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Cluster statistics are obtained by computer simulation for percolation processes on d-
dimensional lattices with ¢ =2 through 7. For all d, ng, the number of s-site clusters per site, is
found to satisfy reasonably well the scaling hypothesis first proposed by Stauffer. The scaling
functions are analyzed for dimensional dependence, and it is found that as « increases they ap-
proach very rapidly the exactly known result for the Bethe lattice corresponding to d = co.
Corrections to scaling are also studied, and at the upper critical dimension d, =6, a deviation

from scaling consistent with a logarithmic correction is obtained. Some universal quantities such
as the ratio of the amplitudes C 4 and C_ of the “‘susceptibility’’ (second moment of ng) below
and above the percolation threshold p, are also found to approach the Bethe lattice limit very
quickly. In addition, our data suggest that C,/C_ already assumes the limiting value of unity
for d =6. This is consistent with the exact relation for the asymmetric decay of n; proved by

Kunz and Souillard if we adopt the hypothesis that the asymmetry of 1; about p. only enters the

corrections to the leading scaling term for ¢ = 6.

I. INTRODUCTION

The study of critical phenomena has seen remark-
able progress, largely due to the concept of scaling!
and to the renormalization-group (RG) approach?
that stems from it. Thus, after the connection was
established between percolation and other critical
phenomena by Kasteleyn and Fortuin® a number of
studies have been made to understand scaling in per-
colation.* One approach has been to exploit fully the
correspondence between percolation and g-state Potts
model in the limit ¢ — 1 and to study the scaling of
the analog of the thermodynamic equation of state.’
Another approach is to focus attention directly on the
scaling of the ciuster size distribution function n,.°
In this paper, we shall discuss only the latter ap-
proach; a second paper dealing with the equation of
state in d-dimensional percolation will be published
elsewhere.

Although the past work illuminates many aspects
of scaling, a number of important questions remain
unanswered. For example, the universality classes
for percolation were not fully explored since no nu-
merical study of the global features of the scaling
functions was made for systems of dimensionality
greater than three. In particular, the onset of mean-
field-like behavior as d increases past the upper criti-
cal dimension d,. = 6 was not treated numerically in
the context of scaling previously.” One related ques-
tion is how to reconcile the symmetric mean field
scaling function with the asymmetry that arises from
the theorem of Kunz and Souillard.® Moreover,
corrections to scaling have been analyzed numerically
only in two dimensions; in particular, detailed Monte
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Carlo work is available only for the site problem on
the triangular lattice.® In the following sections we
address these and other questions, drawing our data
from extensive Monte Carlo simulations for ¢
=2,3,...,7. Our present work should be com-
pared with those of the field-theoretic studies of
Ref. 9.

This paper is organized as follows: In the remain-
der of this section, the scaling hypothesis® for s, is
restated. Section Il addresses the question of the
validity of this hypothesis by presenting the general
features of the scaled data for ng, while Sec. 111
discusses scaling and corrections to scaling at the per-
colation threshold p.. Section IV is devoted to the
behavior of ng; away from p, and in Sec. V, we study
the critical exponents and universal constants such as
C,/C_. Brief conclusions are presented in Sec. VI.

In bond (site) percolation on a given lattice, bonds
(sites) are occupied or empty with probability p and
(1—p), respectively, independent of one another.
Two (occupied) sites belong to-the same cluster if
they are connected through occupied bonds (sites).
Let ny be the mean number of clusters containing s
sites, normalized by the total number of lattice sites
and taken to the thermodynamic limit. We begin by
restating the hypothesis of #, scaling as the statement
that n,(p) =n(e,y) is ‘“‘asymptotically” [as €
=(p.—p)/p.—0and y =1/s — 0] a generalized
homogeneous function (GHF)'?; i.e., there exist two
numbers a, and a, la. having been fixed to
1/(2—«) Ref. 5] such that the functional equation,

n (2 <€, )\a’y)=)\a”n(e,y) (1.1a)
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is satisfied for all A, €, and y provided that all
arguments—both sides of Eq. (1.1a) —are small. By

setting )\a”y =1,o0r\ =y_l a”, we obtain
n(e,y)=ya"/ayn(ey_a‘/ay,1) , (1.1b)
which can be rewritten as
ng(p)=s5""f(es%) (1.2)

with 7=a,/a, and c=a//a,.

Equation (1.2) is the ng scaling hypothesis of
Stauffer. The exponents 7 and o are related to the
usual percolation exponents a, 3, vy, and 8 by*

2—a=(r—1)o, B=(1-2)/0 ,
y=03-1)/c, §=1/2-1) ,

(1.3a)

or

T=2+1/8, o=1/88=1/(B+7y) . (1.3b)

With a,=1/(2—a), this leads to the identification of
the scaling powers a, and a,,

Cay=aJo=1/(1+1/8), a,=ra,=a,+1 . (1.4)

II. SCALING FUNCTIONS. IN d-DIMENSIONS

When Eq. (1.2) holds, we call the function f(x) a
scaling function. In the case of one dimension, f (x)
can be calculated exactly!! as

f(x)=x2exp(—x) . .1

Since f(0) =0 we cannot divide f (x) by f(0) to
normalize its amplitude unlike for 4 > 1. Therefore,
we normalize f(x) by dividing by its maximum value
(taken at x,,, =2) to obtain the ‘‘universal scaling
function’ f| for d =1. Below we shall compare f,
and f; similarly defined by d > 1.

