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We analyzecrosscorrelationsbetweerprice uctuationsof differentstocksusingmethodsof randommatrix
theory RMT!. Using two large databasesywe calculatecross-correlatiormatricesC of returnsconstructed
from ~! 30-minreturnsof 1000US stocksfor the 2-yr period1994+1995,4i! 30-minreturnsof 881 US stocks
for the 2-yr period 1996+1997,and+ii! 1-dayreturnsof 422 US stocksfor the 35-yr period 1962+1996.We
test the statisticsof the eigenvalued ; of C againsta “null hypothesis' B a random correlation matrix
constructedrom mutually uncorrelatedime series We ®ndthata majority of the eigenvalue®f C fall within
the RMT bounds@, ,| ; #for the eigenvalueof randomcorrelationmatrices.We testthe eigenvaluef C
within the RMT boundfor universalpropertiesof randommatricesand ®ndgood agreementvith the results
for the Gaussianorthogonalensembleof randommatricesBimplying a large degreeof randomnessn the
measuredross-correlatiomoef®cientsk-urther we ®ndthatthe distributionof eigenvectocomponentsor the
eigenvectorgorrespondindo the eigenvalueoutsidethe RMT bounddisplay systematialeviationsfrom the
RMT prediction.In addition, we ®ndthat these"deviatingeigenvectors'are stablein time. We analyzethe
componentf the deviating eigenvectorsand ®nd that the largest eigenvaluecorrespondgo an in uence
commonto all stocks.Our analysisof the remainingdeviating eigenvectorsshowsdistinct groups,whose
identities correspondto conventionallyidenti®edbusinesssectors.Finally, we discussapplicationsto the

constructionof portfolios of stocksthat havea stableratio of risk to return.
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I. INTRODUCTION
A. Motivation

Quantifying correlations between different stocks is a
topic of interestnot only for scienti®aeason®f understand-
ing the economyas a complexdynamicalsystem,but also
for practicalreasonssuch as assetallocation and portfolio-
risk estimation@z+4# Unlike mostphysicalsystemswhere
one relatescorrelationsbetweensubunitsto basic interac-
tions, the underlying “interactions' for the stock market
problemare not known. Here,we analyzecrosscorrelations
betweerstocksby applyingconceptaandmethodsf random
matrix theory developedn the contextof complexquantum
systemswvherethe precisenatureof the interactionsbetween
subunitsare not known.

In order to quantify correlations,we ®rst calculatethe
price change~"return'! of stocki5 1,...,N over a time
scaleDt,

Gi~t![ INS~1 Dt!2 InS-t!, =1

where S(t) denotesthe price of stock i. Since different
stockshavevarying levels of volatility ~standarddeviatior,
we de®nea normalizedreturn
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where s [ AG2& "G;& is the standarddeviation of G,

and "« & denotesa time averageover the period studied.
We then computethe equal-timecross-correlatiormatrix C

with elements

By construction,the elementsC;; are restrictedto the do-
main2 1< C;;< 1, whereC;;5 1 correspondso perfectcor-
relations,C;;52 1 corresponddo perfect anticorrelations,
andC;;5 0 correspondso uncorrelatecpairs of stocks.

The dif®cultiesin analyzingthe signi®cancandmeaning
of the empirical cross-correlatiortoef®cientsC;; aredueto
severalreasonswhich include the following:

~! Market conditionschangewith time andthe crosscor
relationsthat exist betweenany pair of stocksmay not be
stationary

~i! The ®nitelength of time seriesavailableto estimate
crosscorrelationsintroduces” measurementoise.’

If we usealong-timeseriesto circumventthe problemof
®nitelength,our estimatewill be affectedby the nonstation-
arity of crosscorrelationsFor thesereasonsthe empirically-
measuredrosscorrelationswill contain™random* contribu-
tions,andit is a dif®cultproblemin generalto estimatefrom
C the crosscorrelationsthat are not a resultof randomness.

How can we identify from C;;, those stocks that re-
mainedcorrelated-on the averagé in the time period stud-
ied? To answerthis question,we test the statisticsof C
against the “null hypothesis' of a random correlation
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matrixba correlationmatrix constructedrom mutually un-
correlatedime serieslf the propertiesof C conformto those
of a randomcorrelationmatrix, thenit follows that the con-
tentsof the empirically measuredC arerandom.Conversely
deviationsof the propertiesof C from thoseof a random
correlationmatrix conveyinformationabout ™~ genuine" cor

relations.Thus,our goalshallbeto comparethe propertiesof

C with thoseof a randomcorrelationmatrix andseparatehe
contentof C into two groups:-al the partof C thatconforms
to the propertiesof randomcorrelation matrices~"noise"!

and-b! the partof C thatdeviates~"information'!.

B. Background

The study of statisticalpropertiesof matriceswith inde-
pendentrandom elementsErandom matricedhas a rich
history originating in nuclear physics @+13# In nuclear
physics,the problemof interest50 yearsagowasto under
standthe enegy levelsof complexnuclei,which the existing
modelsfailed to explain.Randommatrix theory-RMT! was
developedn this contextby Wigner, Dyson,Mehta,andoth-
ersin orderto explainthe statisticsof enegy levelsof com-
plex quantumsystemsThey postulatedhat the Hamiltonian
describinga heavynucleuscan be describedby a matrix H
with independentandomelementsH;; drawnfrom a prob-
ability distribution @+ % Basedon this assumptiona series
of remarkablepredictionswere madethat arefound to bein
agreementwith the experimentaldata @+ # For complex
guantum systems,RMT predictions representan average
over all possibleinteractions@+10# Deviationsfrom the
universalpredictionsof RMT identify systemspeci®cnon-
randompropertiesof the systemunderconsiderationprovid-
ing cluesaboutthe underlyinginteractions@1 + 13#

Recentstudies@4,15tapplyingRMT methodgo analyze
the propertiesof C showthat' 98% of the eigenvaluesf C
agreewith RMT predictions,suggestinga considerablede-
greeof randomnesén the measuredtrosscorrelations.lt is
also found that there are deviationsfrom RMT predictions
for' 2% of thelargesteigenvaluesTheseresultspromptthe
following questions:

~1! What is a possibleinterpretationfor the deviations
from RMT?

~2! Are the deviationsfrom RMT stablein time?

-3l Whatcanwe infer aboutthe structureof C from these
results?

~4! What are the practicalimplicationsof theseresults?

In the following, we addresshesequestionsn detail. We
®ndthatthe largesteigenvalueof C representshe in uence
of the entire marketthatis commonto all stocks.Our analy-
sis of the contentsof the remainingeigenvalueghat deviate
from RMT showsthe existenceof crosscorrelationsbetween
stocksof the sametype of industry stockshavinglarge mar
ket capitalization,andstocksof ®mshavingbusinessn cer
tain geographicalareas@6+18# By calculatingthe scalar
productof the eigenvectorérom onetime periodto the next,
we ®ndthat the “deviating eigenvectors'have varying de-
greesof time stability, quanti®edby the magnitudeof the
scalar product. The largest two to three eigenvectorsare
stablefor extendedperiodsof time, while for the restof the
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deviating eigenvectorsthe time stability decreasess the
correspondingeigenvaluesare closer to the RMT upper
bound.

To testthatthe deviatingeigenvaluesrethe only “genu-
ine" informationcontainedn C, we comparethe eigenvalue
statisticsof C with the known universal propertiesof real
symmetric random matrices,and we ®nd good agreement
with the RMT results.Using the notion of the inversepar
ticipation ratio, we analyzethe eigenvectorsof C and ®nd
large valuesof inverseparticipationratio at both edgesof the
eigenvaluespectrumbsuggesting “randomband' matrix
structurefor C. Last,we discussapplicationsto the practical
goal of ®ndingan investmentthat providesa given return
without exposureto unnecessaryisk. In addition, it is pos-
sible that our methodscan also be appliedfor ®Iteringout
“noise' in empirically measurectross-correlatiormatrices
in a wide variety of applications.

This paperis organizedas follows. Sectionll containsa
brief descriptionof the dataanalyzed.Sectionlll discusses
the statisticsof cross-correlatiowoef®cientsSectionlV dis-
cusseghe eigenvaluedistribution of C and compareswith
RMT results.SectionV teststhe eigenvaluestatisticsC for
universalpropertiesof real symmetricrandommatricesand
Sec.VI containsa detailedanalysisof the contentsof eigen-
vectorsthat deviatefrom RMT. SectionVIl discusseshe
time stability of the deviatingeigenvectorsSectionVIll con-
tains applicationsof RMT methodsto construct”optimal"
portfolios that have a stableratio of risk to return. Finally,
Sec.IX containssomeconcludingremarks.

Il. DATA ANALYZED

We analyzetwo different databasesovering securities
from the threemajor US stock exchangesnamely the New
York Stock Exchange~-NYSE!, the American Stock Ex-
change-AMEX!, andthe National Associationof Securities
DealersAutomatedQuotation-NASDAQ!.

Databasel. We analyzethe Tradesand Quotes~TAQ!
databasethat documentsall transactiondor all major secu-
rities listedin all the threestockexchangesWe extractfrom
this databasdime seriesof prices @9 of the 1000 largest
stocksby marketcapitalizationon the startingdate January
3, 1994.We analyzethis databasdor the 2-yr period 1994+
1995 @0# From this databasewe form L5 6448 recordsof
30-min returnsof N5 1000 US stocksfor the 2-yr period
1994+1995.We alsoanalyzethe pricesof a subsetcompris-
ing 881 stocks-of those1000 we analyzefor 1994+1995
thatsurvivedthroughtwo additionalyears1996+1997.From
this data,we extractL5 6448 recordsof 30-min returnsof
N5 881 US stocksfor the 2-yr period 1996+1997.

Databasdl. We analyzethe Centerfor Researclin Secu-
rity Prices~CRSP databaseThe CRSP stock ®les cover
common stocks listed on NYSE beginning in 1925, the
AMEX beginningin 1962, and the NASDAQ beginningin
1972.The ®lesprovide completehistorical descriptiveinfor-
mation and market dataincluding comprehensivealistribu-
tion information, high, low, and closing prices,trading vol-
umes,shareutstandingandtotal returns.We analyzedaily
returnsfor the stocksthat survivefor the 35-yr period1962+
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1996 and extract L5 8685 recordsof 1-day returnsfor N
5 422 stocks.

