative
unfolding procedureof ®ttingthe eigenvaluedistribution.In
addition,we test the agreementof Pnn(s) with RMT results
by ®tting Pnn(s) to the one-parameterBrody distribution
@12,13#

PBr~s!5 B~11 b !sbexp~2 Bs11 b ! , ~10!

where B[ $G(@b1 2#/@b1 1#)%11 b . The caseb5 1 corre-
spondsto the GOE and b5 0 correspondsto uncorrelated
eigenvalues~Poisson-distributedspacings!. We obtain b
5 0.996 0.02, in good agreementwith the GOE prediction
b5 1. To testnonparametricallythat PGOE(s) is the correct
descriptionfor Pnn(s), we performtheKolmogorov-Smirnov
test. We ®nd that at the 80% con®dence level, a
Kolmogorov-Smirnovtest cannotreject the hypothesisthat
the GOE is the correctdescriptionfor Pnn(s).

Next, we analyzethe nearest-neighborspacingdistribu-
tion Pnn(s) for C constructedfrom daily returnsfor four 7-yr
periods~Fig. 6!. We ®ndgoodagreementwith the GOE re-
sult of Eq. ~9!, similar to what we ®nd for C constructed
from 30-min returns.We alsotest that both of the unfolding
proceduresdiscussedin the Appendix yield consistentre-
sults.Thus,we haveseenthat the eigenvalue-spacingdistri-
bution of empirically measuredcross-correlationmatricesC
is consistentwith theRMT resultfor realsymmetricrandom
matrices.

B. Distribution of next-nearest-neighboreigenvaluespacings

A secondindependenttest for GOE is the distribution
Pnnn(s8) of next-nearest-neighborspacingss8[ j k1 22 j k be-
tween the unfolded eigenvalues.For matricesof the GOE
type, accordingto a theoremdue to Ref. @10#, the next-
nearest-neighborspacingsfollow the statisticsof the Gauss-
ian symplecticensemble~GSE! @11±13,34#. In particular, the
distributionof next-nearest-neighborspacingsPnnn(s8) for a
GOE matrix is identical to the distribution of nearest-
neighbor spacingsof the Gaussiansymplectic ensemble

FIG. 5. ~a! Nearest-neighbor~nn! spacingdistributionPnn(s) of
the unfoldedeigenvaluesj i of C constructedfrom 30-min returns
for the 2-yr period 1994±1995.We ®ndgood agreementwith the
GOEresultPGOE(s) @Eq.~9!#~solid line!. Thedashedline is a ®t to
the one-parameterBrody distribution PBr @Eq. ~10!#. The ®t yields
b5 0.996 0.02, in goodagreementwith the GOE predictionb5 1.
A Kolmogorov-Smirnovtestshowsthat theGOEis 105 timesmore
likely to be the correctdescriptionthan the Gaussianunitary en-
semble,and1020 timesmorelikely thantheGSE.~b! Next-nearest-
neighbor~nnn! eigenvalue-spacingdistribution Pnnn(s) of C com-
paredto the nearest-neighborspacingdistribution of GSE shows
goodagreement.A Kolmogorov-Smirnovtestcannotreject the hy-
pothesisthat PGSE(s) is the correctdistribution at the 40% con®-
dencelevel.TheresultsshownaboveareusingtheGaussianbroad-
ening procedure.Using the second procedureof ®tting F(l )
~appendix! yields similar results.
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~GSE! @11,13#. Figure5~b! showsthat Pnnn(s8) for thesame
data as Fig. 5~a! agreeswell with the RMT result for the
distributionof nearest-neighborspacingsof GSEmatrices,

PGSE~s!5
218

36p 3
s4expS2

64

9p
s2D. ~11!

We ®nd that at the 40% con®dencelevel, a Kolmogorov-
Smirnovtestcannotrejectthehypothesisthat theGSEis the
correctdescriptionfor Pnnn(s).

C. Long-range eigenvaluecorrelations

To probefor larger scales,pair correlations~̀`two-point''
correlations! in theeigenvalues,we usethestatisticS2 often
called the `̀ numbervariance,'' which is de®nedas the vari-
anceof the numberof unfoldedeigenvaluesin intervalsof
length, aroundeachj i @11±13#,

S2~, ! [ ^@n~j ,, !2 , #2&j , ~12!

wheren(j ,, ) is the numberof unfoldedeigenvaluesin the
interval @j 2 , /2, j 1 , /2] and •̂•• &j denotesan average
over all j . If the eigenvaluesare uncorrelated,S2; , . For
the oppositeextremeof a `̀ rigid'' eigenvaluespectrum~e.g.,
simple harmonicoscillator!, S2 is a constant.Quite gener-
ally, the numbervarianceS2 canbe expressedas

S2~, !5 , 2 2E
0

,
~, 2 x!Y~x!dx, ~13!

whereY(x) ~called `̀ two-level cluster function'' ! is related
to the two-point correlationfunction @c.f., Ref. @11#, p.79#.
For the GOE case,Y(x) is explicitly given by

Y~x! [ s2~x!1
ds

dxEx

`
s~x8!dx8, ~14!

where

s~x! [
sin~p x!

p x
. ~15!

For large valuesof , , the numbervarianceS2 for GOE has
the `̀ intermediate'' behavior

S2; ln , . ~16!

Figure 7 showsthat S2(, ) for C calculatedusing 30-min
returnsfor 1994±1995 agreeswell with the RMT result of
Eq. ~13!. For the rangeof , shownin Fig. 7, both unfolding
proceduresyield similar results.Consistentresultsare ob-
tainedfor C constructedfrom daily returns.

