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Abstract. In order to quantify the long-range cross-correlations between two time series qualitatively, we
introduce a new cross-correlations test QCC (m), where m is the number of degrees of freedom. If there
are no cross-correlations between two time series, the cross-correlation test agrees well with the χ2 (m)
distribution. If the cross-correlations test exceeds the critical value of the χ2 (m) distribution, then we say
that the cross-correlations are signiﬁcant. We show that if a Fourier phase-randomization procedure is
carried out on a power-law cross-correlated time series, the cross-correlations test is substantially reduced
compared to the case before Fourier phase randomization. We also study the eﬀect of periodic trends on
systems with power-law cross-correlations. We ﬁnd that periodic trends can severely aﬀect the quantitative
analysis of long-range correlations, leading to crossovers and other spurious deviations from power laws,
implying both local and global detrending approaches should be applied to properly uncover long-range
power-law auto-correlations and cross-correlations in the random part of the underlying stochastic process.
PACS. 05.45.Tp Time series analysis – 05.40.-a Fluctuation phenomena, random processes, noise,
and Brownian motion

There are a number of situations where diﬀerent
signals exhibit cross-correlations, ranging from geophysics [1] to ﬁnance [2–14] and solid-state physics [15].
Cross-correlation functions together with auto-correlation
functions are commonly used to gain insight into the dynamics of natural systems. By their deﬁnitions, these techniques should be employed only in the presence of stationarity. However, it is an important fact that many time
series of physical, biological, hydrological, and social systems are non-stationary and exhibit long-range power-law
correlations [16–22]. In practice, statistical properties of
these systems are diﬃcult to study due to these nonstationarities.
For determining the scaling exponent of a long-range
power-law auto-correlated time series in the presence
of nonstationarities, the detrended fluctuation analysis
(DFA) method has been developed [23] and its performance has been systematically tested for the eﬀect of
diﬀerent types of trends and nonstationarities [24–27] as
encountered in a wide range of diﬀerent ﬁelds, such as
a
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cardiac dynamics [28], economics [29], DNA analysis [30],
and meteorology [31]. The square root of the detrended
variance grows with time scale n as FDFA (n) ∼ nλDF A ,
where λDF A is the DFA scaling exponent [23–26], where
1/2 < λDF A < 1, indicates the presence of power-law
auto-correlations, and 0 < λDF A < 1/2 indicates the presence of long-range power-law anti-correlations.
There are many realistic situations in which one desires
to quantify cross-correlations between two non-stationary
time series. Examples include blood pressure and heart
rate [32], air temperature and air humidity, and the
temporal expression data of diﬀerent genes. To quantify
power-law cross-correlations in non-stationary time series,
a new method based on detrended covariance, called detrended cross-correlations analysis (DCCA), has been recently proposed [11]. If cross-correlations decay as a power
law, the corresponding detrended covariances are either always positive or always negative, and the square root of
the detrended covariance grows with time scale n as
FDCCA (n) ∝ nλDCCA ,

(1)
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where λDCCA is the DCCA cross-correlation exponent. If,
however, the detrended covariance oscillates around zero
as a function of the time scale n, there are no long-range
cross-correlations.
In order to investigate power-law auto-correlations and
power-law cross-correlations and eﬀects of sinusoidal periodicity on cross-correlations, ﬁrst we deﬁne a periodic twocomponent fractionally autoregressive integrated movingaverage (ARFIMA) process [33–37], where each variable
depends not only on its own past, but also on the past
values of the other variable,

yi = W

∞

n=1

an (ρ1 )yi−n + (1 − W )



