PHYSICAL REVIEW A

VOLUME 42, NUMBER 6

15 SEPTEMBER 1990

Phase transition and crossover in diffusion-limited aggregation with reaction times
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A generalized diffusion-limited aggregation (DLA) with reaction times that has been proposed by
Bunde and Miyazima [Phys. Rev. A 38, 2099 (1988)] is considered. Crossover from the DLA to the
diffusion-limited self-avoiding walk (DLSAW) is investigated by using the two-parameter position-
space renormalization-group method. The crossover exponent and the crossover radius are calcu-
lated. The geometrical phase transition between DLA and DLSAW found by Bunde and Miyajima
is analyzed by making use of the three-parameter position-space renormalization-group method. A
global flow diagram in the three-parameter space is obtained. Above the percolation threshold all
the renormalization flows are merged into the DLA point. Below the threshold all the renormaliza-
tion flows are merged into the DLSAW point. When the reaction time is large, the double-

crossover phenomenon occurs below the threshold.

I. INTRODUCTION

Fractal growth phenomena in pattern formation have
recently attracted considerable attention.! !' Examples
of pattern formation in diffusive systems include viscous
fingering, electrochemical deposition, crystal growth, and
dielectric breakdown. The fractal nature of the aggregate
has been analyzed by computational, experimental, and
analytic methods. Several approaches to simple generali-
zations of the diffusion-limited aggregation (DLA) model
have been carried out to take into account sticking prob-
ability, surface tension, particle drift, multiparticle
effects, and lifetime effects. The crossover phenomena
and the geometrical phase transition between the DLA
fractal and the nonfractals have been found by computa-
tional and experimental methods. The effect of the life-
time on the fractal nature of DLA has been studied by
the computer simulation.'*'> Miyajima et al.'> found
the crossover from the DLA fractal to the diffusion-
limited self-avoiding walk'* (DLSAW) in a generalized
DLA model where all the aggregate sites have a finite
radical time. Bunde and Miyajima'® furthermore found
the geometrical phase transition in the extended DLA
model in which each aggregate site is randomly assigned
an infinite reaction time (with probability P) or a finite re-
action time (with probability 1 —P). The extended DLA
model reduces to the Witten-Sander model' for P =1 and
to the model discussed by Miyajima et al.'? for P =0.
They found that the geometrical transition occurs at the
percolation threshold P =P,. The phase transition and
the crossover have never been analyzed by analytical
methods.

Very recently, Lee, Coniglio, and StanleylS succeeded
in analyzing the crossover from the DLA fractal to the
dense structure in viscous fingering at the finite viscosity
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ratio by using the two-parameter position-space
renormalization-group method. Nagatani'® analyzed the
effect of the sticking probability on the fractal nature of
the DLA. When the sticking probability is small, the ag-
gregate must eventually cross over to the DLA fractal.
Furthermore, the combined effect of the sticking proba-
bility and the finite viscosity ratio was analyzed by using
the three-parameter position-space renormalization-
group method.!” The double-crossover phenomena were
found from the dense pattern, through the DLA fractal,
to the dense structure. The renormalization-group ap-
proach will be a powerful tool in analyzing the morpho-
logical changes.

In this paper, we analyze the effect of the reaction time
on the DLA by using a position-space renormalization-
group method. We consider the two models proposed by
Miyajima et al.'? and Bunde and Miyajima.'? In the first
model, each aggregate particle has a finite reaction time
7: if a particle adheres to the aggregate at a certain time
to, then incoming Brownian particles can adhere to sites
adjacent to this particle only up to time ¢,+7. In the
second model, a fraction P of the particles has an infinite
reaction time (as in the Witten-Sander model), with the
remaining fraction 1—P having a finite reaction time.
We show that at P =0 the crossover from the DLA frac-
tal to the DLSAW occurs. We also show that at the per-
colation threshold the geometrical transition between the
DLA fractal and the DLSAW occurs.