D. Implications

To summarizethis section,we havetestedthestatisticsof
C for universalfeaturesof eigenvaluecorrelationsdisplayed
by GOE matrices.We haveseenthat the distributionof the
nearest-neighborspacingsPnn(s) is in goodagreementwith
theGOEresult.To testwhethertheeigenvaluesof C display
the RMT resultsfor long-rangetwo-point eigenvaluecorre-
lations,we analyzedthenumbervarianceS2 andfoundgood
agreementwith GOEresults.Moreover, we also®ndthat the
statisticsof next-nearest-neighborspacingsconform to the
predictionsof RMT. These®ndingsshowthatthestatisticsof
thebulk of theeigenvaluesof theempiricalcross-correlation
matrix C is consistentwith thoseof a realsymmetricrandom
matrix. Thus, information about genuine correlationsare

FIG. 6. Nearest-neighborspacingdistribution P(s) of the un-
folded eigenvaluesj i of C computedfrom the daily returnsof 422
stocks for the 7-yr periods ~a! 1962±1968, ~b! 1976±1982, ~c!
1983±1989,and~d! 1990±1996.We ®ndgoodagreementwith the
GOE result ~solid curve!. The unfolding was performedby using
the procedureof ®tting the cumulativedistribution of eigenvalues
~appendix!. Gaussianbroadeningprocedurealso yields similar re-
sults.

FIG. 7. ~a! Number varianceS2(, ) calculatedfrom the un-
folded eigenvaluesj i of C constructedfrom 30-min returnsfor the
2-yr period 1994±1995. We usedGaussianbroadeningprocedure
with thebroadeningparametera5 15.We ®ndgoodagreementwith
the GOE result of Eq. ~13! ~solid curve!. The dashedline corre-
spondsto the uncorrelatedcase ~Poisson!. For the range of ,
shown,unfolding by ®ttingalsoyields similar results.

RANDOM MATRIX APPROACHTO CROSS- . . . PHYSICAL REVIEW E 65 066126

066126-7



containedin the deviationsfrom RMT, which we analyze
below.

VI. STATISTICS OF EIGENVECT ORS

A. Distribution of eigenvectorcomponents

Thedeviationsof P(l ) from theRMT resultPrm(l ) sug-
geststhat thesedeviationsshould also be displayedin the
statisticsof the correspondingeigenvectorcomponents@14#.
Accordingly, in this section,we analyzethe distribution of
eigenvectorcomponents.Thedistributionof thecomponents
$ul

k ; l 5 1, . . . ,N%of eigenvectoruk of a randomcorrelation
matrix R should conform to a Gaussiandistribution with
meanzeroandunit variance@13#,

r rm~u!5
1

A2p
expS2 u2

2 D. ~17!

First, we comparethe distributionof eigenvectorcompo-
nentsof C with Eq. ~17!. We analyzer (u) for C computed
using30-min returnsfor 1994±1995.We chooseonetypical
eigenvaluel k from the bulk (l 2 <l k<l 1 ) de®nedby
Prm(l ) of Eq. ~6!. Figure8~a! showsthat r (u) for a typical
uk from thebulk showsgoodagreementwith theRMT result
r rm(u). Similar analysison theothereigenvectorsbelonging
to eigenvalueswithin the bulk yields consistentresults,in
agreementwith the resultsof the previoussectionsthat the
bulk agreeswith random matrix predictions.We test the
agreementof the distribution r (u) with r rm(u) by calculat-
ing the kurtosis,which for a Gaussianhasthe value 3. We
®ndsigni®cantdeviationsfrom r rm(u) for ' 20 largestand

smallesteigenvalues.The remainingeigenvectorshaveval-
uesof kurtosisthatareconsistentwith theGaussianvalue3.

Considernext the `̀ deviating'' eigenvaluesl i , largerthan
the RMT upperbound,l i . l 1 . Figures8~b! and8~c! show
that, for deviatingeigenvalues,the distributionof eigenvec-
tor componentsr (u) deviatessystematicallyfrom the RMT
result r rm(u). Finally, we examinethe distribution of the
componentsof the eigenvectoru1000 correspondingto the
largest eigenvaluel 1000. Figure 8~d! shows that r (u1000)
deviatesremarkablyfrom a Gaussian,and is approximately
uniform, suggestingthat all stocksparticipate.In addition,
we ®ndthat almostall componentsof u1000 havethe same
sign, thus causingr (u) to shift to one side. This suggests
that the signi®cantparticipantsof eigenvectoruk have a
commoncomponentthat affects all of them with the same
bias.

B. Interpr etation of the largest eigenvalue
and the correspondingeigenvector

Sinceall componentsparticipatein theeigenvectorcorre-
spondingto the largesteigenvalue,it representsan in¯uence
that is commonto all stocks.Thus, the largesteigenvector
quanti®esthequalitativenotionthatcertainnewsbreaks~e.g.,
an interestrate increase! affect all stocksalike @4#. Onecan
also interpret the largest eigenvalueand its corresponding
eigenvectorasthecollective`̀ response'' of theentiremarket
to stimuli. We quantitativelyinvestigatethis notion by com-
paringtheprojection~scalarproduct! of thetime seriesG on
the eigenvectoru1000, with a standardmeasureof US stock
marketperformanceÐthereturnsGSP(t) of the S&P 500 in-
dex. We calculatethe projectionG1000(t) of the time series
G j (t) on the eigenvectoru1000,

G1000~t ! [ (
j 5 1

1000

u j
1000G j~t ! . ~18!

By de®nition,G1000(t) showsthe returnof the portfolio de-
®nedby u1000. We compareG1000(t) with GSP(t), and ®nd
remarkablysimilar behaviorfor thetwo, indicatedby a large
value of the correlationcoef®cient̂ GSP(t)G

1000(t)&5 0.85.
Figure 9 shows G1000(t) regressedagainstGSP(t), which
showsrelatively narrowscatterarounda linear ®t.Thus,we
interpret the eigenvectoru1000 as quantifying market-wide
in¯uenceson all stocks@14,15#.

We analyzeC at larger time scalesof Dt5 1 dayand®nd
similar resultsas above,suggestingthat similar correlation
structuresexist for quitedifferenttime scales.Our resultsfor
the distributionof eigenvectorcomponentsagreewith those
reportedin Ref. @14#, whereDt5 1-dayreturnsareanalyzed.
We next investigatehow the largesteigenvaluechangesasa
functionof time.Figure2 showsthetime dependence@35#of
the largest eigenvalue(l 422) for the 35-yr period 1962±
1996.We ®ndlarge valuesof the largesteigenvalueduring
periodsof high marketvolatility, which suggestsstrongcol-
lective behaviorin regimesof high volatility.