A second exactly solved system is the Bethe lattice
of coordination number z'? for which n, (site prob-
lem) is given by

ng=psqtE Vs [s(z =D 1/ {s!ls(z=2) +211} .
2.2
For s >> 1 and € << 1, we have
ng~z[2m(z —2)(z —1)3]712752
xexpl—(es')(z—=1)/[2z =1} . 2.3)
Therefore, f(x) is a Gaussian function
f(x)=A4(2) exp[-B(2)x?] , (2.4a)
where

e=(p.—p)/p.=1—-(G—-1Dp

and
A =z[27(z=2)(z—1)*]"12 |
B(2)=0G-1D/[2(z=-2)] .

(2.4v)

The maximum of f(x) occurs at xm =0, and fis
symmetric about x =0: B(z) is a slowly varying
function of z for large z with lim,—., B(z) = %
Hence we shall write (valid also for the bond prob-
lem)

fa(x) =exp(=3x?) . 2.5)

We note here that a simplified universality law, in
which the normalization of the scaling variable is ac-
complished by the choice of x = es?, is only valid ap-
proximately since B (z) does depend (weakly) on z.
In this paper, however, we shall assume this pro-
cedure to be applicable in obtaining the scaling func-
tions f;. For d =2 and 3, as well as in the case of
the Bethe lattice, there is sufficient evidence to be-
lieve its approximate validity.®

Figure 1 shows the shape of the scaling functions
in the two limiting dimensions, d =1 and o. Thus,
we are led naturally to investigate their behavior in
intermediate dimensions, particularly to find out how
the d = oo limit is approached as d increases past d,.

In all dimensions, ng(p) for fixed s has a single
maximum as a function of p: for small p, it clearly

ns(P) T

{n [ng(P)/ng(Pmay]

s

FIG. 1. Universal scaling functions /| and f, for d =1
and the Bethe lattice (Z =14), respectively. A linear scale
is used in (a), and in (b) the curves are obtained by first di-
viding by the maximum value and then plotting them using
a semilog scale. The broken curves schematically represent
a scaling function for 1 < d < oo.
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increases with p while, as p becomes large, most sites
are annexed by very large clusters thereby ‘‘draining”’
ng for a given s. Thus, defining p ., to be the max-
imum for ng, we can fit a straight line to the log-log
plot of (p. —pmax) VS s in accordance with the scaling
law (1.2). In practice, there is a question of what
value to use for p. since its effective value pS for a
finite lattice may be quite different from the true p..
One way to resolve this question self-consistently is
to vary the trial value of p&'f until the best linearity is
achieved (as evidenced in the correlation coefficient
R being closest to unity). This procedure was fol-

lowed in two and three dimensions where p . can be -

estimated fairly accurately, whereas in d > 4, where
scarcity of data and the broadness of the peaks of ng
curves prevent us from locating p .« With any accura-

cy, we simply use the series estimates of p. as pS'.

In two dimensions, we obtain in this way pS"
=0.50115 for the bond problem on the square lattice

(where p, = 0.5 exactly), and the fitted line gives
(PE™ = Pray ) s0400F0010 = 0 458 +0.03 ,  (2.6a)

with R =0.99934, in fair agreement with the series
estimate!® of o of about 0.389. (This fit was
achieved over the range 2° <s < 2'°. For the details
of the actual Monte Carlo realizations, we refer the
reader to Appendix A.) If the true value of p, is
used instead, the resulting exponent becomes about
0.43, a little too large, and R drops to 0.99905. For
d =3, the corresponding equation for the cubic bond
problem is

(P& — P ) s050440030 -0 203 £0.03 ,  (2.6b)

where the choice of p=0.2498 was made. If the

series estimate'* 0.247 of the true p. is used instead,
the exponent corresponding to o becomes 0.74,
much larger than the series estimate'® of 0.48, and R
is also low at 0.98825. The value xp,, of the scaling
variable for which f(x) takes its maximum is ap-
proximately 0.9 in two dimensions and 0.8 in three
dimensions. This is in contrast to Hoshen er al.,®
which found x ., to be about 0.8 for both ¢ =2 and
d=3.

For the reasons cited above, for d =4 and 5, the

linear fit to the log-log plot of (p&T— p ) VS s is

merely an order of magnitude estimate. With this in
mind, we give below the best fits using the series es-
timates'® of p,, 0.197 for d =4 and 0.141 for d =5, in

place of p£™. For the hypercubic site problem in
d=4,itis
(Pe = Prmax)s%4=0.077 , (2.6¢)

with R =0.99005. Similarly, for the hypercubic site
problem in d =5, we obtain

(Pe = Pmax)s%7=0.048 | (2.6d)

in rather poor agreement with the combined series—
Monte Carlo estimate” !’ of ¢ =0.52. The data for
Pmax(s) for d =2 through 5 are plotted in Fig. 2 along
with the best fits given in Egs. (2.6), and the location
Xmax and value 1 (p . )/ns(p) of the maxima of
/(x) are summarized in Table I.

For d <5, pn.(s) for all s studied is smaller than
the estimate of p. made from susceptibility [by shift-
ing the trial value of p&™ until the exponents y
(below p.) and y’ (above p.) matchl. For d =2, p.
according to this method is about 0.5035 for 1000
x 1000 samples (square-bond problem); for ¢ =3
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FIG. 2. Test of scaling for the maxima of ng curves for d =2, 3, 4, and 5. The error bars included for ¢ =2 and 3 are those
associated with finding p ., on the ng curves, not including the errors in each point on these same curves.































