Ill. STATISTICS OF CORRELATION COEFFICIENTS

We analyze the distribution P(C;;) of the elements
$Cjj ;1P j%of the cross-correlatiomatrix C . We ®rstexam-
ine P(C;;) for 30-minreturnsfrom the TAQ databaséor the
2-yr periods1994+1995 and 1996+1997 @®ig. 1-al# First,
we note that P(C;;) is asymmetricand centeredarounda
positivemeanvalue("Cj;& 0), implying thatpositively cor-
relatedbehavioris more prevalenthannegativelycorrelated
-anticorrelatetibehavior Secondwe ®ndthat”\C;; &depends
on time, e.g., the period 1996+1997 showsa larger "C;; &
than the period 1994+1995. We contrast P(Cj;) with a
controlba correlation matrix R with elementsR;; con-
structedfrom N5 1000 mutually uncorrelatedtime series,
each of length L5 6448, generatedusing the empirically
founddistributionof stockreturns@1,22 Figurel-al shows
that P(R;;) is consistentith a Gaussiarwith zeromean,in
contrastio P(C;;). In addition,we seethatthe partof P(C;;)
for C;;, O -which correspondgo anticorrelationkis within
the Gaussiarcurvefor the control, suggestinghe possibility
thatthe observechegativecrosscorrelationsin C maybean
effect of randomnesskurthermore our analysisof a surro-
gate correlationmatrix generatedrom the randomizedem-
pirical time seriesof returnsshowgood agreementvith the
Gaussiarcurvefor the control @ig. 1-bl#

Figurel-! showsP(C;;) for daily returnsfrom the CRSP
databaséor ®venonoverlapping-yr subperiodsn the 35-yr
period1962+:1996.We seethatthetime dependencef °C; &
is more pronouncedin this plot. In particular the period
containing the market crash of October19, 1987 has the
largestaveragevalue”"C;; & suggestinghe existenceof cross
correlationsthat are more pronouncedin volatile periods
than in calm periods @3+25# We test this possibility by
comparing”C;;& with the averagevolatility of the market
~measuredusing the S&P 500 index, which shows large
valuesof "C;;&during periodsof large volatility Fig. 2!.

IV. EIGENVALUE DISTRIBUTION OF THE
CORRELATION MATRIX

As statedabove,our aim is to extractinformation about
crosscorrelationsfrom C. So, we comparethe propertiesof
C with thoseof a randomcross-correlatiormatrix @4# In
matrix notation,the correlationmatrix canbe expresseds

1
C5 EG GT, 4!

where G is an N3 L matrix with elements $;,

[ gi(mDt);i51,...N; m50,...,L2 1%andG' denotes
the transposeof G. Therefore,we considera randomcorre-
lation matrix

1
R5 A AT, 5l
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where A is an N3 L matrix containingN time seriesof L
randomelementsa; ,, with zeromeanandunit variance that
are mutually uncorrelated.

Statistical propertiesof randommatricessuchas R are
known @6,27% Particularly in thelimit N!' * , L! | such
thatQ[ L/N (. 1) is ®xed,it was shownanalytically @7#
thatthe probability densityfunction P,(1 ) of eigenvalue$
of the randomcorrelationmatrix R is given by

Q Al 211421,!
| _— |
Prm~4.52p | , 6!

for I within theboundd , <l <l ; , wherel , andl ; are
the minimum and maximumeigenvalue®f R, respectively

given by
l 6511 ! 6 2/% 7!

For ®niteL andN, theabruptcutoff of P,,(1 ) isreplacedby
a rapidly decayingedge @8# Note that the expressionEg.
6! is exactfor the caseof Gaussian-distributechatrix ele-
mentsa; ,, . Numerically we ®ndthatfor the caseof power
law distributeda, ,,, the eigenvaluedistribution of the con-
trol correlationmatrix showsgood agreementvith Eq. 6!,
as long as the powerlaw exponentsare outside the Lévy
stabledomain @9# In particular for the caseof powerlaw
distributed time serieswith exponentidentical to that for
stockreturns@1,22 we ®ndgood agreementvith Eq. -6!.

We next comparethe eigenvaluedistribution P(1 ) of C
with P, (1 ) @4# We examineDt5 30-min returnsfor N
5 1000 stocks, each containing L5 6448 records.Thus Q
5 6.448,and we obtain| ,5 0.36 and| ; 5 1.94 from Eq.
~'. We computethe eigenvalues ; of C, wherel ; arerank
ordered(l ;1 ;. | ;) @0# Figure3~al compareshe probabil-
ity distribution P(l ) with P,,(1 ) calculatedfor Q5 6.448.
We note the presenceof a well-de®ned bulk" of eigenval-
ueswhich fall within the bounds@, ,I ; #for P,(I ). We
also note deviationsfor a few (* 20) largestand smallest
eigenvaluesin particular the largesteigenvaluel 1599 50
for the 2-yr period, which is * 25 times larger than | ;
51.94.

SinceEq. 6! is strictly valid only for L! andN! *,
we musttestthatthe deviationsthat we ®ndin Fig. 3-al for
the largestfew eigenvaluesre not an effect of ®nitevalues
of L and N. To this end, we contrastP(l ) with the RMT
result P,(I ) for the randomcorrelationmatrix of Eq. 5!,
constructedrom N5 1000 mutually uncorrelatedime series
generatedo haveidentical powerlaw tails asthe empirical
distribution of returns @1# each of the same length L
5 6448. We ®nd good agreementwith Eq. 6! @ig. 3-b'#
thus showing that the deviationsfrom RMT found for the
largestfew eigenvaluedn Fig. 3~al arenotaresultof thefact
thatL andN are®nite,or of thefactthatreturnsarefat tailed.

As an additional test, we randomizethe empirical time
seriesof returns,therebydestroyingall the equal-timecorre-
lations that exist. We then computea surrogatecorrelation
matrix. The eigenvaluedistribution for this surrogatecorre-
lation matrix @ig. 3~c!# showsgoodagreemenwith Eq. 6!,
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FIG. 1. & P(Cj;) for C calculatedusing 30-min returns of
1000 stocksfor the 2-yr period 1994+1995 ~solid line! and 881
stocksfor the 2-yr period 1996+1997 ~dashedine!. For the period
1996+£1997 ~C;;& 0.06, larger than the value ~C;;& 0.03 for
1994+1995. The narrow paraboliccurve showsthe distribution of
correlationcoef®cientdor the control P(R;;) of Eg.-5!, which is
consistenwith a Gaussiandistributionwith zeromean.-b! P(Cj;)
~circled for the correlationmatrix calculatedusingrandomized30-
min returns of 1000 stocks ~1994-1995 shows good agreement
with the control ~solid curve. ~€! P(C;;) calculatedfrom daily
returnsof 422 stocksfor ®ve7-yr subperiodsn the 35 years1962+
1996. We ®nda large value of ~C;;& 0.18 for the period 1983+
1989,comparedvith the average®C;;& 0.10for the otherperiods.

PHYSICAL REVIEW E 65 066126

— <Cg>

& 0.2 o Ay, (scaled)

5

=

S

S

gz 0.1

3

A

0.0 1 1 1
1962 1972 1982 1992
Time [yr]

FIG. 2. The stairstep curve showsthe averagevalue of the
correlationcoef®cientdC;; & calculatedrom 4223 422 correlation
matricesC constructedrom daily returnsusing a sliding L5 965
daytime window in discretestepsof L/55 193 days.The diamonds
correspondto the largest eigenvaluel 4,, ~scaledby a factor 4
3 10%) for the correlationmatricesthusobtained The bottomcurve
showsthe S&P 500 volatility ~scaledfor clarity! calculatedfrom
daily recordswith a sliding window of length40 days.We ®ndthat
both °Cj;&and | 45, have large valuesfor periodscontainingthe
marketcrashof October19, 1987.

con®rminghatthe largesteigenvaluesn Fig. 3-al aregenu-
ine effect of equal-timecorrelationsamongstocks.

Figure 4 comparesP(l ) for C calculated using L
5 1737daily returnsof 422 stocksfor the 7-yr period 1990+
1996. We ®nd a well-de®nedbulk of eigenvalueghat fall
within P,(I ), and deviations from P,,(l) for large
eigenvaluesbsimilarto what we found for Dt5 30 min
@®@ig. 3~al# Thus,a comparisorof P(l ) with the RMT result
P:m(l ) allows us to distinguishthe bulk of the eigenvalue
spectrumof C that agreeswith RMT ~andomcorrelation$
from the deviations-genuinecorrelations.

V. UNIVERSAL PROPERTIES: ARE THE BULK OF
EIGENVALUES OF C CONSISTENT WITH RMT?

The presenceof a well-de®nedbulk of eigenvalueghat
agreewith P,,(1 ) suggestshatthe contentsof C aremostly
randomexceptfor the eigenvalueghat deviate.Our conclu-
sion was basedon the comparisonof the eigenvaluedistri-
bution P(I ) of C with that of randommatricesof the type
R5 (L/L)AAT. Quite generally comparisonof the eigen-
valuedistributionwith P,,(1 ) aloneis not suf®ciento sup-
port the possibility that the bulk of the eigenvaluespectrum
of C is random.Randommatricesthat have drastically dif-
ferent P(I ) share similar correlation structuresin their
eigenvaluesbuniversapropertiesbthatdependonly on the
generalsymmetriesof the matrix @L+13# Conversely ma-
trices that have the sameeigenvaluedistribution can have
drasticallydifferenteigenvaluecorrelations Therefore a test
of randomnessf C involvestheinvestigationof correlations
in the eigenvalued ;.