One way of statistically modeling an in¯uence that is
commonto all stocksis to expressthereturnGi of stocki as

Gi~t !5 a i1 b iM~t !1 ei~t ! , ~19!

FIG. 8. ~a! Distributionr (u) of eigenvectorcomponentsfor one
eigenvaluein thebulk l 2 , l , l 1 showsgoodagreementwith the
RMT predictionof Eq. ~17! ~solid curve!. Similar resultsare ob-
tainedfor other eigenvaluesin the bulk. r (u) for ~b! u996 and ~c!
u999, correspondingto eigenvalueslarger than the RMT upper
bound l 1 ~shadedregion in Fig. 3!. ~d! r (u) for u1000 deviates
signi®cantlyfrom theGaussianpredictionof RMT. Theaboveplots
are for C constructedfrom 30-min returns for the 2-yr period
1994±1995.We alsoobtainsimilar resultsfor C constructedfrom
daily returns.
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where M(t) is an additive term that is the samefor all
stocks,̂ e(t)&5 0, a i andb i arestock-speci®cconstants,and
^M(t)e(t)&5 0. This commonterm M(t) gives rise to cor-
relationsbetweenany pair of stocks.The decompositionof
Eq. ~19! forms the basisof widely usedeconomicmodels,
such as multifactor models and the Capital Asset Pricing
model@4,36±52#. Sinceu1000 representsan in¯uence that is
commonto all stocks,we can approximatethe term M(t)
with G1000(t). The parametersa i and b i can thereforebe
estimatedby an ordinary leastsquaresregression.

Next,we removethecontributionof G1000(t) to eachtime
seriesGi(t), andconstructC from the residualsei(t) of Eq.
~19!. Figure 10 showsthat the distribution P(Ci j ) thus ob-
tainedhassigni®cantlysmalleraveragevalue^Ci j &, showing
that a large degreeof crosscorrelationscontainedin C can
be attributedto the in¯uence of the largesteigenvalue~and
its correspondingeigenvector! @53,54#.

C. Number of signi®cantparticipants in an eigenvector:
Inverse participation ratio

Havingstudiedtheinterpretationof thelargesteigenvalue
that deviatessigni®cantlyfrom RMT results,we next focus
on theremainingeigenvalues.Thedeviationsof thedistribu-
tion of componentsof an eigenvectoruk from the RMT pre-
diction of a Gaussianis more pronouncedas the separation
from the RMT upperboundl k2 l 1 increases.Sinceprox-
imity to l 1 increasestheeffectsof randomness,we quantify
the numberof componentsthat participatesigni®cantlyin
eacheigenvector, which in turn re¯ects the degreeof devia-
tion from RMT result for the distribution of eigenvector
components.To this end, we use the notion of the inverse
participationratio ~IPR!, often appliedin localizationtheory
@13,55#. The IPR of the eigenvectoruk is de®nedas

I k[ (
l 5 1

N

@ul
k#4, ~20!

whereul
k , l 5 1, . . . ,1000arethecomponentsof eigenvector

uk. The meaningof I k can be illustrated by two limiting
cases:~i! a vectorwith identical componentsul

k[ 1/AN has
I k5 1/N, whereas~ii ! a vector with one componentu1

k5 1
and the remainderzero hasI k5 1. Thus, the IPR quanti®es
the reciprocalof thenumberof eigenvectorcomponentsthat
contributesigni®cantly.

Figure11~a! showsI k for thecaseof thecontrolof Eq.~5!
using time serieswith the empirically found distribution of
returns@21#. The averagevalueof I k is Î&' 33 102 3' 1/N
with a narrowspread,indicatingthatthevectorsareextended
@55,56#Ði.e., almost all componentscontribute to them.
Fluctuationsaroundthis averagevaluearecon®nedto a nar-
row range~standarddeviationof 1.53 102 4).

Figure11~b! showsthat I k for C constructedfrom 30-min
returnsfrom the period 1994±1995, agreeswith I k of the
randomcontrol in the bulk (l 2 , l i , l 1 ). In contrast,the

FIG. 9. ~a! S&P 500 returnsat Dt5 30 min regressedagainst
the 30-min return on the portfolio G1000 @Eq. ~18!# de®nedby the
eigenvectoru1000, for the 2-yr period 1994±1995. Both axesare
scaledby their respectivestandarddeviations.A linear regression
yields a slope0.856 0.09. ~b! Return~in units of standarddevia-
tions! on the portfolio de®nedby an eigenvectorcorrespondingto
an eigenvaluel 400 within the RMT boundsregressedagainstthe
normalizedreturnsof the S&P 500 index showsno signi®cantde-
pendence.Both axesarescaledby their respectivestandarddevia-
tions.The slopeof the linear ®t is 0.0146 0.011,closeto 0.

FIG. 10. ProbabilitydistributionP(Ci j ) of thecross-correlation
coef®cientsfor the2-yr period1994±1995beforeandafter remov-
ing the effect of the largesteigenvaluel 1000. Note that removing
the effect of l 1000 shifts P(Ci j ) toward a smaller averagevalue
^Ci j &5 0.002comparedto the original value^Ci j &5 0.03.

RANDOM MATRIX APPROACHTO CROSS- . . . PHYSICAL REVIEW E 65 066126

066126-9



edgesof the eigenvaluespectrumof C showsigni®cantde-
viations of I k from Î&. The largest eigenvaluehas 1/I k

' 600 for the30-min data@Fig. 11~b!#and1/I k' 320 for the
1-day data@Figs. 11~c! and 11~d!#, showingthat almostall
stocksparticipatein the largesteigenvector. For the rest of
the large eigenvalueswhich deviate from the RMT upper
bound,I k valuesareapproximatelyfour to ®vetimes larger
than Î&, showingthat thereare varying numbersof stocks
contributingto theseeigenvectors.In addition,we also®nd
thattherearelargeI k valuesfor vectorscorrespondingto few
of the small eigenvaluesl i ' 0.25, l 2 . The deviationsat
both edges of the eigenvaluespectrum are considerably
larger than Î&, which suggeststhat the vectorsarelocalized
@55,56#Ði.e., only a few stockscontributeto them.