an (ρ2 )yi−n

E(Xi Xi ) ∝

=

2π
i + ηi ,
(2a)
T

∞
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2π
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Here, ηt and ηt denote two independent and identically
distributed (i.i.d.) Gaussian variables with zero mean and
unit variance, aj (ρm ) are statistical weights deﬁned by
Γ (j−ρm )
(ρm ) ≡ Γ (−ρ
, where Γ (x) denotes the Gamma
m )Γ (1+j)
function, ρm (for m = 1, 2) are parameters ranging from 0
to 0.5, T is the sinusoidal period, A1 and A2 are two sinusoidal amplitudes, and W is a free parameter ranging from
0.5 to 1 and controlling the strength of power-law crosscorrelations between yt and yt . In case of A1 = A2 = 0, for
W = 1, cross-correlations vanish, and the system of two
equations decouples to two separate ARFIMA processes.
process yi ≡
∞ of the above
∞In Appendix A, for a version
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i−j
j=1
j=1
both yi and yi share the same i.i.d. Gaussian process ηi ,
we analytically ﬁnd that the time series {yi } and {yi } are
long-range power-law cross-correlated, where the scaling
cross-correlations exponent λDCCA (Eq. (1)) is equal to
2
the average of the Hurst exponents, λDCCA = H1 +H
,
2
the result found numerically in reference [11], and where
Hm = 0.5 + ρm [37].
Statistical inferences based on estimation and hypothesis testing are among the most important aspects of the
decision making process in science and business. Here
we propose a new statistic to test the presence of crosscorrelations. Suppose that {yi } and {yi } are two discretetime i.i.d. stochastic processes, where there are no crosscorrelations among the time series. We may deﬁne their
cross-correlation function
N

yk y 
Xi =  k=i+1  k−i .
N
N
2
2
k=1 yk
k=1 yk

(3)

Under the assumption that {yi } and {yi } are statistically
independent, one can easily show that the Xi are uncor-
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which is zero for i = i . The expectation value of X i is
equal to zero, E(Xi ) = 0, because there are no crosscorrelations between {yi } and {yi }, and the variance is
V (Xi ) =

n=1
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where we use E(yk yk ) = σ 2 δk,k and E(yk yk  ) =
σ 2 δk,k . Further, V (Xi ) =
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Thus, we ﬁnd that
=
where E(Xi Xi ) = 0 when i = i . The cross-correlation
coeﬃcient Xk is normally distributed for asymptotically
large values of N [38], as it holds for auto-correlation
function rk [39]. Then Xi / (N − i)/N 2 asymptotically
behaves as a Gaussian distribution with zero mean and
unit variance, and the sum of squares of these variables
approximately follows a χ2 distribution.
According to deﬁnition of the χ2 distribution, we propose the cross-correlations statistic
QCC (m) ≡ N 2

m

Xi2
,
N −i
i=1

(6)

which is approximately χ2 (m) distributed with m degrees
of freedom. The test can be used to test the null hypothesis
that none of the ﬁrst m cross-correlation coeﬃcients is
diﬀerent from zero. The test of equation (6) is similar to
the test statistic [40]
Q (m) ≡ N (N + 2)

m

Xi2
N −i
i=1

(7)

proposed in analogy to the Ljung-Box (LJB) test [41] that
is one of the most widely employed tests for the presence of auto-correlations. The Ljung-Box (LJB) test can
be easily obtained if all cross-correlation coeﬃcients Xk in
equation (7) are replaced by auto-correlation coeﬃcients.
Clearly, for larger samples where N (N + 2) ≈ N 2 , the
tests of equations (6) and (7) give the same distribution.
Next we show that the test of equation (6) better approximates the χ2 (m) distribution than the test of equation (7) for small samples. In order to show that the crosscorrelation test of equation (6) is applicable to real-world
data where time series are commonly of small size, we test
the speed of convergence of the distribution of QCC (m)
to the χ2 (m) distribution. Thus, we ﬁrst generate 106
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Fig. 1. Probability distribution function (pdf) P (QCC ) of QCC
deﬁned in equation (6) together with the χ2 (m) pdf, where m
are the degrees of freedom. We also show P (Q ) of Q deﬁned
in equation (7). We generate 106 pairs of time series {yi } and
{yi }, where each time series is generated by an i.i.d. Gaussian
process with mean zero and unit variance. Each time series is
comprised of N = 20 data points (small time series). We choose
m = 8, and for each pair of time series we calculate the crosscorrelations Xi , where i = 1, ..., 8. We ﬁnd a perfect match
between P (QCC (m)) and χ2 (m). In opposite, the pdf of Q
deﬁned in equation (7) deviates from the χ2 (m)
 distribution.
2
We also show the pdf of a test deﬁned as N m
i Xi , which
2
substantially deviates from χ (m).