Sinceby de®nitionC is a real symmetricmatrix, we shall
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FIG. 3. ~a EigenvaluedistributionP(l ) for C constructedrom
the 30-min returnsfor 1000 stocksfor the 2-yr period 1994+1995.
The solid curve showsthe RMT resultP, (1 ) of Eq.-6!. We note
severaleigenvalueutsidethe RMT upperboundl ; ~shadedre-
gion!. The insetshowsthe largesteigenvaluel 1459 50@I ; . b!
P(l') for the random correlation matrix R, computedfrom N
5 1000 computergeneratedandomuncorrelatedime serieswith
length L5 6448 showsgood agreementvith the RMT result, Eq.
~6! ~solid curvd. ~€! Eigenvaluedistributionfor a surrogatecorre-
lation matrix constructedrom randomized30-min returnsshows
good agreementith Eq. ~6! ~solid curve.

test the eigenvaluestatisticsC for universalfeaturesof ei-
genvaluecorrelationsdisplayedby real symmetricrandom
matricesConsideaM 3 M realsymmetricrandommatrix S

with off-diagonalelementsS;; , which for i, j areindepen-
dentandidentically distributedwith zeromean”S;& 0 and
variance"&zj& 0. It is conjecturedbasedon analytical @1#
and extensivenumerical evidence@1# that in the limit M

I~ , regardles®f thedistributionof elementsS;; , this class
of matrices,on the scaleof local meaneigenvaluespacing,
displaythe universalproperties-eigenvaluecorrelationfunc-
tiond of the ensembleof matriceswhoseelementsare dis-
tributedaccordingto a GaussiamprobabilitymeasureBbcalled
the Gaussiarorthogonalensemble-GOE @1#

Formally, GOE is de®nedn the spaceof real symmetric
matricesby two requirements@1# The ®rstis that the en-
sembleis invariantunderorthogonatransformationsi,e., for
any GOE matrix Z, the transformationzZ! zg W'ZW,
where W is any real orthogonalmatrix (W W75 1), leaves

the joint probability P(Z)dZ of elementsZ;; unchanged:

P(Z28dz& P(Z)dZ. The secondrequiremenis thatthe el-
ements§Z;; ;i< j%are statisticallyindependent@1#
By de®nition,randomcross-correlatiormatricesR @&g.
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FIG. 4. P(l ) for C constructedrom daily returnsof 422 stocks
for the 7-yr period 1990£1996. The solid curve showsthe RMT
result P,,(I ) of Eq. 6#! using N5 422 and L5 1737. The dot-
dasheccurveshowsa @ to P(l ) usingP,,(1 ) with | ; andl , as
free parametersWe ®nd similar resultsas found in Fig. 3-a for
30-min returns.The largest eigenvalue-not showr hasthe value
| 4055 46.3.

~5l# that we are interestedn are not strictly GOE-typema-
trices, but rather belong to a special ensemblecalled the
“chiral" GOE @3,32¢ This can be seenby the following
argument.De®nea matrix B,

0 A/AEG |
Bl ATTA 0 e

The eigenvaluesy of B are given by det(g?12 AAT/L)5 0

and similarly, the eigenvalued of R are given by det( |

2 AAT/L)5 0. Thus, all nonzeroeigenvalueof B occurin

pairs,i.e., for everyeigenvalud of R, gs 56 A areeigen-
valuesof B. Sincethe eigenvalue®ccurpairwise,the eigen-
value spectraof both B andR havespecialpropertiesin the

neighborhoodof zero that are different from the standard
GOE @3,32¢ As thesespecial propertiesdecayrapidly as
onegoesfurther from zero,the eigenvaluecorrelationsof R

in the bulk of the spectrumarestill consistentwith thoseof

the standardGOE. Therefore,our goal shall be to test the

bulk of the eigenvaluespectrumof the empirically measured
cross-correlatiomatrix C with the known universalfeatures
of standardGOE-typematrices.

In the following, we test the statisticalpropertiesof the
eigenvaluef C for threeknown universalproperties@1+
13# displayed by GOE matrices: ! the distribution of
nearest-neighboeigenvaluespacingsP,,(s), ! the distri-
bution of next-nearest-neighb@igenvaluespacings,,,{(S),
andHii! the “numbervariance' statisticS?.

The analyticalresultsfor the threepropertiedisted above
hold if the spacingshetweenadjacenteigenvaluestank or-
dered areexpressedn units of averageeigenvaluespacing.
Quite generally the averageeigenvaluespacing changes
from one part of the eigenvaluespectrumto the next. So, in
order to ensurethat the eigenvaluespacinghas a uniform
averagevaluethroughouthe spectrumwe must®ndatrans-
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formation called “unfolding," which mapsthe eigenvalues
| ; to newvariablescalled “unfoldedeigenvalues'j; , whose
distribution is uniform @1+ 13# Unfolding ensureghat the
distancedetweereigenvaluesreexpressedh unitsof local
meaneigenvaluespacing@1# and thus facilitates compari-
sonwith theoreticalresults.The proceduregshat we usefor
unfolding the eigenvaluespectrumare discussedn the Ap-
pendix.

A. Distribution of nearest-neighboreigenvaluespacings

We ®rst consider the eigenvalue spacing distribution,
which re ects two point as well as eigenvaluecorrelation
functionsof all orders.We comparethe eigenvaluespacing
distribution of C with that of GOE random matrices.For
GOE matrices the distributionof “nearest-neighbdreigen-
valuespacingss[ j; 12 j« is givenby @1+ 13#

15 — p: ; — |

oftenreferredto asthe “Wignersurmise' @3# The Gaussian
decayof Pgog(s) for larges @old curvein Fig. 5-al#implies

thatPgo((S) ~probes' scalesonly of the orderof oneeigen-
value spacing.Thus, the spacingdistributionis knownto be

robustacrossdifferentunfolding procedures@34

We ®rstcalculatethe distributionof the “nearest-neighbor
spacings's[ j i1 12 J k of theunfoldedeigenvalue®btained
usingthe GaussiarbroadeningprocedureFigure5-al shows
that the distribution P,(s) of nearest-neighboeigenvalue
spacingdor C constructedrom 30-min returnsfor the 2-yr
period1994+1995agreesvell with the RMT resultPgog(S)
for GOE matrices.

Identicalresultsare obtainedwhenwe usethe alternative
unfolding procedureof ®ttingthe eigenvaluedistribution.In
addition, we testthe agreemenbf P, (s) with RMT results
by ®tting P,(s) to the one-parameteBrody distribution
@2,13¢

Pg~s!5 B~11 b!sPexp2 Bstt o1, -0l
where B[ $G(@1 2# @1 14 %' °. The caseb5 1 corre-
spondsto the GOE and b5 0 correspondgo uncorrelated
eigenvalues-Poisson-distributedspacings. We obtain b
5 0.9% 0.02, in good agreementvith the GOE prediction
b5 1. To testnonparametricallythat Pgog(S) is the correct
descriptionfor P,,(s), we performthe Kolmogorov-Smirnov
test. We ®nd that at the 80% con®dencelevel, a
Kolmogorov-Smirnovtest cannotreject the hypothesisthat
the GOE is the correctdescriptionfor P,.(S).

Next, we analyzethe nearest-neighbospacingdistribu-
tion P,,(s) for C constructedrom daily returnsfor four 7-yr
periodsig. 6!. We ®ndgood agreementvith the GOE re-
sult of Eq. 9!, similar to what we ®ndfor C constructed
from 30-min returns.We alsotestthat both of the unfolding
proceduresdiscussedn the Appendix yield consistentre-
sults. Thus,we haveseenthat the eigenvalue-spacindistri-
bution of empirically measuredtross-correlatiomatricesC
is consistenwith the RMT resultfor real symmetricrandom
matrices.
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FIG. 5. ~a Nearest-neighbomn! spacingdistributionP,,(s) of
the unfoldedeigenvalueg; of C constructedrom 30-min returns
for the 2-yr period 1994+1995. We ®ndgood agreementvith the
GOEresultPgogs) @g. 9'#~solid line!. Thedashedine is a & to
the one-parameteBrody distribution P, @qg. 10#% The ®tyields
b5 0.9% 0.02,in goodagreementith the GOE predictionb5 1.
A Kolmogorov-Smirnovtestshowsthatthe GOEis 10° timesmore
likely to be the correctdescriptionthan the Gaussianunitary en-
semble and 10?° timesmorelikely thanthe GSE.-b! Next-nearest-
neighbor-nnn eigenvalue-spacingistribution P,,,(s) of C com-
paredto the nearest-neighbospacingdistribution of GSE shows
goodagreementA Kolmogorov-Smirnowestcannotrejectthe hy-
pothesisthat Pgsg(s) is the correctdistribution at the 40% con®-
dencelevel. Theresultsshownaboveareusingthe Gaussiarbroad-
ening procedure.Using the second procedure of ®tting F(l )
~appendix yields similar results.

B. Distribution of next-nearest-neighboreigenvaluespacings

A secondindependentest for GOE is the distribution
Panr(S8 of nextnearest-neighbapacingsq j 1 22 j « be-
tween the unfolded eigenvaluesFor matricesof the GOE
type, accordingto a theoremdue to Ref. @0# the next-
nearest-neighbogpacingdollow the statisticsof the Gauss-
ian symplecticensembleGSE @1+13,34% In particular the
distributionof next-nearest-neighb@pacings,,,(s8 for a
GOE matrix is identical to the distribution of nearest-
neighbor spacingsof the Gaussiansymplectic ensemble
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FIG. 6. Nearest-neighbospacingdistribution P(s) of the un-
folded eigenvalueg; of C computedfrom the daily returnsof 422
stocks for the 7-yr periods ~al 1962t1968, ! 1976+1982, !
1983+1989,and~d! 1990+1996.We ®ndgood agreemenwith the
GOE result ~solid curve. The unfolding was performedby using
the procedureof ®ttingthe cumulativedistribution of eigenvalues
~appendiXx. Gaussianbroadeningprocedurealso yields similar re-
sults.

~GSE @1,13 Figure5b! showsthatP,,(s8 for the same
dataas Fig. 5a agreeswell with the RMT result for the
distribution of nearest-neighbogspacingsof GSE matrices,

218 S 64 D
4 2
3S ex —9p S

3%p

PGSE“S! 5 "‘11'

We ®ndthat at the 40% con®dencdevel, a Kolmogorov-
Smirnovtestcannotrejectthe hypothesighatthe GSEis the
correctdescriptionfor P,,{(S).