Thepresenceof vectorswith largevaluesof I k alsoarises
in the theoryof Andersonlocalization@57#. In thecontextof
localizationtheory, one frequently®nds`̀ randombandma-
trices'' @55# containingextendedstateswith small I k in the
bulk of the eigenvaluespectrum,whereasedge statesare
localizedand have large I k. Our ®ndingof localizedstates
for small and large eigenvaluesof the cross-correlationma-
trix C is reminiscentof Andersonlocalizationand suggests
that C may havea randombandmatrix structure.A random
bandmatrix B haselementsBi j independentlydrawn from
differentprobabilitydistributions.Thesedistributionsareof-
ten taken to be Gaussianparametrizedby their variance,
which dependson i and j. Although suchmatricesare ran-
dom,theystill containprobabilisticinformationarisingfrom
the fact thata metric canbede®nedon their setof indicesi.
A related,but distinctway of analyzingcrosscorrelationsby
de®ning`̀ ultrametric'' distanceshas been studied in Ref.
@16#.

D. Interpr etation of deviating eigenvectorsu990± u999

We quantify the numberof signi®cantparticipantsof an
eigenvectorusingthe IPR, andwe examinethe 1/I k compo-
nentsof eigenvectoruk for commonfeatures@17#. A direct
examinationof theseeigenvectors,however, doesnot yield a
straightforwardinterpretationof their economicrelevance.
To interpret their meaning,we note that the largest eigen-
valueis an orderof magnitudelarger thanthe others,which
constrainsthe remainingN2 1 eigenvaluessince Tr C5 N.
Thus,in orderto analyzethedeviatingeigenvectors,we must
removethe effect of the largesteigenvaluel 1000.

In orderto avoidtheeffect of l 1000, andthusG1000(t), on
thereturnsof eachstockGi(t), we performtheregressionof
Eq. ~19!, andcomputethe residualsei(t). We thencalculate
the correlationmatrix C usingei(t) in Eq. ~2! andEq. ~3!.
Next, we computethe eigenvectorsuk of C thus obtained,
and analyzetheir signi®cantparticipants.The eigenvector
u999 containsapproximately1/I 9995 300 signi®cantpartici-
pants,which areall stockswith large valuesof marketcapi-
talization.Figure12 showsthat the magnitudeof the eigen-
vector components of u999 shows an approximately
logarithmicdependenceon the marketcapitalizationsof the
correspondingstocks.

We next analyzethe signi®cantcontributorsof the restof
the eigenvectors.We ®ndthat eachof thesedeviatingeigen-
vectorscontainsstocksbelongingto similar or relatedindus-
triesassigni®cantcontributors.TableI showstheticker sym-
bols and industry groups@StandardIndustry Classi®cation
~SIC! code#for stockscorrespondingto thetenlargesteigen-
vector componentsof eacheigenvector. We ®ndthat these
eigenvectorspartitionthesetof all stocksinto distinctgroups
that contain stockswith large market capitalization(u999),
stocks of ®rms in the electronicsand computer industry
(u998), a combinationof gold mining and investment®rms
(u996 andu997), banking®rms(u994), oil andgasre®ningand
equipment (u993), auto manufacturing®rms (u992), drug
manufacturing®rms(u991), andpapermanufacturing(u990).

FIG. 11. ~a! Inverseparticipationratio ~IPR! as a function of
eigenvaluel for the randomcross-correlationmatrix R of Eq. ~6!
constructedusing N5 1000 mutually uncorrelatedtime seriesof
length L5 6448. IPR for C constructedfrom ~b! 6448 recordsof
30-min returnsfor 1000stocksfor the 2-yr period1994±1995,~c!
1737 recordsof 1-day returns for 422 stocks in the 7-yr period
1990±1996,and~d! 1737recordsof 1-dayreturnsfor 422stocksin
the 7-yr period 1983±1989. The shadedregions show the RMT
bounds@l 1 ,l 2 #.

FIG. 12. All 103 eigenvectorcomponentsof u999 plottedagainst
marketcapitalization~in unitsof U.S.dollars! showsthat®rmswith
large market capitalization contribute signi®cantly. The straight
line, which showsa logarithmic®t, is a guideto the eye.
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TABLE I. Largesttencomponentsof theeigenvectorsu999 up to u991. Thecolumnsshowticker symbols,industrytype,andthestandard
industryclassi®cation~SIC! code,respectively.

Ticker Industry Industrycode Ticker Industry Industrycode

u999

XON Oil & gasequipment/services 2911
PG Cleaningproducts 2840
JNJ Drug manufacturers/major 2834
KO Beverages-softdrinks 2080
PFE Drug manufacturers/major 2834
BEL Telecomservices/domestic 4813
MOB Oil & gasequipment/services 2911
BEN Assetmanagement 6282
UN FoodÐmajor diversi®ed 2000
AIG Property/casualtyinsurance 6331

u998

TXN SemiconductorÐbroadline 3674
MU SemiconductorÐmemorychips 3674
LSI SemiconductorÐspecialized 3674
MOT Electronicequipment 3663
CPQ Personalcomputers 3571
CY SemiconductorÐbroadline 3674
TER Semiconductorequip/materials 3825
NSM SemiconductorÐbroadline 3674
HWP Diversi®edcomputersystems 3570
IBM Diversi®edcomputersystems 3570

u997

PDG Gold 1040
NEM Gold 1040
NGC Gold 1040
ABX Gold 1040
ASA Closed,endfund ~gold! 6799
HM Gold 1040
BMG Gold 1040
AU Gold 1040
HSM Generalbuilding materials 5210
MU SemiconductorÐmemorychips 3674

u996

NEM Gold 1040
PDG Gold 1040
ABX Gold 1040
HM Gold 1040
NGC Gold 1040
ASA Closed,endfund ~gold! 6799
BMG Gold 1040
CHL Wirelesscommunications 4813
CMB Moneycenterbanks 6021
CCI Moneycenterbanks 6021

u995

TMX Telecommunicationservices/foreign 4813
TV BroadcastingÐtelevision 4833
MXF Closed,endfund ~Foreign! 6726
ICA Heavyconstruction 1600
GTR Heavyconstruction 1600