equally-sized i.i.d. time series {yi } and {yi } for a small
value N = 20 where m = 8. For each pair of time series,
we calculate the cross-correlations Xk , where k = 1, ..., 8,
and then the test statistic QCC (m). In Figure 1 we show
the distribution of P (QCC (m)) together with χ2 (8), and
ﬁnd a perfect agreement between these two probability
distributions. We also show the distribution of the test
statistic of equation (7), where for a given small sample
(N = 20), deviation between the given distribution and
χ2 (8) is obvious. Thus, when the cross-correlation test is
applied in practice, we can use the critical values of the
χ2 (m) distribution.
Note that the LJB test and hence the cross-correlation
test of equation (6) is proposed to be applied for the
residuals of a given model, not the original time series.
However, sometimes the test is applied to the original series, e.g., return time series [42]. Accordingly, the crosscorrelation test of equation (6) can be also used to measure the strength of cross-correlations in the original time
series. In order to investigate cross-correlation scaling we
analyze the daily adjusted closing values of the IBM and
General Electric [43]. For each company’s price, we calculate the time series of the diﬀerences of logarithms for
successive days over the period 2 January 1962 till 1
May 2009. Then we calculate the P value of the crosscorrelation test of equation (6) for diﬀerent degrees of
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Fig. 2. Cross-correlations between the diﬀerences of logarithms of prices for IBM and General Electric (GE). We show
QCC (m) versus the degrees of freedom m. We also show the
critical values for the χ2 (m) distribution at the 5% level of signiﬁcance. QCC (m) virtually follows the critical values for the
χ2 (m) distribution that is a signal for no cross-correlations.
The test of equation (7) gives practically the same result as
the test of equation (6) since N  1.

freedom m together with the critical values for the χ2 (m)
distribution at the 5% level of signiﬁcance. In Figure 2 we
ﬁnd that the cross-correlation QCC test statistic practically follows the critical values for the χ2 (m), suggesting
no cross-correlations in the data.
In opposite to a common practice in statistic when a
test statistic is compared with a critical value for a single value of degree of freedom m, here in the paper we
plot the statistic test versus the critical value of χ2 (m) for
a broad range of values of m. If for a broad range of m
the test statistic of equation (6) exceeds the critical values of χ2 (m) (QCC (m) > χ20.95 (m)), we claim that there
are not only cross-correlations, but there are long-range
cross-correlations. However, the cross-correlations test of
equation (6) should be used to test the presence of crosscorrelations only qualitatively. In order to test the presence
of cross-correlations quantitatively – to estimate the crosscorrelation exponent – we suggest to employ the DCCA
method of equation (1).
Next we show how the cross-correlation test of equation (6) might be useful to estimate the strength and signiﬁcance of cross-correlations found in data. By using the
two-component ARFIMA process of equations (2a, 2b),
we generate four diﬀerent pairs of time series {yi } and
{yi }, where each pair is characterized by diﬀerent values
of ρ, while W is constant. We exclude the periodic term
for now, so A1 = A2 = 0. In Figure 3 for each pair of time
series we show the cross-correlation test of equation (6)
(ﬁlled symbols) for diﬀerent degrees of freedom m. In order to show the strength of cross-correlations, for diﬀerent
values of m, we also show the critical values of the χ2 (m)
distribution at the 5% level of signiﬁcance. We note that,
for a given value of m, the deviation between the test of
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Fig. 3. QCC (m) for diﬀerent degrees of freedom m before (ﬁlled symbols) and after (open symbols) Fourier phaserandomization of the QCC (m). For each of four values of ρ, the
two-component ARFIMA process of equations (2a, 2b) generates the pair of time series {yi } and {yi } where m = 2i ,
and i = 2, ..., 8, and ﬁxed W = 0.5. For the sinusoidal amplitude we take A1 = A2 = 0. The time series {yi } and {yi }
are N = 5 × 104 data points each. The solid line denotes the
critical values for the χ2 (m) distribution at the 5% level of
signiﬁcance. For each of four pairs ({yi }, {yi }), we calculate
the cross-correlations Xi , and the QCC (m) test statistic. The
more positive is the diﬀerence between the QCC (m) test and
the critical value of the χ2 (m) distribution, the stronger are
the cross-correlations for a given m. For each value of ρ, we
phase randomize the original time series {yi }, and obtain the
surrogate time series {ỹi }. Then for each pair of time series
({yi }, {ỹi }), we calculate the QCC (m) test statistic of equation (6). We also show the critical values for χ2 (m) distribution
at the 5% level of signiﬁcance. Fourier phase-randomization reduces the linear cross-correlations, since after a Fourier phaserandomization procedure (open symbols), we ﬁnd that for
each pair ({yi }, {ỹi }), the cross-correlations measured by the
QCC (m) test are substantially reduced – in fact, the crosscorrelations practically vanish for time series with smaller ρ
values.