The organization of the paper is as follows. In Sec. II
we analyze the crossover phenomenon from the DLA
fractal to the DLSAW in a generalized DLA model pro-
posed by Miyajima et al.'? by using the two-parameter
position-space renormalization-group method. In Sec.
III we analyze the geometrical phase transition between
the DLA fractal and the DLSAW. In Sec. IV we present
the summary.
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II. CROSSOVER PHENOMENON

We consider a generalized DLA model where aggre-
gate sites have a finite radical time. The model was pro-
posed by Miyajima et al.'*> The crossover phenomenon
from the DLA fractal to the DLSAW was found by com-
puter simulation. We apply the position-space
renormalization-group method to the DLA model where
all the sites of the aggregate have a finite reaction time.
Each aggregate particle has a finite reaction time 7: if a
particle adheres to the aggregate at a certain time ¢, then
incoming Brownian particles can adhere to sites adjacent
to this particle only up to time t,+7. We define A, the
activity of the perimeter site i,

| L if(t—ty)/m=1 n
A=)/ TI= 00 it (1 —19) /7> 1,
where ¢, is the time in which a particle sticks on the per-
imeter site i, and 7 the reaction time. Furthermore, we
define the dimensionless time increment At * as follows:

At*=(t—1ty)/T . )

The growth probability p; on the perimeter site i is given
by

pleiﬁi/z Aipz ’ (3)

where p; is the growth probability on the perimeter site i
with an infinite reaction time. We describe the DLA
problem in terms of the dielectric breakdown model. We
consider the renormalization procedure on the diamond
hierarchical lattice.'® Each bond is occupied by a
resistor of unit conductance. A constant voltage is
applied between the bottom and the top on the diamond
hierarchical lattice. We shall derive the
renormalization-group equations for the surface conduc-
tance and the dimensionless time increment. See Ref. 18
for details of the renormalization-group method. We dis-
tinguish between three types of bonds on the lattice be-
fore and after a renormalization: (i) breakdown bonds
constructing the breakdown pattern, (ii) growth bonds on
the perimeter of the breakdown pattern, and (iii) unbro-
ken bonds consisting of the original resistor. The break-
down, growth, and unbroken bonds are, respectively, in-
dicated by the thick, wavy, and thin lines in the Fig. 1.
We partition all the space of the diamond lattice into
cells of size b =2 (b is the scale factor), each containing a
single generator. After a renormalization transformation
these cells play the role of “‘renormalized” bonds. The
nth generation of the diamond lattice is transformed to
the (n —1)th generation. The renormalized bonds are
then classified into the three types of bonds, similarly to
the bond before renormalization. The conductance of the
unbroken bond after renormalization remains a unit
value. The conductance of the renormalized bond as the
growth bond is transformed to a different value after re-
normalization. We assign an ‘“‘effective conductance” for
the growth bond on the perimeter. If the bond on the nth
generation is the growth bond, then the effective conduc-
tance is assigned to be o,. Then the conductance of the
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FIG. 1. All distinct configurations of the cell. The
configurations (a), (b), and (c) are renormalized to the growth
bonds. The configurations (1) and (2) are renormalized to the
breakdown bonds. The thick, wavy, and thin lines indicate
breakdown, growth, and unbroken bonds, respectively.

cell to be renormalized as the growth bond is renormal-
ized to o;. We call the conductance o, the surface con-
ductance. The renormalization transformation of the
surface conductance constitutes the first of the renormal-
ization equations:

o' =R,(0,,A1*) . @)

The breakdown process occurs one by one. The time in-
crement At is defined to be the time period between
breakdown of one bond and breakdown of the next bond.
The time increment Ar is renormalized to be the time
period At’ in which the breakdown proceeds from the
bottom to the top within the cell. The cell is a spanning
cluster in which the top is connected with the bottom by
the breakdown bonds. The cell is renormalized to the
breakdown bond. The renormalization transformation of
the dimensionless time increment constitutes the second
of the renormalization equations:

At*' =R, (o, At*) . (5)

Equations (4) and (5) give the renormalization-group
equations. We derive the renormalization functions (4)
and (5) explicitly. Figure 1 shows the breakdown process
within the cell. We assume that the breakdown process
occurs stepwise: the breakdown proceeds one by one,
and only one bond breaks at a time (there is no simultane-
ous bond breaking). The configuration in Fig. 1(a) shows
the cell in which the breakdown just reaches at the bot-
tom. The configuration in Fig. 1(b) is constructed by
adding a breakdown bond onto the growth bonds 1 or 2
in configuration (a). The probability with which a break-
down bond adds onto the growth bonds 1 or 2 in
configuration (a) is given by the growth probabilities p, ,
or p, , of the growth bonds 1 or 2 in configuration (a). In
addition, by adding a breakdown bond to configuration
(b), the configurations (c) and (1) occur. Furthermore, by
proceeding to the breakdown, the configuration (2)
occurs. The configurations (a)-(c) in Fig. 1 show all the
configurations of the cell for which it is possible to renor-
malize as the growth bond. The configurations (1) and (2)
show the spanning clusters to be renormalized as the