CTC Telecomservices/foreign 4813
PB BeveragesÐsoftdrinks 2086
YPF Independentoil andgas 2911
TXN SemiconductorÐbroadline 3674
MU SemiconductorÐmemorychips 3674

u994

BAC Moneycenterbanks 6021
CHL Wirelesscommunications 4813
BK Money centerbanks 6022
CCI Money centerbanks 6021
CMB Moneycenterbanks 6021
BT Money centerbanks 6022
JPM Money centerbanks 6022
MEL RegionalÐnortheastbanks 6021
NB Money centerbanks 6021
WFC Moneycenterbanks 6021

u993

BP Oil andgasequipment/services 2911
MOB Oil andgasequipment/services 2911
SLB Oil andgasequipment/services 1389
TX Major integratedoil/gas 2911
UCL Oil andgasre®ning/marketing 1311
ARC Oil andgasequipment/services 2911
BHI Oil andgasequipment/services 3533
CHV Major integratedoil/gas 2911
APC Independentoil andgas 1311
AN Auto dealerships 2911

u992

FPR Auto manufacturers/major 3711
F Auto manufacturers/major 3711
C Auto manufacturers/major 3711
GM Auto manufacturers/major 3711
TXN SemiconductorÐbroadline 3674
ADI SemiconductorÐbroadline 3674
CY SemiconductorÐbroadline 3674
TER Semiconductorequip/materials 3825
MGA Auto parts 3714
LSI SemiconductorÐspecialized 3674

u991

ABT Drug manufacturers/major 2834
PFE Drug manufacturers/major 2834
SGP Drug manufacturers/major 2834
LLY Drug manufacturers/major 2834
JNJ Drug manufacturers/major 2834
AHC Oil andgasre®ning/marketing 2911
BMY Drug manufacturers/major 2834
HAL Oil andgasequipment/services 1600
WLA Drug manufacturers/major 2834
BHI Oil andgasequipment/services 3533
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Oneeigenvector(u995) displaysa mixture of threeindustry
groupsÐtelecommunications,metal mining, and banking.
An examinationof these®rms shows signi®cantbusiness
activity in Latin America. Our resultsare also represented
schematicallyin Fig. 13. A similar classi®cationof stocks
into sectorsusingdifferentmethodsis obtainedin Ref. @16#.

Insteadof performingthe regressionof Eq. ~19!, we re-
move the U-shapedintradaypatternusing the procedureof
Ref. @58# and computeC. The rationalebehind this proce-
dure is that, if two stocksare correlated,then the intraday
patternin volatility cangive riseto weakintradaypatternsin
returns,which in turn affectsthecontentof theeigenvectors.
The resultsobtainedby removing the intradaypatternsare
consistentwith thoseobtainedusing the procedureof using
the residualsof the regressionof Eq. ~19! to computeC
~TableI!. Often C is constructedfrom returnsat longertime
scalesof Dt5 1 week or 1 month to avoid short-timescale
effects@59#.

E. Smallesteigenvaluesand their correspondingeigenvectors

Having examinedthe largesteigenvalues,we next focus
on the smallesteigenvalueswhich show large valuesof I k

@Fig. 11#. We ®ndthat the eigenvectorscorrespondingto the
smallesteigenvaluescontainassigni®cantparticipants,pairs
of stocksthat havethe largestvaluesof Ci j in our sample.
For example,thetwo largestcomponentsof u1 correspondto
thestocksof TexasInstruments~TXN! andMicron Technol-
ogy ~MU! with Ci j 5 0.64, the largestcorrelationcoef®cient
in our sample.Thelargestcomponentsof u2 areTelefonosde
Mexico ~TMX! and Grupo Televisa ~TV! with Ci j 5 0.59
~secondlargest correlationcoef®cient!. The eigenvectoru3

showsNewmontGold Company~NGC! andNewmontMin-
ing Corporation~NEM! with Ci j 5 0.50 ~third largestcorre-
lation coef®cient! as largestcomponents.In all threeeigen-
vectors,the relative sign of the two largest componentsis
negative. Thus pairs of stockswith a correlationcoef®cient
much larger than the averagê Ci j & effectively `̀ decouple''
from otherstocks.

The appearanceof strongly correlatedpairs of stocksin
theeigenvectorscorrespondingto thesmallesteigenvaluesof
C can be qualitatively understoodby consideringthe ex-
ampleof a 23 2 cross-correlationmatrix

C23 25 F1 c

c 1G. ~21!

The eigenvaluesof C23 2 areb 6 5 16 c. The smallereigen-
value b 2 decreasesmonotonically with increasingcross-
correlationcoef®cientc. The correspondingeigenvectoris
theantisymmetriclinearcombinationof thebasisvectors(0

1)
and (1

0), in agreementwith our empirical ®nding that the
relative sign of largest componentsof eigenvectorscorre-
sponding to the smallest eigenvaluesis negative. In this
simpleexample,thesymmetriclinearcombinationof thetwo
basisvectorsappearsas the eigenvectorof the large eigen-
valueb 1 . Indeed,we ®ndthatTXN andMU arethe largest
componentsof u998, TMX and TV are the largest compo-
nentsof u995, and NEM and NGC are the largestand third
largestcomponentsof u997.

VII. STABILITY OF EIGENVECT ORS IN TIME

We next investigatethe degreeof stability in time of the
eigenvectorscorrespondingto the eigenvaluesthat deviate
from RMT results.Sincedeviationsfrom RMT resultsimply
genuinecorrelationswhich remainstablein the periodused
to computeC, we expectthedeviatingeigenvectorsto show
somedegreeof time stability.

We ®rstidentify thep eigenvectorscorrespondingto thep
largest eigenvalueswhich deviate from the RMT upper
bound l 1 . We then constructa p3 N matrix D with ele-
mentsDk j5 $u j

k ;k5 1, . . . ,p; j 5 1, . . . ,N%. Next, we com-
pute a p3 p `̀ overlap matrix'' O(t,t )5 DADB

T , with ele-
mentsOi j de®nedasthe scalarproductof eigenvectorui of
periodA ~startingat time t5 t) with uj of periodB at a later
time t1 t ,

Oi j ~t,t ! [ (
k5 1

N

D ik~t !D jk~t1 t ! . ~22!