equation (6) and the critical value of χ2 (m) increases with
ρ, if W is kept ﬁxed. We also note that, for each time series (speciﬁed by ρ), the test of equation (6) is larger than
the critical value of χ2 (m) for a broad, but ﬁnite range
of m. We propose that, if for a broad range of values of
m the values of the test of equation (6) between the two
time series are larger than the critical values of the χ2 (m)
distribution, the cross-correlations are considered signiﬁcant.
Often it is unclear to what degree the time series generated by a stochastic process exhibits linear and nonlinear
correlations. Linear (nonlinear) auto-correlations are deﬁned as those correlations which are not destroyed (are destroyed) by a Fourier phase-randomization of the original
time series [28,44,45]. The Fourier phase-randomization

procedure [44] works as follows: (i) perform a Fourier
transform of the original time series; (ii) randomize the
Fourier phases (thereby eliminating the nonlinearities of
the original time series) but keep the Fourier amplitudes
unchanged (thereby preserving the power spectrum and
the linear properties of the original time series); and (iii)
perform an inverse Fourier transform to obtain a surrogate
time series.
For the four pairs of time series {yi } and {yi } of equations (2a, 2b), in Figure 3 we show the cross-correlations
test for diﬀerent degrees of freedom after (open symbols)
performing Fourier phase-randomization. To emphasize
the impact of a phase randomization on cross-correlations
we also show the critical values of χ2 (m) for diﬀerent degrees of freedom. We show that after a Fourier phaserandomization (open symbols) cross-correlations are reduced [10] – for each pair of time series and for each m,
the test is substantially reduced compared to the case before the Fourier phase randomization. Thus, while the
Fourier phase-randomization procedure preserves linear
auto-correlations [28,44], the same method substantially
reduces the linear cross-correlations.
We next discuss how to quantify the scaling exponent of power-law cross-correlations between two time
series, and how it relates to the DFA exponents calculated for each of two cross-correlated time series, which
we generate by using the two-component process of equations (2a, 2b). Here, we assume there are no sinusoidal
trends, A1 = A2 = 0. In Figures 4a, 4b, the DFA functions are given for each time series {yi } and {yi } of 105
data points and ρ1 = 0.4 and ρ2 = 0.1. We set the crosscorrelation coupling parameter to W = 0.95 (Fig. 4a) and
W = 0.05 (Fig. 4b). In each ﬁgure we show that both time
series {yi } and {yi } are power-law auto-correlated, and are
also power-law cross-correlated. From the deﬁnition of the
process of equations (2a, 2b) it is clear that with decreasing value of W (from 1 to 0.05), each of the two processes
yi and yi becomes a mixture of two ARFIMA processes.
Particularly, for the process yi , the DFA correlation exponent λDF A virtually does not change with varying the
parameter W − λDF A ≈ 0.6 = 1/2 + ρ2 [46]. In contrast,
for the process yi , the DFA correlation exponent λDF A