C. Long-range eigenvaluecorrelations

To probefor larger scales pair correlations~"two-point’
correlations in the eigenvaluesye usethe statisticS? often
calledthe “numbervariance," which is de®nedas the vari-
anceof the numberof unfolded eigenvaluesn intervals of
length, aroundeachj; @1+ 13#

S~ I M@+, 12, #&, ~12!

wheren(j,, ) is the numberof unfoldedeigenvaluesn the

interval @2 , /2, j1,/2] and 7+ & denotesan average
over all j. If the eigenvaluesare uncorrelatedS?; , . For

the oppositeextremeof a “rigid" eigenvaluespectrunre.g.,
simple harmonicoscillatot, S? is a constant.Quite genef

ally, the numbervarianceS? canbe expresseds

S%- 15,22 E~ 2 x1Y~x!dx, 43
0
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FIG. 7. ~al Number varianceS?(,) calculatedfrom the un-
folded eigenvalueg; of C constructedrom 30-minreturnsfor the
2-yr period 1994+1995. We used Gaussiarbroadeningprocedure
with thebroadeningparameten5 15.We ®ndgoodagreementvith
the GOE result of Eq. 43 ~solid curve. The dashedline corre-
spondsto the uncorrelatedcase ~Poissoh. For the range of ,
shown,unfolding by ®ttingalsoyields similar results.

where Y(x) ~called “two-level clusterfunction”! is related
to the two-point correlationfunction @.f., Ref. @1# p.7%
For the GOE case,Y(x) is explicitly given by

ds
Y~xI[ $?x11 — Es~x8 dx8

~1 4
x = 14!
where
sirp x!
sx![ P 5!
pX

For large valuesof , , the numbervarianceS? for GOE has
the “intermediaté’' behavior

S? In,. ~16!
Figure 7 showsthat S?(, ) for C calculatedusing 30-min
returnsfor 1994+1995 agreeswell with the RMT result of
Eq.~13!. Fortherangeof , shownin Fig. 7, both unfolding
proceduresyield similar results. Consistentresults are ob-
tainedfor C constructedrom daily returns.

D. Implications

To summarizehis section,we havetestedthe statisticsof
C for universalfeaturesof eigenvaluecorrelationsdisplayed
by GOE matrices.We have seenthat the distribution of the
nearest-neighbogpacingsP,,(s) is in good agreementvith
the GOE result.To testwhetherthe eigenvalue®f C display
the RMT resultsfor long-rangetwo-point eigenvaluecorre-
lations,we analyzedhe numbervarianceS? andfoundgood
agreementvith GOE results.Moreover we also®ndthatthe
statisticsof next-nearest-neighbm@pacingsconform to the
predictionsof RMT. These®ndingsshowthatthe statisticsof
the bulk of the eigenvalue®f the empiricalcross-correlation
matrix C is consistentvith thoseof arealsymmetricrandom
matrix. Thus, information about genuine correlationsare
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FIG. 8. ~a Distributionr (u) of eigenvectocomponentgor one
eigenvaluen thebulkl ,, |, | ; showsgoodagreementvith the
RMT predictionof Eq. 47! ~solid curve. Similar resultsare ob-
tainedfor other eigenvaluesn the bulk. r (u) for ! u®® and-¢!
u®®, correspondingto eigenvalueslarger than the RMT upper
bound| ; ~shadedregionin Fig. 3!. ~d! r(u) for u'® deviates
signi®cantlyfrom the Gaussiarpredictionof RMT. The aboveplots
are for C constructedfrom 30-min returns for the 2-yr period
1994+1995. We also obtain similar resultsfor C constructedrom
daily returns.

containedin the deviationsfrom RMT, which we analyze
below

VI. STATISTICS OF EIGENVECT ORS
A. Distribution of eigenvectorcomponents

Thedeviationsof P(l ) from the RMT resultP,(l ) sug-
geststhat thesedeviationsshould also be displayedin the
statisticsof the correspondingeigenvectorcomponents@4#
Accordingly, in this section,we analyzethe distribution of
eigenvectoicomponentsThe distributionof the components
$uf;15 1, ... N%of eigenvectou® of a randomcorrelation
matrix R should conform to a Gaussiandistribution with
meanzeroand unit variance@34%

5 mendp D
I m~u! K_pex 2

First, we comparethe distribution of eigenvectorcompo-
nentsof C with Eq. 17!. We analyzer (u) for C computed
using 30-minreturnsfor 1994+1995.We chooseonetypical
eigenvaluel , from the bulk (I , <l <l ;) de®nedby
P.m(l) of Eq.-6!. Figure8-al showsthatr(u) for atypical
uk from the bulk showsgoodagreemenwith the RMT result
r.m(u). Similar analysison the othereigenvectordelonging
to eigenvalueswithin the bulk yields consistentresults,in
agreementvith the resultsof the previoussectionsthat the
bulk agreeswith random matrix predictions.We test the
agreemenbf the distributionr (u) with r,,(u) by calculat-
ing the kurtosis,which for a Gaussiarhasthe value 3. We
®ndsigni®cantdeviationsfrom r,(u) for ' 20 largestand

A7
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smallesteigenvaluesThe remainingeigenvectordhave val-
uesof kurtosisthatare consistentvith the Gaussiarvalue 3.

Considemextthe “deviating' eigenvalue$ ;, largerthan
the RMT upperbound,| ;. | ; . Figures8-h! and8-¢! show
that, for deviatingeigenvaluesthe distribution of eigenvec-
tor components (u) deviatessystematicallyfrom the RMT
result r,(u). Finally, we examinethe distribution of the
componentsof the eigenvectoru'®® correspondingto the
largest eigenvaluel 1o00. Figure 8~d! showsthat r (u°%9
deviatesremarkablyfrom a Gaussianandis approximately
uniform, suggestingthat all stocksparticipate.Iln addition,
we ®ndthat almostall componentof ul®® havethe same
sign, thus causingr (u) to shift to one side. This suggests
that the signi®cantparticipantsof eigenvectoru® have a
commoncomponentthat affects all of them with the same
bias.

B. Interpr etation of the largest eigenvalue
and the correspondingeigenvector

Sinceall componentgarticipatein the eigenvectoicorre-
spondingto the largesteigenvaluejt representanin uence
that is commonto all stocks.Thus, the largesteigenvector
gquanti®eshe qualitativenotionthatcertainnewsbreakse.g.,
aninterestrate increase affect all stocksalike @# Onecan
also interpret the largest eigenvalueand its corresponding
eigenvectorlsthe collective “responsé'of the entiremarket
to stimuli. We quantitativelyinvestigatethis notion by com-
paringthe projection~scalarproduct of thetime seriesG on
the eigenvectoru!®®® with a standardmeasureof US stock
marketperformancebthereturnsGgg(t) of the S&P 500in-
dex. We calculatethe projectionG1%qt) of the time series

G;(t) on the eigenvectou®®,

1000

@m%ug ut®%G 1. 418
51

By de®nition,G1%°qt) showsthe returnof the portfolio de-
®nedby u'®® We compareG°qt) with GgHt), and ®nd
remarkablysimilar behaviorfor the two, indicatedby a large
value of the correlationcoef®cient\GgH(t) G1°°{(t)& 0.85.
Figure 9 shows G0%t) regressedagainstGgp(t), which
showsrelatively narrow scatterarounda linear ®t. Thus,we
interpret the eigenvectoru!®® as quantifying market-wide
in uenceson all stocks@4,15%#

We analyzeC at largertime scalesof Dt5 1 dayand®nd
similar resultsas above,suggestingthat similar correlation
structuresexistfor quite differenttime scalesOur resultsfor
the distribution of eigenvectorcomponentsagreewith those
reportedin Ref. @4# whereDt5 1-dayreturnsareanalyzed.
We nextinvestigatehow the largesteigenvaluechangesasa
functionof time. Figure2 showsthe time dependenc@5#of
the largest eigenvalue(l 4,,) for the 35-yr period 1962+
1996.We ®ndlarge valuesof the largesteigenvalueduring
periodsof high marketvolatility, which suggeststrongcol-
lective behaviorin regimesof high volatility.

One way of statistically modeling an in uence that is
commonto all stocksis to expresghereturnG; of stocki as

Git!5 a;1 bM~t!1 e-t!, 19
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FIG. 9. ~a S&P 500 returnsat Dt5 30 min regressedgainst
the 30-min return on the portfolio G°° @gq. ~18!# de®neddy the
eigenvectoru®®® for the 2-yr period 1994+1995. Both axesare
scaledby their respectivestandarddeviations.A linear regression
yields a slope 0.85% 0.09. -b! Return-n units of standarddevia-
tiond on the portfolio de®nedy an eigenvectorcorrespondingo
an eigenvaluel 4o, within the RMT boundsregressedagainstthe
normalizedreturnsof the S&P 500 index showsno signi®cante-
pendenceBoth axesare scaledby their respectivestandarddevia-
tions. The slopeof the linear ®tis 0.014 0.011,closeto 0.

where M(t) is an additive term that is the samefor all
stocks ()& 0, a; andb; arestock-speci®constantsand
M (t) &(t)& 0. This commonterm M(t) givesrise to cor-
relationsbetweenany pair of stocks.The decompositiorof
Eq. 19 forms the basisof widely usedeconomicmodels,
such as multifactor models and the Capital Asset Pricing
model @,36+52# Sinceu'®® representsnin uence thatis
commonto all stocks,we can approximatethe term M (t)
with G1%%4t). The parametersa; and b; can thereforebe
estimatecby an ordinaryleastsquaregegression.

Next, we removethe contributionof G1°°4t) to eachtime
seriesG;(t), andconstructC from the residualse(t) of Eq.
~19!. Figure 10 showsthat the distribution P(Cj;) thus ob-
tainedhassigni®cantlysmalleraveragevalue”\C;; & showing
that a large degreeof crosscorrelationscontainedin C can
be attributedto the in"uence of the largesteigenvalue-and
its correspondingigenvectdr @3,54¢
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FIG. 10. Probabilitydistribution P(C;;) of the cross-correlation
coef®cientdor the 2-yr period 1994+1995beforeand after remov-
ing the effect of the largesteigenvalud ,4q0. Note that removing
the effect of | ;49 shifts P(C;;) toward a smaller averagevalue
"C;;& 0.002comparedo the original value"C;;& 0.03.