If all the p eigenvectorsare `̀ perfectly'' nonrandomand
stablein time Oi j 5 di j .

We study the overlap matricesO using both high fre-
quencyand daily data. For high-frequencydata (L5 6448
recordsat 30-min intervals!, we use a moving window of
length L5 1612, and slide it throughthe entire 2-yr period
using discrete time steps L/45 403. We ®rst identify the
eigenvectorsof the correlation matricesfor each of these
time periods.We then calculateoverlap matricesO(t5 0,t
5 nL/4), where nP $1,2,3, . . .%, betweenthe eigenvectors
for t5 0 andfor t5 t .

Figure 14 showsa gray scalepixel representationof the
matrix O (t,t ), for differentt . First, we notethat theeigen-
vectorsthatdeviatefrom RMT boundsshowvaryingdegrees
of stability @Oi j (t,t )# in time. In particular, the stability in
time is largestfor u1000. Evenat lagsof t 5 1 yr the corre-

FIG. 13. Schematicillustrationof theinterpretationof theeigen-
vectorscorrespondingto theeigenvaluesthatdeviatefrom theRMT
upperbound.The dashedcurveshowsthe RMT resultof Eq. ~6!.
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spondingoverlap' 0.85.The remainingeigenvectorsshow
decreasingamountsof stability astheRMT upperboundl 1
is approached.In particular, the threeto four largesteigen-
vectorsshowlarge valuesof Oi j for up to t 5 1 yr.

Next, we repeatour analysis for daily returns of 422
stocksusing 8685 recordsof 1-day returns,and a sliding
window of length L5 965 with discrete time steps L/5

5 193 days. Insteadof calculating O(t,t ) for all starting
points t, we calculateO(t )[ ^O(t,t )&t , averagedover all t
5 n L/5, wherenP $0,1,2, . . .%. Figure15 showsgray scale
representationsof O (t ) for increasingt . We ®nd similar
resultsas found for shortertime scales,and®ndthat eigen-
vectors correspondingto the largest two eigenvaluesare
stablefor time scalesaslarge ast 5 20 yr. In particular, the
eigenvectoru422 showsan overlapof ' 0.8 evenover time
scalesof t 5 30 yr.

VIII. APPLICA TIONS TO PORTFOLIO OPTIMIZA TION

The randomnessof the `̀ bulk'' seenin the previoussec-
tionshasimplicationsin optimalportfolio selection@59#. We
illustrate theseusing the Markowitz theoryof optimal port-
folio selection@3,17,60,61#. Considera portfolio P (t) of
stockswith pricesSi . The returnon P (t) is given by

F 5 (
i 5 1

N

wiGi , ~23!

FIG. 14. Grayscalepixel representationof the overlap matrix
O(t,t ) as a function of time for 30-min data for the 2-yr period
1994±1995. Here, the gray scalecoding is suchthat black corre-
spondsto Oi j 5 1 and white correspondsto Oi j 5 0. The length of
the time window usedto computeC is L5 1612 (' 60 days! and
theseparationt 5 L/45 403usedto calculatesuccessiveOi j . Thus,
the left ®gureon the ®rstrow correspondsto the overlapbetween
the eigenvectorfrom the startingt5 0 window andthe eigenvector
from time window t 5 L/4 later. The right ®gureis for t 5 2L/4. In
the sameway, the left ®gureon the secondrow is for t 5 3L/4, the
right ®gurefor t 5 4L/4, and so on. Even for large t ' 1 yr, the
largestfour eigenvectorsshowlarge valuesof Oi j .

FIG. 15. Grayscalepixel representationof the overlap matrix
^O(t,t )&t for 1-daydata,wherewe haveaveragedover all starting
pointst. Here,the lengthof the time window usedto computeC is
L5 965(' 4 yr) andtheseparationt 5 L/55 193daysusedto cal-
culateOi j . Thus,the left ®gureon the ®rstrow is for t 5 L/5 and
the right ®gureis for t 5 2L/5. In the sameway, the left ®gureon
thesecondrow is for t 5 3L/5, the right ®gurefor t 5 4L/5, andso
on. Even for large t ' 20 yr, the largest two eigenvectorsshow
large valuesof Oi j .
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whereGi(t) is the returnon stocki andwi is the fractionof
wealth investedin stock i. The fractionswi are normalized
suchthat ( i 5 1

N wi5 1. The risk in holding the portfolio P (t)
canbe quanti®edby the variance

V 25 (
i 5 1

N

(
j 5 1

N

wiw jCi j s is j , ~24!

wheres i is thestandarddeviation~averagevolatility! of Gi ,
and Ci j are elementsof the cross-correlationmatrix C. In
order to ®nd an optimal portfolio, we must minimize V 2

underthe constraintthat the returnon the portfolio is some
®xedvalue F . In addition,we also havethe constraintthat
( i 5 1

N wi5 1. Minimizing V 2 subjectto thesetwo constraints
can be implementedby using two Lagrangemultipliers,
which yields a systemof linear equationsfor wi , which can
then be solved.The optimal portfolios thus chosencan be
representedasa plot of thereturnF asa functionof risk V 2

@Fig. 16#.
To ®nd the effect of randomnessof C on the selected

optimal portfolio, we ®rstpartition the time period 1994±
1995 into two one-yr periods.Using the cross-correlation
matrix C94 for 1994,andGi for 1995,we constructa family
of optimal portfolios, and plot F as a function of the pre-
dictedrisk V p

2 for 1995@Fig. 16~a!#. For this family of port-

folios, we also computethe risk V r
2 realizedduring 1995

using C95 @Fig. 16~a!#. We ®nd that the predictedrisk is
signi®cantlysmallerwhencomparedto the realizedrisk,

V r
22 V p

2

V p
2

' 170%. ~25!