gradually decreases from λDF A ≈ 0.9 = 1/2 + ρ1 (when
W = 1, not shown) toward λDF A ≈ 0.6 (when W = 1/2)
corresponding to the yi process [46].
Next we focus on the DCCA cross-correlation exponent λDCCA . We show in Figures 4a, 4b that, by varying the cross-correlation coupling parameter W , λDCCA
follows the DFA exponent λDF A corresponding to the
yi process. By decreasing the value of W from W = 1
to W = 0.5, both the DFA correlation exponent λDF A
corresponding to the yi process and the DCCA crosscorrelation exponent λDCCA gradually decrease toward
λDF A ≈ 0.6. Generally, for diﬀerent time series of the
process with parameters ρ1 and ρ2 , where ρ1 > ρ2 , we
ﬁnd that λDCCA is closer to the DFA exponent λDF A corresponding to the yi process (larger ρ).
A necessary condition for power-law cross-correlations
with a unique power-law exponent is that FDCCA (n)
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Fig. 5. QCC (m) versus the number of degrees of freedom m for
diﬀerent values of the cross-correlation coupling W . For each
W , we generate one pair of time series {yi } and {yi } deﬁned by
equations (2a, 2b). Each time series is comprised of N = 104
data points. There is no sinusoidal trend, so A1 = A2 = 0. We
also show the curve of the critical values of χ2 (m) distribution
at the 5% level of signiﬁcance. Parameters are ρ1 = 0.2 and
ρ2 = 0.4. For W = 0.5, the cross-correlations between {yi }
and {yi } are strongest and, for a wide range of m values, the
curve of the test statistic of equation (6) for W = 0.5 is above
all other curves including the curve of the critical values of
χ2 (m) distribution. For values of W very close to 1, the crosscorrelations between {yi } and {yi } become very weak, below
the curve of the critical values of χ2 (m) distribution.

4

10

time scale n
Fig. 4. DFA and DCCA scaling functions FDFA (n) and
FDCCA (n), respectively, versus time scale n. We generate the
time series {yi } and {yi } deﬁned by the two-component process
of equations (2a, 2b) with ρ1 = 0.4 and ρ2 = 0.1. We exclude
the sinusoidal amplitude, so A1 = A2 = 0. We show the two
DFA functions, FDFA (n) ∝ nλDF A , and the DCCA function,
FDCCA (n) ∝ nλDCCA , for (a) W = 0.95 and (b) W = 0.5.
The closer W is to 0.5, the more the two processes yi and yi
become alike. λDCCA gradually decreases toward λDF A ≈ 0.6.
Generally, by varying W , λDCCA becomes closer to λDF A corresponding to yi , but eventually the λDF A value corresponding
to yi tends to the λDF A value corresponding to yi .

does not change sign with increasing n, i.e. FDCCA (n) =
AnλDCCA where A is constant. To this end, we ﬁnd that
the process of equations (2a, 2b) with W = 0.99 generates two particular time series {yi } and {yi } where
FDCCA (n) versus n starts to oscillate, indicating the loss of
a unique power-law dependence. Thus, even though there
are cross-correlations between {yi } and {yi }, the crosscorrelations are weak because the cross-correlations coupling parameter W is close to 1. For the limiting case
W = 1, the processes yi and yi are decoupled, and thus
not cross-correlated, and each of two processes yi and yi