C. Number of signi®cantparticipants in an eigenvector:
Inverse participation ratio

Having studiedthe interpretatiorof the largesteigenvalue
that deviatessigni®cantlyfrom RMT results,we next focus
on theremainingeigenvaluesThe deviationsof the distribu-
tion of component®f an eigenvectouX from the RMT pre-
diction of a Gaussiaris more pronouncedasthe separation
from the RMT upperboundl 2 | ; increasesSince prox-
imity tol ; increaseshe effectsof randomnessye quantify
the numberof componentghat participatesigni®cantlyin
eacheigenvectarwhich in turn re ects the degreeof devia-
tion from RMT result for the distribution of eigenvector
componentsTo this end, we use the notion of the inverse
participationratio 4PR!, often appliedin localizationtheory
@3,55¢ The IPR of the eigenvectouX is de®nedas

N
K " -
l[lgl@.#. 20!

whereul, 15 1, . . .,1000arethe componentf eigenvector
u¥. The meaningof I¥ can be illustrated by two limiting
cases-! a vectorwith identical componentm}‘[ 1/AN has
I¥5 1/N, whereas+i! a vector with one componentuk5 1
and the remainderzero has|*5 1. Thus, the IPR quanti®es
the reciprocalof the numberof eigenvectoicomponentghat
contributesigni®cantly

Figure11-al showsl for the caseof the controlof Eq. 5!
using time serieswith the empirically found distribution of
returns@1# The averagevalueof IXis N & 33 1073 1N
with a narrowspreadjndicatingthatthe vectorsareextended
@&5,56bi.e., almost all componentscontribute to them.
Fluctuationsaroundthis averagevaluearecon®nedo a nar
row range-standarddeviationof 1.53 107 4).

Figure11-b! showsthat!* for C constructedrom 30-min
returnsfrom the period 1994+1995, agreeswith ¥ of the
randomcontrol in the bulk (I ,, I, | ;). In contrast,the
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FIG. 11. ~a Inverseparticipationratio 4PR! as a function of
eigenvalud for the randomcross-correlatiomatrix R of Eq. ~6!
constructedusing N5 1000 mutually uncorrelatedtime series of
length L5 6448. IPR for C constructedrom ~b! 6448 recordsof
30-min returnsfor 1000 stocksfor the 2-yr period 1994+1995, ¢!
1737 recordsof 1-day returnsfor 422 stocksin the 7-yr period
1990+1996,and~d! 1737recordsof 1-dayreturnsfor 422 stocksin
the 7-yr period 1983t1989. The shadedregions show the RMT
bounds@; ,l , #

edgesof the eigenvaluespectrumof C showsigni®canide-

viations of I¥ from N & The largest eigenvaluehas 1/

' 600for the 30-mindata@ig. 11-bi#and1/1* 320for the

1-day data @igs. 11! and 11-d!i# showingthat almostall

stocksparticipatein the largesteigenvectarFor the rest of

the large eigenvalueswhich deviate from the RMT upper
bound, ¥ valuesare approximatelyfour to ®vetimeslarger
thanNl & showingthat there are varying numbersof stocks
contributingto theseeigenvectorsin addition, we also®nd
thattherearelarge ¥ valuesfor vectorscorrespondingo few

of the small eigenvalued ;' 0.25 | , . The deviationsat

both edgesof the eigenvaluespectrumare considerably
larger than™ & which suggestshat the vectorsarelocalized
@5,56Dbi.e., only afew stockscontributeto them.

The presencef vectorswith large valuesof 1 alsoarises
in the theory of Andersonlocalization@7# In the contextof
localizationtheory one frequently®nds randombandma-
trices' @5# containingextendedstateswith small 1 in the
bulk of the eigenvaluespectrum,whereasedge statesare
localized and havelarge 1¥. Our ®ndingof localized states
for small andlarge eigenvaluef the cross-correlationrma-
trix C is reminiscentof Andersonlocalizationand suggests
that C may havea randombandmatrix structure A random
bandmatrix B haselementsB;; independentlydrawn from
differentprobability distributions. Thesedistributionsare of-
ten taken to be Gaussianparametrizedby their variance,
which dependson i andj. Although suchmatricesare ran-
dom, theystill containprobabilisticinformationarisingfrom
the fact thata metric canbe de®nedn their setof indicesi.
A related,but distinctway of analyzingcrosscorrelationsby
de®ning " ultrametric' distanceshas been studiedin Ref.

@c#
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FIG. 12. All 10® eigenvectocomponent®f u®®® plottedagainst
marketcapitalization+n unitsof U.S. dollard showsthat®rmswith
large market capitalization contribute signi®cantly The straight
line, which showsa logarithmic®t, is a guideto the eye.

D. Interpr etation of deviating eigenvectorsu %%+ y%°

We quantify the numberof signi®cantparticipantsof an
eigenvectousingthe IPR, andwe examinethe 1/1% compo-
nentsof eigenvectoruk for commonfeatures@7# A direct
examinatiornof theseeigenvectorshowever doesnotyield a
straightforwardinterpretationof their economicrelevance.
To interprettheir meaning,we note that the largest eigen-
valueis an orderof magnitudelarger thanthe others,which
constrainsthe remainingN2 1 eigenvaluessince Tr C5 N.
Thus,in orderto analyzethe deviatingeigenvectorsye must
removethe effect of the largesteigenvalud 1gqq.

In orderto avoidthe effect of | 1500, andthusG1°qt), on
thereturnsof eachstockG;(t), we performthe regressiorof
Eq. 419, andcomputethe residualse (t). We thencalculate
the correlationmatrix C using e (t) in Eqg. ~2! and Eq. -3!.
Next, we computethe eigenvectoral of C thus obtained,
and analyzetheir signi®cantparticipants.The eigenvector
u®° containsapproximately1/1°%% 300 signi®cantpartici-
pants,which areall stockswith large valuesof marketcapi-
talization. Figure 12 showsthat the magnitudeof the eigen-
vector components of u®®® shows an approximately
logarithmic dependencen the marketcapitalizationsof the
correspondingstocks.

We nextanalyzethe signi®cantontributorsof the restof
the eigenvectorsWe ®ndthat eachof thesedeviatingeigen-
vectorscontainsstocksbelongingto similar or relatedindus-
triesassigni®cantontributorsTablel showstheticker sym-
bols and industry groups @tandardindustry Classi®cation
~SIC! codetfor stockscorrespondingo thetenlargesteigen-
vector componentf eacheigenvectarWe ®ndthat these
eigenvectorgartitionthe setof all stocksinto distinctgroups
that contain stockswith large market capitalization(u®®9),
stocks of ®msin the electronicsand computerindustry
(u®®9), a combinationof gold mining and investment®rms
(u®*®andu®®, banking®rms(u®®¥, oil andgasre®ningand
equipment (u®%), auto manufacturing®rms (u®%?, drug
manufacturing®rms(u®®?), and papermanufacturing(u®®9).
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TABLE I. Largestten component®f the eigenvectorsi®®® up to u®®%. The columnsshowticker symbols,industrytype, andthe standard
industry classi®cationSIC! code,respectively

Ticker Industry Industry code Ticker Industry Industry code
1999
XON Oil & gasequipment/services 2911 CTC Telecomservices/foreign 4813
PG Cleaningproducts 2840 PB Beveragesbsoftdrinks 2086
JINJ Drug manufacturers/major 2834 YPF Independenbil andgas 2911
KO Beverages-softirinks 2080 TXN Semiconductorbbroadine 3674
PFE Drug manufacturers/major 2834 MU Semiconductorbmemorychips 3674
BEL Telecomservices/domestic 4813 u2%
MOB Oil & gasequipment/services 291 BAC Money centerbanks 6021
BEN Assetmanagement 6282 CHL Wirelesscommunications 4813
UN Foodbmajor diversi®ed 2000 BK Money centerbanks 6022
AIG Property/casualtynsurance 6331 ccl Money centerbanks 6021
u998 CMB Money centerbanks 6021
TXN Semiconductorbbroadine 3674 BT Money centerbanks 6022
MU Semiconductorbmemorchips 3674 JPM Money centerbanks 6022
LSI Semiconductorbspecialized 3674 MEL Regionalbnortheasbanks 6021
MOT Electronicequipment 3663 NB Money centerbanks 6021
CPQ Personaktomputers 3571 WFC Money centerbanks 6021
CY Semiconductorbbroadine 3674 1993
TER Semiconductoequip/materials 3825 BP Oil andgasequipment/services 2911
NSM Semiconductorbbroadine 3674 MOB Oil andgasequipment/services 2911
HWP Diversi®edcomputersystems 3570 SLB Oil and gasequipment/services 1389
IBM Diversi®edcomputersystems 3570 TX Major integratedoil/gas 2911
u%9? UCL Oil andgasre®ning/marketing 1311
PDG Gold 1040 ARC Qil andgasequipment/services 2911
NEM Gold 1040 BHI Oil andgasequipment/services 3533
NGC Gold 1040 CHV Major integratedoil/gas 291
ABX Gold 1040 APC Independenbil andgas 131
ASA Closed,endfund ~gold! 6799 AN Auto dealerships 291
HM Gold 1040 14,992
BMG Gold 1040 FPR Auto manufacturers/major 3711
AU Gold . _ 1040 F Auto manufacturers/major 371
HSM Gengralbuﬂdmg materials . 5210 C Auto manufacturers/major 3711
MU Semiconductorbmemonchips 3674 GM Auto manufacturers/major 3711
u99% TXN SemiconductorBbroadine 3674
NEM Gold 1040 ADI Semiconductorbbroadine 3674
PDG Gold 1040 CY Semiconductorbbroadine 3674
ABX Gold 1040 TER Semiconductoequip/materials 3825
HM Gold 1040 MGA Auto parts 3714
NGC Gold 1040 LSI Semiconductorbspecialized 3674
ASA Closed,endfund ~gold! 6799 991
BMG Gold 1040 ABT Drug manufacturers/major 2834
CHL Wirelesscommunications 4813 PEE Drug manufacturers/major 2834
CMB Money centerbanks 6021 SGP Drug manufacturers/major 2834
cCl Money centerbanks 6021 LLY Drug manufacturers/major 2834
u99s INJ Drug manufacturers/major 2834
TMX Telecommunicatiorservices/foreign 4813 AHC Oil andgasre®ning/marketing 2911
TV BroadcastingBbtelevision 4833 BMY Drug manufacturers/major 2834
MXF Closed,endfund ~+Foreigr 6726 HAL Oil andgasequipment/services 1600
ICA Heavy construction 1600 WLA Drug manufacturers/major 2834
GTR Heavy construction 1600 BHI Oil andgasequipment/services 3533
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FIG. 13. Schematidllustrationof theinterpretatiorof theeigen-
vectorscorrespondingo the eigenvalueshatdeviatefrom the RMT
upperbound.The dashedcurve showsthe RMT resultof Eq. -6!.