Sincethemeaningfulinformationin C is containedin the
deviating eigenvectors~whose eigenvaluesare outside the
RMT bounds!, we must constructa `̀ ®ltered'' correlation
matrix C8, by retainingonly the deviatingeigenvectors.To
this end,we ®rstconstructa diagonalmatrix L 8, with ele-
ments L i i85 $0, . . . ,0,l 988, . . . ,l 1000%. We then transform
L 8 to the basisof C, thus obtaining the `̀ ®ltered'' cross-
correlationmatrix C8. In addition,we set the diagonalele-
mentsCi i85 1, to preserveTr(C)5 Tr(C8)5 N. We repeatthe
abovecalculationsfor ®ndingtheoptimalportfolio usingC8
insteadof C in Eq.~24!. Figure16~b! showsthat therealized
risk is now muchcloserto the predictedrisk

V r
22 V p

2

V p
2

' 25%. ~26!

Thus,theoptimalportfoliosconstructedusingC8aresigni®-
cantly morestablein time.

IX. CONCLUSIONS

How can we understandthe deviating eigenvalues,i.e.,
correlationsthat arestablein time?Oneapproachis to pos-
tulate that returns can be separatedinto idiosyncratic and
commoncomponents,i.e., that returnscanbe separatedinto
different additive `̀ factors,'' which representvarious eco-
nomic in¯uencesthat arecommonto a setof stockssuchas
the type of industry, or the effect of news@4,36±54,62,63#.

On theotherhand,in physicalsystemsonestartsfrom the
interactionsbetweenthe constituents,and thenrelatesinter-
actionsto correlated`̀ modes'' of the system.In economic
systems,we ask if a similar mechanismcangive rise to the
correlatedbehavior. In order to answer this question,we
modelstockprice dynamicsby a family of stochasticdiffer-
entialequations@64#, which describethe `̀ instantaneous'' re-
turns gi(t)5 (d/dt)lnSi(t) as a randomwalk with couplings
Ji j ,

t o] tgi~t !52 r igi~t !2 kgi
3~t !1 (

j
Ji j g j~t !1

1

t o
j i~t ! .

~27!

Here, j i(t) are Gaussianrandomvariableswith correlation
function ĵ i(t)j j (t8)&5 di j t od(t2 t8), and t o setsthe time
scaleof theproblem.In thecontextof a soft-spinmodel,the
®rsttwo termsin the right-handsideof Eq. ~27! arisefrom
the derivativeof a double-wellpotential,enforcingthe soft-
spin constraint.The interactionamongsoft spinsis givenby
the couplings Ji j . In the absenceof the cubic term, and
without interactions, t o /r i are relaxation times of the

FIG. 16. ~a! Portfolio returnR asa function of risk D2 for the
family of optimal portfolios ~without a risk-freeasset! constructed
from the original matrix C. The top curveshowsthe predictedrisk
Dp

2 in 1995 of the family of optimal portfolios for a given return,
calculatedusing30-min returnsfor 1995andthecorrelationmatrix
C94 for 1994.For the samefamily of portfolios, the bottomcurve
showsthe realizedrisk D r

2 calculatedusing the correlationmatrix
C95 for 1995.Thesetwo curvesdiffer by a factor of D r

2/Dp
2' 2.7.

~b! Risk-returnrelationshipfor the optimal portfolios constructed
using the ®lteredcorrelationmatrix C8. The top curve showsthe
predictedrisk Dp

2 in 1995for the family of optimal portfolios for a
given return, calculatedusing the ®lteredcorrelationmatrix C948 .
Thebottomcurveshowstherealizedrisk D r

2 for thesamefamily of
portfolios computedusingC958 . The predictedrisk is now closerto
the realized risk: D r

2/Dp
2' 1.25. For the samefamily of optimal

portfolios,thedashedcurveshowstherealizedrisk computedusing
the original correlationmatrix C95 for which D r

2/Dp
2' 1.3.
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^gi(t)gi(t1 t )&correlationfunction.ThereturnGi at a ®nite
time interval Dt is given by the integralof gi over Dt.

Equation~27! is similar to the linearizeddescriptionof
interacting`̀ soft spins'' @65#andis a generalizedcaseof the
modelsof Ref. @64#. Without interactions,the varianceof
price changeson a scale Dt@t i is given by „̂Gi(Dt)…2&
5 Dt/(r 2t i), in agreementwith recentstudies@66#, where
stockpricechangesaredescribedby ananomalousdiffusion
andthevarianceof pricechangesis decomposedinto a prod-
uct of tradingfrequency~analogof 1/t i) andthesquareof an
`̀ impact parameter'' that is related to liquidity ~analog of
1/r ).

As the coupling strengthsincrease,the soft-spin system
undergoesa transition to an orderedstatewith permanent
local magnetizations.At thetransitionpoint, thespindynam-
ics arevery `̀ slow'' as re¯ectedin a power-law decayof the
spin autocorrelationfunction in time. To test whether this
signatureof stronginteractionsis presentfor the stockmar-
ket problem, we analyzethe correlation functions c(k)(t )
[ ^G(k)(t)G(k)(t1 t )&, where G(k)(t)[ ( i 5 1

1000ui
kGi(t) is the

time seriesde®nedby eigenvectoruk. Insteadof analyzing
c(k)(t ) directly, we apply the detrended̄uctuation analysis
~DFA! method @67#. Figure 17 shows that the correlation
functions c(k)(t ) indeeddecayas power laws @68# for the
deviatingeigenvectorsukÐin sharpcontrastto the behavior
of c(k)(t ) for the restof the eigenvectorsandthe autocorre-
lation functionsof individual stocks,which showonly short-
rangedcorrelations.We interpretthis asevidencefor strong
interactions@69#.

In the absenceof the nonlinearities~cubic term!, we ob-
tain only exponentiallydecayingcorrelationfunctionsfor the
`̀ modes'' correspondingto the large eigenvalues,which is
inconsistentwith our ®ndingof power-law correlations.