becomes a separate ARFIMA process controlled by parameters ρ1 and ρ2 , respectively.
Next we analyze the cross-correlation tests between
time series {yi } and {yi }, with varying W and ﬁxed ρ
parameters. We generate three pairs of time series {yi }
and {yi } with parameters ρ1 = 0.2 and ρ2 = 0.4, and
varying W . For each pair of time series (104 data points
each), we perform the test given in equation (6) for different degrees of freedom, m. In Figure 5, the results of
the test are plotted versus m, for each pair of time series.
We also show the critical values of the χ2 (m) distribution
versus m at the 5% level of signiﬁcance. Note that for the
pairs of time series investigated with W equal to 0.5 and
0.95, the curves of the test statistic are above the curve of
the critical values of the χ2 (m) distribution. Now we ﬁnd
that for a very small cross-correlation coupling parameter (W = 0.99), the values of the test of equation (6) are
very close to the critical values of the χ2 (m) distribution.
Generally, except for values of W very close to 1, for a
broad range of m values, the diﬀerence between the value
of the test of equation (6) and the corresponding critical value of the χ2 (m) distribution is positive (QCC (m) >
χ20.95 (m)). If the values of the test of equation (6) calculated between two time series are smaller than the critical values of the χ2 (m) distribution, QCC (m) < χ20.95 (m),
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Fig. 6. Crossovers in the detrended cross-correlation analysis
function FDCCA (n), calculated for cross-correlated noise with
a sinusoidal trend. The cross-correlated time series {yi } and
{yi } are generated by the periodic two-component ARFIMA
process deﬁned by equations (2a, 2b). For ρ = 0.4, W = 0.5,
A1 = A2 = 0.3, and varying period T , we ﬁnd a crossover in
the FDCCA (n) function that increases with T approximately as
n2CC ∝ T .

the cross-correlations between two time series are insignificant.
Next we apply the detrended cross-correlations analysis (DCCA) to investigate cross-correlations between
time series where each time series is auto-correlated and
sinusoidal. In Figure 6 we present three DCCA functions
FDCCA (n) obtained for three pairs of cross-correlated time
series {yi } and {yi } with sinusoidal trends generated by
the process of equations (2a, 2b), with ρ = 0.4, W = 0.5,
A1 = A2 = 0.3, and varying T . We ﬁnd from Figure 6
that each DCCA function FDCCA (n) shows a crossover
at time scale n2CC ≈ T similar to the ﬁndings for DFA
functions [24]. We next study numerically if the relation
n2CC ≈ T holds independently of the values of A, W ,
and ρ. We also ﬁnd that the crossover bump becomes
more pronounced with increasing A, but the crossover
time scale n2CC does not depend on A. We also ﬁnd that
the crossover time scale n2CC virtually does not depend
on ρ.
The correct interpretation of the scaling results is
crucial for understanding the system that is analyzed.
If the real-world time series is both correlated and periodic, periodicities should be eliminated before analyzing the correlations of the time series. First we generate
two cross-correlated time series generated by the process
of equations (2a, 2b) with ρ = 0.4 when periodicity is
present in the time series. For the sake of simplicity, we
set T1 = T2 = T = 103 . We show the DCCA function
FDCCA (n) in Figure 7, and we ﬁnd a crossover at scale
n2CC ∝ T .
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Fig. 7. DCCA function FDCCA (n) after global and local sinusoidal detrending approaches. We generate two time series
{yi } and {yi } of the periodic two-component ARFIMA process of equations (2a, 2b) with ρ = ρ1 = ρ2 = 0.4, W = 0.5,
A1 = A2 = 0.3, and T1 = T2 = T = 103 . We see that
FDCCA (n) of yi and yi exhibit a bump similar to that characteristic for DFA functions obtained for time series with
 periodic
trends. After performing a global minimization of N
i=1 (yi −


2
A1 sin(2π/T i + φ1 ))2 and N
(y
−
A
sin(2π/T
i
+
φ
2
2 )) , we
i
i=1
ﬁnd the parameters of the ﬁrst harmonic (Ai , φi , Ti ) in both
time series {yi } and {yi }. Then, we deﬁne two new time series,
Yi = yi − A1 sin(2π/T i + φ1 ) and Yi = yi − A2 sin(2π/T i + φ2 ).
{Yi } and {Yi } exhibit a “pure” power-law cross-correlation,
with expected power-law exponent λDCCA = λDF A = 0.5+ρ =
0.9, since both time series are deﬁned by the same ρ parameter.