One eigenvecto(u®®) displaysa mixture of threeindustry
groupsbtelecommunicationsmetal mining, and banking.
An examinationof these ®rms shows signi®cantbusiness
activity in Latin America. Our resultsare also represented
schematicallyin Fig. 13. A similar classi®catiorof stocks
into sectorsusing differentmethodsis obtainedin Ref. @6#

Insteadof performingthe regressiorof Eq. 19!, we re-
move the U-shapedintraday patternusing the procedureof
Ref. @8%# and computeC. The rationalebehindthis proce-
dureis that, if two stocksare correlated,then the intraday
patternin volatility cangive riseto weakintradaypatternsin
returns,which in turn affectsthe contentof the eigenvectors.
The resultsobtainedby removing the intraday patternsare
consistentwith thoseobtainedusing the procedureof using
the residualsof the regressionof Eq. 419 to computeC
~Tablel!. Often C is constructedrom returnsat longertime
scalesof Dt5 1 weekor 1 monthto avoid short-timescale
effects @

E. Smallesteigenvaluesand their correspondingeigenvectors

Having examinedthe largesteigenvaluesye next focus
on the smallesteigenvaluesvhich show large valuesof 1%
@®@ig. 11# We ®ndthat the eigenvectorgorrespondingo the
smallesteigenvaluesontainas signi®canparticipants pairs
of stocksthat havethe largestvaluesof C;; in our sample.
For examplethetwo largestcomponent®f u' correspondo
the stocksof TexasInstrumentsTXN! andMicron Technol-
ogy -MU! with C;;5 0.64,the largestcorrelationcoef®cient
in our sample Thelargestcomponent®f u? areTelefonosde
Mexico ~-TMX! and Grupo Televisa~TV! with C;;5 0.59
~secondlargest correlation coef®cierit The eigenvectoru®
showsNewmontGold Company-NGC! and NewmontMin-
ing Corporation-NEM! with C;;5 0.50 -third largestcorre-
lation coef®cierlt aslargestcomponentsin all threeeigen-
vectors,the relative sign of the two largestcomponentss
negative Thus pairs of stockswith a correlationcoef®cient
much larger than the average"C;; & effectively “decouple’
from other stocks.
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The appearancef strongly correlatedpairs of stocksin
theeigenvectorgorrespondingo the smallesteigenvalue®f
C can be qualitatively understoodby consideringthe ex-
ampleof a 23 2 cross-correlatiomatrix

f G
C23 25 c 1

The eigenvalue®f C,3 5, are bg 5 16 ¢. The smallereigen-
value b, decreasesnonotonically with increasingcross-
correlation coef®cientc. The correspondingeigenvectoris
the antisymmetridinear combinationof the basisvectors(é)
and (9), in agreementwith our empirical ®ndingthat the
relative sign of largest componentsof eigenvectorscorre-
spondingto the smallesteigenvaluesis negative.In this
simpleexample the symmetriclinearcombinationof the two
basisvectorsappearsas the eigenvectorof the large eigen-
value b, . Indeed,we ®ndthatTXN andMU arethe largest
componentsof u®®® TMX and TV are the largest compo-
nentsof u®%, and NEM and NGC are the largestand third

largestcomponentf u®?’.

21

VIl. STABILITY OF EIGENVECT ORSIN TIME

We next investigatethe degreeof stability in time of the
eigenvectorscorrespondingo the eigenvalueghat deviate
from RMT results.Sincedeviationsfrom RMT resultsimply
genuinecorrelationswhich remainstablein the period used
to computeC, we expectthe deviatingeigenvector¢o show
somedegreeof time stability.

We ®rstidentify the p eigenvectorgorrespondingo thep
largest eigenvalueswhich deviate from the RMT upper
boundl ; . We then constructa p3 N matrix D with ele-
mentsD,;5 ¥;k5 1,...,p;j5 1,. .. N% Next, we com-
pute a p3 p “overlap matrix" O(t,t)5 DAD, with ele-
mentsO;; de®nedasthe scalarproductof eigenvecton' of
period A ~startingattime t5 t) with u! of periodB at a later
timetl ¢,

N

O, 1! Q Di~t!Djj~t1 £1. 22!
kS 1

If all the p eigenvectorsare “perfectly’ nonrandomand
stablein time O;;5 df; .

We study the overlap matricesO using both high fre-
quency and daily data. For high-frequencydata (L5 6448
recordsat 30-min intervald, we use a moving window of
lengthL5 1612, and slide it throughthe entire 2-yr period
using discrete time stepsL/45 403. We ®rst identify the
eigenvectorsof the correlation matricesfor each of these
time periods.We then calculateoverlap matricesO(t5 0,t
5 nL/4), wherenP $1,2,3 . . . % betweenthe eigenvectors
for t5 0 andfor t5 ¢.

Figure 14 showsa gray scalepixel representatiorof the
matrix O (t,t), for differentt. First, we notethatthe eigen-
vectorsthatdeviatefrom RMT boundsshowvaryingdegrees
of stability @;;(t,¢)# in time. In particular the stability in
time is largestfor u'®® Evenatlagsof t5 1 yr the corre-
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FIG. 14. Grayscalepixel representatiorof the overlap matrix
O(t,t) as a function of time for 30-min datafor the 2-yr period
1994+1995. Here, the gray scalecoding is suchthat black corre-
spondsto O;;5 1 andwhite correspondgo O;;5 0. The length of
the time window usedto computeC is L5 1612 (' 60 dayd and
the separatiornt5 L/45 403 usedto calculatesuccessive®;; . Thus,
the left ®gureon the ®rstrow corresponddo the overlapbetween
the eigenvectoifrom the startingt5 0 window andthe eigenvector
from time window ¢5 L/4 later. The right ®gureis for t5 2L/4. In
the sameway, the left ®gureon the secondrow is for ¢5 3L/4, the
right ®gurefor t5 4L/4, and so on. Evenfor large t' 1 yr, the
largestfour eigenvectorshow large valuesof Oj; .

spondingoverlap' 0.85.The remainingeigenvectorshow
decreasingamountsof stability asthe RMT upperboundl
is approachedin particular the threeto four largesteigen-
vectorsshow large valuesof O;; for upto ¢t5 1 yr.

Next, we repeatour analysisfor daily returns of 422
stocks using 8685 recordsof 1-day returns,and a sliding
window of length L5 965 with discrete time stepsL/5
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FIG. 15. Grayscalepixel representatiorof the overlap matrix
NO(t,t)& for 1-day data,wherewe haveaveragedver all starting
pointst. Here,the lengthof the time window usedto computeC is
L5 965(" 4 yr) andtheseparatiort5 L/55 193 daysusedto cal-
culateO;; . Thus,the left ®gureon the ®rstrow is for ¢5 L/5 and
the right ®gureis for ¢5 2L/5. In the sameway, the left ®gureon
the secondrow is for t5 3L/5, the right ®gurefor ¢5 4L/5, andso
on. Even for large t' 20 yr, the largesttwo eigenvectorsshow
large valuesof O;; .

5 193 days. Instead of calculating O(t,¢) for all starting
pointst, we calculateO(¢)[ "O(t,t)&, averagedverall t
5 n L/5, wherenP $0,1,2 . . .%Figure 15 showsgray scale
representationsf O (¢) for increasingt. We ®nd similar
resultsas found for shortertime scales,and ®ndthat eigen-
vectors correspondingto the largest two eigenvaluesare
stablefor time scalesaslargeast5 20 yr. In particular the
eigenvectoru*?? showsan overlapof ' 0.8 evenover time
scalesof ¢t5 30 yr.

VIIl. APPLICATIONS TO PORTFOLIO OPTIMIZA TION

The randomnes®f the “bulk" seenin the previoussec-
tions hasimplicationsin optimal portfolio selection@9%% We
illustrate theseusing the Markowitz theory of optimal port-
folio selection @,17,60,6% Considera portfolio P (t) of
stockswith pricesS;. Thereturnon P (t) is given by

N
F5i£1WiGi,
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FIG. 16. -@ Portfolio return R as a function of risk D? for the
family of optimal portfolios ~without a risk-free asset constructed
from the original matrix C. The top curve showsthe predictedrisk
DS in 1995 of the family of optimal portfolios for a given return,
calculatedusing 30-minreturnsfor 1995andthe correlationmatrix
Cg, for 1994. For the samefamily of portfolios, the bottom curve
showsthe realizedrisk D? calculatedusing the correlationmatrix
Cgs for 1995. Thesetwo curvesdiffer by a factor of D7/D}’ 2.7.
‘! Risk-returnrelationshipfor the optimal portfolios constructed
using the ®lteredcorrelationmatrix C8 The top curve showsthe
predictedrisk Dﬁ in 1995for the family of optimal portfolios for a
given return, calculatedusing the ®lteredcorrelationmatrix C§, .
Thebottomcurveshowsthe realizedrisk D? for the samefamily of
portfolios computedusing C& . The predictedrisk is now closerto
the realizedrisk: D?/D2' 1.25. For the samefamily of optimal
portfolios, the dashedcurve showsthe realizedrisk computedusing
the original correlationmatrix Cos for which DZ/D3' 1.3.

whereG;(t) isthereturnon stocki andw; is the fraction of

wealth investedin stocki. The fractionsw; are normalized
suchthat ( I'\fs ,W;5 1. Therisk in holding the portfolio P (t)

canbe quanti®edy the variance

N N

V25 iéljnginCijSiSJ‘, 24

wheres; is the standarddeviation-averagevolatility! of G;,
and C;; are elementsof the cross-correlatiormatrix C. In
order to ®nd an optimal portfolio, we must minimize V 2
underthe constraintthat the return on the portfolio is some
®xedvalueF . In addition, we also havethe constraintthat
( i'\élwiS 1. Minimizing V ? subjectto thesetwo constraints
can be implementedby using two Lagrange multipliers,
which yields a systemof linear equationdfor w;, which can
then be solved. The optimal portfolios thus chosencan be
representedsa plot of thereturnF asa function of risk V 2
®ig. 16#

To ®nd the effect of randomnesof C on the selected
optimal portfolio, we ®rstpartition the time period 1994+
1995 into two one-yr periods. Using the cross-correlation
matrix Cg, for 1994,andG; for 1995,we constructa family
of optimal portfolios, and plot F as a function of the pre-
dictedrisk VS for 1995 @ig. 16-al# For this family of port-
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folios, we also computethe risk Vr2 realizedduring 1995
using Cgs @®@ig. 16-al# We ®nd that the predictedrisk is
signi®cantlysmallerwhen comparedo the realizedrisk,

viavi
2
VD

170%. ~25

Sincethe meaningfulinformationin C is containedn the
deviating eigenvectorswhose eigenvaluesare outside the
RMT bounds, we must constructa “®ltered" correlation
matrix C8 by retainingonly the deviating eigenvectorsTo
this end, we ®rstconstructa diagonalmatrix L 8 with ele-
mentsL 5 90, ... 0l ogg, - - -+l 100 We then transform
L 8 to the basisof C, thus obtaining the “®Itered" cross-
correlationmatrix C8 In addition, we setthe diagonalele-
mentsCg5 1, to preservelr(C)5 Tr(C85 N. We repeathe
abovecalculationsfor ®ndingthe optimal portfolio usingC8
insteadof C in Eq.24. Figure16b! showsthattherealized
risk is now much closerto the predictedrisk

V2 V]
———" 25%.
p

~26!