To summarize,we havetestedthe eigenvaluestatisticsof
the empirically measuredcorrelationmatrix C againstthe
null hypothesisof a randomcorrelationmatrix. This allows
us to distinguishgenuinecorrelationsfrom `̀ apparent'' cor-
relationsthat arepresentevenfor randommatrices.We ®nd
that the bulk of the eigenvaluespectrumof C sharesuniver-
salpropertieswith theGaussianorthogonalensembleof ran-
dommatrices.Further, we analyzethedeviationsfrom RMT,
and®ndthat ~i! the largesteigenvalueandits corresponding
eigenvectorrepresentthein¯uenceof theentiremarketon all
stocks,and ~ii ! using the rest of the deviatingeigenvectors,
we can partition the set of all stocksstudied into distinct
subsetswhoseidentity correspondsto conventionallyidenti-
®ed businesssectors.Thesesectorsare stable in time, in
somecasesfor as many as 30 years.Finally, we haveseen
thatthedeviatingeigenvectorsareusefulfor theconstruction
of optimalportfolios thathavea stableratio of risk to return.
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APPENDIX: `̀ UNFOLDING' ' THE EIGENVALUE
DISTRIBUTION

As discussedin Sec.V, randommatricesdisplayuniversal
functionalformsfor eigenvaluecorrelationsthatdependonly
on the generalsymmetriesof the matrix. A ®rststepto test
thedatafor suchuniversalpropertiesis to ®nda transforma-
tion called `̀ unfolding,'' which mapsthe eigenvaluesl i to

FIG. 17. ~a! Autocorrelationfunction c(k)(t ) of the time series
de®nedby the eigenvectoru999. The solid line shows a ®t to a
power-law functional form t 2 gk, whereby we obtain values gk

5 0.616 0.06. ~b! To quantify the exponents gk for all k
5 1, . . . ,1000 eigenvectors,we use the methodof DFA analysis
@66#often usedto obtainaccurateestimatesof power-law correla-
tions.We plot thedetrended̄uctuation functionF(t ) as a function
of the time scalet for eachof the 1000 time series.Absenceof
long-range correlations would imply F(t ); t 0.5, whereasF(t )
; t n with 0.5, n< 1 implies power-law decayof the correlation
function with exponentg5 22 2n. We plot the exponentsn as a
functionof theeigenvalueand®ndvaluesexponentsn signi®cantly
largerthan0.5 for all thedeviatingeigenvectors.In contrast,for the
remainderof the eigenvectors,we obtain the meanvalue n5 0.44
6 0.04,comparableto the valuen5 0.5 for the uncorrelatedcase.
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new variablescalled`̀ unfoldedeigenvalues'' j i , whosedis-
tribution is uniform @11±13#. Unfolding ensuresthat thedis-
tancesbetweeneigenvaluesare expressedin units of local
meaneigenvaluespacing@11#, and thus facilitatescompari-
sonwith analyticalresults.

We ®rstde®nethe cumulativedistributionfunction of ei-
genvalues,which countsthe numberof eigenvaluesin the
interval l i<l ,

F~l !5 NE
2 `

l
P~x!dx, ~A1!

where P(x) denotesthe probability density of eigenvalues
andN is the total numberof eigenvalues.The functionF(l )
canbe decomposedinto an averageanda ¯uctuating part,

F~l !5 Fav~l !1 F ¯uc~l ! . ~A2!

SinceP¯uc[ dF¯uc(l )/dl 5 0 on average,

Prm~l ! [
dFav~l !

dl
~A3!

is the averagedeigenvaluedensity. The dimensionless,un-
folded eigenvaluesarethengiven by

j i [ Fav~l i ! . ~A4!

Thus,the problemis to ®ndFav(l ). We follow two pro-
ceduresfor obtainingtheunfoldedeigenvaluesj i : ~i! a phe-
nomenologicalprocedurereferredto asGaussianbroadening
@11±13#, and~ii ! ®ttingthe cumulativedistribution function
F(l ) of Eq. ~A1! with the analytical expressionfor F(l )
usingEq. ~6!. Theseproceduresarediscussedbelow.

1. Gaussianbroadening

Gaussianbroadening@70# is a phenomenologicalproce-
durethat aimsat approximatingthe function Fav(l ) de®ned

in Eq. ~A2! using a seriesof Gaussianfunctions.Consider
the eigenvaluedistributionP(l ), which canbe expressedas

P~l !5
1

N (
i 5 1

N

d~l 2 l i ! . ~A5!

The d functionsabouteacheigenvalueareapproximatedby
choosinga Gaussiandistributioncenteredaroundeacheigen-
valuewith standarddeviation(l k1 a2 l k2 a)/2, where2a is
thesizeof thewindow usedfor broadening@71#. Integrating
Eq. ~A5! providesan approximationto the function Fav(l )
in the form of a seriesof error functions,which using Eq.
~A4! yields the unfoldedeigenvalues.

2. Fitting the eigenvaluedistribution

Phenomenologicalproceduresare likely to containarti®-
cial scales,which canleadto an `̀ over®tting'' of thesmooth
partFav(l ) by addingcontributionsfrom the¯uctuating part
F ¯uc(l ). Thesecondprocedurefor unfoldingaimsat circum-
ventingthis problemby ®ttingthecumulativedistributionof
eigenvaluesF(l ) @Eq. ~A1!# with the analyticalexpression
for

F rm~l !5 NE
2 `

l
Prm~x!dx, ~A6!

wherePrm(l ) is the probability densityof eigenvaluesfrom
Eq. ~6!. The ®t is performedwith l 2 , l 1 , and N as free
parameters.The ®tted function is an estimatefor Fav(l ),
wherebywe obtain the unfoldedeigenvaluesj i . One dif®-
culty with this methodis that the deviationsof the spectrum
of C from Eq.~6! canbequitepronouncedin certainperiods,
and it is dif®cult to ®nda good®t of the cumulativedistri-
bution of eigenvaluesto Eq. ~A6!.
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thein¯uenceof thepricechangesof all otherstocksin a group
on the price of a given stockcanbe modeledby an effective
®eld,which hasto be calculatedself-consistently. This effec-
tive ®eldwould thenplay a similar role asa factor in standard

economicmodels.
@70#M. Brack,J. Damgaard,A.S. Jensen,H.C. Pauli,V.M. Strutin-

sky, andC.Y. Wong,Rev. Mod. Phys.44, 320 ~1972!.
@71#H. Bruus and J.-C.AngleÂs d'Auriac, Europhys.Lett. 35, 321

~1996!.
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