Next, we investigate the inﬂuence of global detrending on DCCA results. By global ﬁt we assume one ﬁt
for the entire time series in contrast to a local detrending approach where local ﬁts are accomplished for windows of diﬀerent sizes. To eliminate periodicities in the
original time series, we globally detrend the periodicN
N
2

and
ity –
i=1 [yi − A1 sin(2π/T i + φ1 )]
i=1 [yi −
2
A2 sin(2π/T i + φ2 )] – and ﬁnd the parameters (Ai , φi ,
and T ) in both time series {yi } and {yi }. Then, we
deﬁne the globally detrended time series Yi ≡ yi −
A1 sin (2π/T i + φ1 ), and Yi ≡ yi − A2 sin (2π/T i + φ2 ).
We ﬁnd in Figure 7 that FDCCA (n) practically loses the
bump characteristic at the crossover scale, allowing us to
calculate the cross-correlations exponent λDCCA .
In this paper, we propose a new test to quantify the
presence of cross-correlations. We propose that both the
cross-correlation test and the detrended cross-correlations
analysis (DCCA) should be used together to measure
the degree of cross-correlations between diﬀerent time series. We demonstrate that a good indication for the presence of cross-correlations is if the results of the statistical test of equation (6) exceeds the critical value of
the χ2 (m) distribution at the given level of signiﬁcance.
We study long-range power-law cross-correlations between
two time series, each power-law auto-correlated, in the
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presence of a periodic sinusoidal trend. We show that due
to the sinusoidal trend, a spurious crossover exists in the
DCCA cross-correlations plots. We study the impact of a
Fourier phase-randomization on the cross-correlation test
and show that the cross-correlations between two crosscorrelated time series practically vanish by a Fourier phase
randomization.
We thank the Ministry of Science of Croatia, NIH, and NSF
for ﬁnancial support.

Appendix A: Analytical cross-correlations derivation
Consider two stationary time series {yj } and {yj }, denote
the covariance by {Xj }∞
j=−∞ , and denote the cross power
spectrum by sY Y  (ω). Due to the cross-correlation theorem, sometimes called the Wiener-Khintchine theorem,
the cross covariance function and the cross power spectrum are one-to-one related by
sY Y  (ω) =

∞
1 
Xj exp(−iωj).
2π j=−∞

(A.1)

The ARFIMA process yi can not only be represented
in the AR representation, but also in the M A(∞) representation:
yi = (1 − L)−d ηi =

k=0 k =0

where ak (ρ) = Γ (k + ρ)/[Γ (ρ)Γ (k + 1)] as deﬁned in equation (A.5). Taking the inverse Fourier transform of the
cross power spectrum, we obtain

yi ≡ (1 + θ1 L)ηi ≡ Ψ (L)ηi ,

(A.2)

=

yi ≡ (1 + θ2 L)ηi ≡ Ψ̃ (L)ηi ,

(A.3)

(A.4)

Using equations (A.2) and (A.3) the previous equation
1
Ψ̃ (z)Ψ (z −1 ). This
can be expressed as [47]: sY Y  (ω) = 2π
relation for ﬁnding sY Y  generally extends to the M A(∞)
processes yi and yi , where e.g. yi = Ψ (L)ηi and Ψ (L) =
a0 + a1 L + a2 L2 + ...