Thus,the optimal portfolios constructedising C8 are signi®-
cantly more stablein time.

IX. CONCLUSIONS

How can we understandhe deviating eigenvaluesij.e.,
correlationsthat are stablein time? One approachs to pos-
tulate that returns can be separatednto idiosyncraticand
commoncomponentsi.e., that returnscanbe separatednto
different additive “factors," which representvarious eco-
nomicin uencesthatare commonto a setof stockssuchas
the type of industry or the effect of news @,36+54,62,63

Ontheotherhand,in physicalsystemonestartsfrom the
interactionsbetweenthe constituentsand thenrelatesinter
actionsto correlated”modes’ of the system.In economic
systemswe askif a similar mechanisntangive rise to the
correlatedbehavior In order to answerthis question,we
modelstock price dynamicsby a family of stochastidiffer-
entialequations®4# which describethe “instantaneouste-
turns g;(t)5 (d/dt)In§(t) as a randomwalk with couplings

‘Jij'

1
o
27

Here,j;(t) are Gaussiarrandomvariableswith correlation
function % ;(1)/ ;(t8 & dijt,a(t2 t§, and ¢, setsthe time
scaleof the problem.In the contextof a soft-spinmodel,the
®rsttwo termsin the right-handside of Eq. 27! arisefrom
the derivativeof a double-wellpotential,enforcingthe soft-
spin constraint.The interactionamongsoft spinsis given by
the couplings J;; . In the absenceof the cubic term, and
without interactions, ¢,/r; are relaxation times of the
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gi(t)gi(t1 t)&correlationfunction. ThereturnG; at a®nite
time interval Dt is given by the integralof g; over Dt.

Equation-27! is similar to the linearized descriptionof
interacting ™ soft spins' @5#andis a generalizeccaseof the
modelsof Ref. @4# Without interactions,the variance of
price changeson a scale Dt@t; is given by A,G;(Dt).?&
5 Dt/(r?t;), in agreementwith recentstudies @64 where
stockprice changesaredescribecby an anomaloudgiffusion
andthe varianceof price changess decomposeghto a prod-
uct of tradingfrequency-analogof 1/t;) andthe squareof an
“impact parametét that is relatedto liquidity -analog of
1/r).

As the coupling strengthsincrease the soft-spin system
undegoesa transitionto an orderedstatewith permanent
local magnetizationsAt thetransitionpoint, the spindynam-
ics arevery “slow" as re ectedin a powerlaw decayof the
spin autocorrelationfunction in time. To test whetherthis
signatureof stronginteractionsis presentfor the stock mar
ket problem, we analyzethe correlation functions c((¢)
[ "aW)GM(t1 )& where GM()[ ( I2UEG (1) is the
time seriesde®nedby eigenvectoruX. Insteadof analyzing
c®(¢) directly, we apply the detrendeductuation analysis
-DFA! method @7# Figure 17 showsthat the correlation
functionsc¥(¢) indeeddecayas power laws @8t for the
deviatingeigenvectorsi*bin sharpcontrastto the behavior
of c((t) for the restof the eigenvectorsaandthe autocorre-
lation functionsof individual stocks,which showonly short-
rangedcorrelations We interpretthis as evidencefor strong
interactions@9#

In the absenceof the nonlinearities-cubic term, we ob-
tain only exponentiallydecayingcorrelationfunctionsfor the
“modes' correspondingo the large eigenvalueswhich is
inconsistenwith our ®ndingof powekrlaw correlations.

To summarizewe havetestedthe eigenvaluestatisticsof
the empirically measuredcorrelation matrix C againstthe
null hypothesisof a randomcorrelationmatrix. This allows
us to distinguishgenuinecorrelationsfrom “apparent' cor-
relationsthat are presentevenfor randommatrices.We ®nd
thatthe bulk of the eigenvaluespectrumof C sharesuniver
sal propertieswith the Gaussiarorthogonalensembleof ran-
dommatrices Further we analyzethe deviationsirom RMT,
and®ndthat ! the largesteigenvalueandits corresponding
eigenvectorepresenthein uenceof theentiremarketonall
stocks,and+i! usingthe restof the deviatingeigenvectors,
we can partition the set of all stocksstudiedinto distinct
subsetsvhoseidentity correspondso conventionallyidenti-
®ed businesssectors.These sectorsare stablein time, in
somecasesfor as many as 30 years.Finally, we haveseen
thatthe deviatingeigenvectorareusefulfor the construction
of optimal portfoliosthathavea stableratio of risk to return.
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APPENDIX: "UNFOLDING'"' THE EIGENVALUE
DISTRIBUTION

As discussedn Sec.V, randommatricesdisplayuniversal
functionalformsfor eigenvaluecorrelationghatdependonly
on the generalsymmetriesof the matrix. A ®rststepto test
the datafor suchuniversalpropertiess to ®nda transforma-
tion called “unfolding," which mapsthe eigenvalued ; to
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new variablescalled “unfoldedeigenvalues$'j ;, whosedis-
tribution is uniform @1 + 13# Unfolding ensureghatthe dis-
tancesbetweeneigenvaluesare expressedn units of local
meaneigenvaluespacing@1# and thus facilitatescompari-
sonwith analyticalresults.

We ®rstde®nethe cumulativedistribution function of ei-
genvalueswhich countsthe numberof eigenvaluesn the
intervall ;<I

F~ !5 N EP~X!dX, -All
>

where P(x) denotesthe probability density of eigenvalues
andN is the total numberof eigenvaluesThe function F(I )
canbe decomposedhto an averageanda ~uctuating part,

F~ 15 Fod 11 Fyed L. A2!
SinceP-[ dF.(I )/dl 50 on average,
dF A !
P ! g—lv -A3!

is the averagedeigenvaluedensity The dimensionlessun-
folded eigenvaluesrethengiven by
Jil Fadil. ~A4!
Thus, the problemis to ®ndF ,(1 ). We follow two pro-
ceduredor obtainingthe unfoldedeigenvalueg ; : +! aphe-
nomenologicaprocedureeferredto asGaussiarbroadening
@1+ 13# and+i! ®ttingthe cumulativedistributionfunction
F(lI) of Eq.-Al! with the analytical expressionfor F(I )
using Eq. 6!. Theseproceduresre discussedelow

1. Gaussianbroadening

Gaussianbroadening@O0# is a phenomenologicaproce-
durethataimsat approximatingthe function F (1 ) de®ned
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in Eq. ~A2! using a seriesof Gaussiarfunctions.Consider
the eigenvaludistribution P(1 ), which canbe expresseds

N

P45 = ( M2, -A5!
! Nigl 1 !

The d functionsabouteacheigenvalueare approximatedy
choosinga Gaussiardistributioncenterecaroundeacheigen-
value with standarddeviation(l 1 22 | 2 2)/2, where2a is
the size of the window usedfor broadening@1# Integrating
Eq. ~A5! providesan approximationto the function F (1 )
in the form of a seriesof error functions, which using Eq.
~A4! yields the unfoldedeigenvalues.

2. Fitting the eigenvaluedistribution

Phenomenologicgbroceduresare likely to containarti®-
cial scaleswhich canleadto an “over®tting' of the smooth
partF . (1 ) by addingcontributionsfrom the uctuating part
Fc(1 ). Thesecondorocedurdor unfoldingaimsat circum-
ventingthis problemby ®ttingthe cumulativedistribution of
eigenvalued=(1 ) @qg. -A1l# with the analyticalexpression
for

Frd 15 N EP,m~x!dx, -A6!
-

whereP, (1 ) is the probability densityof eigenvaluegrom

Eq. 6!. The ®tis performedwith | , , | ; , andN asfree
parametersThe ®tted function is an estimatefor F,[(l ),

wherebywe obtain the unfolded eigenvalueg ;. One dif®-
culty with this methodis thatthe deviationsof the spectrum
of C from Eq.-6! canbe quite pronouncedn certainperiods,
andit is dif®cultto ®nda good ®t of the cumulativedistri-

bution of eigenvaluego Eq. -A6!.

@#J.D. Farmer Comput.Sci. Eng. 1, 26 ~1999.

@#R. N. MantegnaandH. E. Stanley An Introductionto Econo-
physics:Correlationsand Complexityin Finance~Cambridge
University Press,Cambridge 2000Q.

@#J.P. BouchaudandM. Potters,Theoryof Financial Risk~Cam-
bridge University Press Cambridge200d.

@/ J. Campbell A. W. Lo, andA. C. MacKinlay, The Economet-
rics of Financial Markets~PrincetonUniversity Press,Princ-
eton,1997.

@#E.P Wigner, Ann. Math. 53, 36 ~1951; Proc.CambridgePhi-
los. Soc.47, 790~1951.

@*4E. P. Wigner, in Confeenceon Neution Physicsby Time-of-
“ight ~Oak Ridge National LaboratoriesPress, Gatlinbug,
Tennesseel954, pp. 59.

@#E.P Wigner, Proc. CambridgePhilos.Soc.47, 790~1951.

@#F.J. Dyson,J. Math. Phys.3, 140~1962.

@#F.J. DysonandM.L. Mehta,J. Math. Phys.4, 701 ~1963.

@0#M.L. MehtaandF.J. Dyson,J. Math. Phys.4, 713 -~1963.

@1#M. L. Mehta, RandomMatrices -Academic Press,Boston,
1991.