(A.5)

sY Y  (ω) = (1 − exp(iω))−ρ1 (1 − exp(−iω))−ρ2
∞
∞ 

=
ak (ρ1 )ak (ρ2 ) exp(i(k − k  )ω), (A.6)

=

1
[X0 + X1 z + X−1 z −1 ]
2π
1
[1 + θ2 z][1 + θ1 z −1 ].
=
2π

Γ (j + ρ)
ηi−j ,
Γ (ρ)Γ (j + 1)

where ρ need not be an integer, provided ρ < 1/2, where
the last expression is obtained after binomial expansion,
E(η) = 0, and E(η 2 ) − E 2 (η) = σ 2 .
Consider a two-component
∞ ARFIMA process {yi }
and {yi } deﬁned yi ≡
j=1 aj (ρ1 )yi−j + ηi , yi ≡
∞

a
(ρ
)y
+
η
with
parameters
ρ1 and ρ2 . For the
j
2
i
i−j
j=1
cross power spectrum we obtain:

A similar relationship exists for the auto-covariance function and the power spectrum for a single time series.
As an example, let us deﬁne two cross-correlated moving average MA(1) processes

sY Y  (ω) =

∞

j=0

Xn =

where ηi is an (i.i.d.) process with expectation value
E(η) = 0 and variance E(η 2 ) − E 2 (η) = σ 2 , and L denotes the backward (lag) operator deﬁned by Lηi = ηi−1 ,
i.e., it simply relates two adjacent discrete-time coordinates i and i − 1. Clearly, Ψ (L) and Ψ̃ (L) are two linear
polynomials in L.
For this example, one can easily calculate the only
non-vanishing cross-covariances X0 ≡ E(yi yi ) = E(ηi2 +
2

) = 1 + θ1 θ2 ; X1 ≡ E(yi yi+1
) = θ2 σ 2 , and
θ1 θ2 ηi−1

) = θ1 σ 2 . By using equation (A.1) for
X−1 ≡ E(yi yi−1
the power spectrum of two MA(1) processes we obtain
σ2
sY Y  (ω) = 2π
[X0 +X1 exp(iω)+X−1 exp(−iω)]. If exp(iω)
is replaced by the complex number z, we obtain
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=

1
2π

π
−π

sXY (ω) exp(iωn)dω

∞ ∞
σ2 1  
ak (ρ1 )ak (ρ2 )
2π 2π

k=0 k =0
∞
∞
2  

σ
2π

π

exp(i(n+k−k  )ω)dω

−π

ak (ρ1 )ak (ρ2 )δ(n + k − k  )

k=0 k =0
∞
2 

σ
2π

ak (ρ1 )an+k (ρ2 ).

(A.7)

k=0

By using Stirling’s
we obtain ak (ρ) ∝ k ρ−1 and
∞ ρexpansion
1 −1
thus Xn ∝ k=0 k
(n + k)ρ2 −1 , which can be approx∞
imated by Xn ∝ 0 dk k ρ1 −1 (n + k)ρ2 −1 . By deﬁning a
new variable k/n = t we obtain
Xn ∝ nρ1 +ρ2 −1

∞
0

tρ1 −1 (t + 1)ρ2 −1 dt.

(A.8)

If long-range power-law cross-correlations exist, we obtain Xn ∝ n−γCC for the asymptotic regime n  1, i.e.,
by using equation (A.8) we obtain γCC = 1 − ρ1 − ρ2 .
The parameter γCC and parameter λDCCA of the covariance growth (see Eq. (1)) are related as λDCCA =
1 − 0.5 γCC [11]. Hence, we obtain the result of equa2
, where H1 and H2 are the Hurst
tion (8), λDCCA = H1 +H
2
exponents related to the processes {yi } and {yi }, respectively, and where H1 = 0.5 + ρ1 and H2 = 0.5 + ρ2 [37].
Hence, we ﬁnd analytically that the time series yi and yi
are long-range power-law cross-correlated (besides being
long-range power-law auto-correlated), where the exponent λDCCA is equal to the arithmetic mean of the two
Hurst exponents H and H  .
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