@2#T.A. Brody, J. Flores,J.B. French,PA. Mello, A. Pandeyand
S.S.M.Wong, Rev Mod. Phys.53, 385-1981.

@3#T. Guhr, A. MEller-Groeling, and H.A. Weidennfiler, Phys.
Rep.299 190-1999.

@4#L. Laloux, P. Cizeau,J.-P Bouchaud,and M. Potters,Phys.
Rev Lett. 83, 1467-1999.

@5#V. Plerou,P. Gopikrishnan,B. RosenowL.A.N. Amaral, and
H.E. Stanley Phys.Rev Lett. 83, 1471~1999.

@6#R.N. MantegnaEur. Phys.J. B 11, 193-~1999; L. Kullmann,
J. Kertdsz, and R.N. Mantegnag-print cond-mat/0002238an
interestinganalysisof crosscorrelationbetweenstock market
indicescanbefoundin G. Bonanno\N. VandewalleandR.N.
MantegnaPhys.Rev E 62, 7615-200d.

@7#P. Gopikrishnan,B. Rosenow V. Plerou, and H.E. Stanley
Phys.Rev E 64, 035106R! ~2001.

@8#P. OrmerodandC. Moun®eld PhysicaA 280, 497-2000. Use

066126-16



RANDOM MATRIX APPROACHTO CROSS. ..

RMT methodsto analyzecrosscorrelationsin the grossdo-
mesticproduct~GDP! of countries.

@9 The time seriesof prices have beenadjustedfor stock splits
anddividends.

@0# Only thosestocks,which havesurvivedthe 2-yr period 1994+
1995 were consideredn our analysis.

@1#V. Plerou, P. Gopikrishnan,L.A.N. Amaral, M. Meyer, and
H.E. Stanley Phys.Rev E 60, 6519~1999; P. Gopikrishnan,
V. Plerou,L.A.N. Amaral, M. Meyer, and H.E. Stanley ibid.
60, 5305~1999; P. Gopikrishnan,M. Meyer, L.A.N. Amaral,
andH.E. Stanley Eur. Phys.J. B 3, 139-1994.

@2#T. Lux, Appl. Financ.Econ.6, 463-~1994.

@3#M. Lauretan,Global Investor135 65 ~2000.

@4#P. Silvapulleand C.W.J. Granger QuantitativeFinancel, 542
~2001.

@5#A.K. Tsuiand Q. Yu, Math. Comput.Simul. 48, 503 ~1999.

@6#F.J. Dyson,Rev. Mex. Fis. 20, 231 ~1971.

@7#A.M. Senguptaand PP. Mitra, Phys.Rev E 60, 3389~1999.

@8t M.J. Bowick and E. Brézin, Phys.Lett. B 268 21 ~1991; J.
Feinbeg andA. Zee,J. Stat. Phys.87, 473 ~1997.

@9 For the caseof Lé/y randommatricesappliedto ®nanciako-
variances,see Z. Burda etal., e-print cond-mat/0103140;
e-print cond-mat/010310%-print cond-mat/0103108.

@0# To perform diagonalizationof large correlationmatrices,we
®rstreducethe correlationmatrix to tridiagonalform, which is
computationally®vetimes more ef®cienthandirectdiagonal-
ization. To obtainaccurateestimatesye usethe QL algorithm
with implicit shifts thatis known to work “extremelywell in
practice’ @/. H. Press,etal., Numerical Recipes 2nd ed.
~CambridgeUniversity PressCambridge 1999#

@1# Analytical evidencefor this “universality' is summarizedn
Sec.VIIl of Ref. @3#

@2#A recentreview is J.J.M. Verbaarschoaind T. Wettig, Annu.
Rev. Nucl. Part. Sci. 50, 343 200Q; e-printhep-ph/0003017.

@3#For GOE matrices,the Wigner surmise@gq. 9'# is not exact
@1# Despitethis fact, the Wigner surmiseis widely usedbe-
causethe differencebetweenthe exactform of Pgogs) and
Eq. 9! is almostnegligible @1#

@4# Analogousto the GOE, which is de®nedn the spaceof real
symmetricmatrices,one cande®neawo otherensembleg@1#
! the Gaussiarunitary ensemble<GUE!, which is de®nedn
the spaceof Hermitianmatriceswith the requirementhatthe
joint probability of elementsis invariant under unitary trans-
formations,and+i! the GaussiarsymplecticensembleGSE,
which is de®nedn the spaceof Hermitian “self-dual' matri-
ceswith the requirementhat the joint probability of elements
is invariant under symplectictransformationsFormal de®ni-
tions canbe foundin Ref. @1#

@5#S. Drozdz, F Gruemmer F. Ruf, and J. Speth, e-print
cond-mat/991168.

@6#W. Sharpe,Portfolio Theoryand Capital Markets -McGraw-
Hill, New York, 1970.

@7#W. Sharpe,G. Alexander and J. Bailey, Investments5th ed.
~Prentice-Hall EnglewoodCliffs, 1993.

@8#W. Sharpe . Financ.19, 425-~1964.

@9#J. Lintner, PhotogrammRev Econ.Stat.47, 13 ~1963.

@0#S. Ross,J. Econ.Theory 13, 341-1974.

@1#S. Brown and M. Weinstein,J. Financ.Econ.14, 491 19819.

@2#F. Black, J. BusinessA5, 444 ~1972.

PHYSICAL REVIEW E 65 066126

@3#M. Blume and|l. Friend,J. Financ.28, 19 <1973.

@4#E. Famaand K. French,J. Financ.47, 427 ~1992; J. Financ.
Econ.33, 3-~1993.

@5#E. FamaandJ. Macbeth,J. Political Econ. 71, 607 1973.

@6#R. Roll andS. Ross,J. Financ.49, 101 41994.

@7#N. Chen,R. Roll, andS. Ross,J. Business9, 383 ~1984.

@8 R.C. Merton, Econometricadl, 867 1973.

@9 B. LehmannandD. Modest,J. Financ.Econ.21, 213-1984.

@0#J. Campbell,J. Political Econ.104, 298 ~1994.

@1#J. Campbelland J. Ammer, J. Financ.48, 3 ~1993.

@&2#G. ConnorandR. Korajczyk, J. Financ.Econ.15, 373~1984;
21, 255-41984; J. Financ.48, 1263~1993.

@3# A non-Gaussiarone-factormodel and its relevanceto cross
correlationsis investigatedn P. Cizeau,M. Potters,and J.-P
Bouchaud e-print cond-mat/0006034.

@4# The limitations of a one-factordescriptionasregardsextreme
market uctuations canbe foundin F. Lillo and R.N. Mante-
gna,Phys.Rev E 62, 6126~2000; e-printcond-mat/0002438.

@5#Y.V. Fyodorovand A.D. Mirlin, Phys.Rev Lett. 69, 1093
~992; 71, 412 4993; Int. J. Mod. Phys.B 8, 3795~1994;
A.D. Mirlin andY.V. Fyodoroy J. Phys.A 26, L551 ~1993;
E.P Wigner, Ann. Math. 62, 548 ~19583.

@6#PA. Lee and T.V. RamakrishnanRev Mod. Phys. 57, 287
~19815.

@7#Metalsor semiconductorsvith impuritiescanbe describedoy
Hamiltonianswith random-hoppingntegrals @ Wegnerand
R. OppermannZ. Phys.B 34, 327 ~1973# Electron-hopping
betweemeighboringsitesis more probablethanhoppingover
large distancesleadingto a Hamiltonianthatis a randomband
matrix.

@8#Y. Liu, P. GopikrishnanP. Cizeau,M. Meyer, C.-K. Peng,and
H.E. Stanley Phys.Rev E 60, 1390~1999; V. Liu, P. Cizeau,
M. Meyer, C.-K. Peng,and H.E. Stanley PhysicaA 245 437
~997; P. Cizeau,Y. Liu, M. Meyer, C.-K. Peng,and H.E.
Stanley ibid. 245, 441 ~1997.

@9#E. J. Elton and M. J. Gruber Modern Portfolio Theory and
Investmen®nalysis-Wiley, New York, 1995.

@0#L. Laloux etal., Int. J. Theor Appl. Finance3, 391 2000.

@1#F. Black andR. Litterman, FinancialAnalystsJ. 28, ~1992.

@?2#J.D. Noh, Phys.Rev E 61, 5981~2000.

@3#M. Marsili, e-print cond-mat/0003241.

@4#J.D. Farmer e-print adap-0g9/9812005; R. Cont and J.-P
Bouchaud Eur. Phys.J. B 6, 543 ~1994.

@5#K. H. FischerandJ. A. Hertz, Spin Glasses-CambridgeUni-
versity PressNew York, 1991.

@6#V. Plerou, P. Gopikrishnan,L.A.N. Amaral, X. Gabaix, and
H.E. Stanley Phys.Rev E 62, R3023~2000.

@7#C.K. Pengetal., Phys.Rev E 49, 1685~1994.

@8#In contrastthe autocorrelatiorfunctionfor the S&P 500index
returnsGg(t) displaysonly correlationson short-timescales
of , 30 min, beyondwhich the autocorrelatiorfunction is at
the level of noise @8%# On the other hand, the returns for
individual stockshave pronouncedanticorrelationson short-
time scales(' 30 min), which is an effect of the bid-ask
bounce@# For certainportfolios of stocks,returnsare found
to havelong memory@. Lo, Econometriceb9, 1279-~19911#

@9 For the case of predominantly “ferromagnetic' couplings
(Jij- 0) within disjoint groupsof stocks,a factor model @uch
as Eq. 194 can be derived from the model of “interacting

066126-17



VASILIKI PLEROUet al. PHYSICAL REVIEW E 65 066126

stocks' in Eq.-27!. In the spirit of amean-®eldpproximation, economicmodels.

thein uenceof the price changef all otherstocksin agroup ~ @0#M. Brack,J. DamgaardA.S. JensenH.C. Pauli, V.M. Strutin-
on the price of a given stock can be modeledby an effective sky, andC.Y. Wong, Rev. Mod. Phys.44, 320~1972.
®eld,which hasto be calculatedself-consistentlyThis effec- @1#H. Bruusand J.-C.Anglés d'Auriac, Europhys.Lett. 35, 321
tive ®eldwould thenplay a similar role asa factorin standard ~1994.

066126-18



