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In dealing with critical phenomena of complex systems that simulate realistic materials,
the full structure of the renormalization group is often unnecessarily cumbersome. For ap-
proximate calculations and for systems with special properties, specialized generators are
simpler to apply. We derive several such exact and approximate differential generators and
solve a number of interesting practical problems to illustrate this approach: (i) We derive a
new approximate differential generator based on the Wilson incomplete-integration generator.
Using this generator we calculate for an n-component spin system the eigenvalues (critical-
point exponents) associated with a critical point of arbitrary order © and “propagator expo-
nent” G to first order in the expansion parameter €g(0) =d + &G —d); this extends previous work
for =2, @arbitrary; 6=2, ©=2 (long-rang forces); and =4, O©=2 (the “Lifshitz point’”). Our
results agree with those obtainable using an approximate generator based on the Wegner-
Houghton equation. The cases 6=2L (L a positive integer =2) describe the onset of helical
ordering for which |k| ~ (-p) %, where 8,=1/2(L ~1) +0(€}(2L)) and p parametrizes the hyper-
surface of critical points. For p>0, the ordered phase is uniform; for p <0 there is spiral
order. The point p=0, at which such nonuniform ordering commences, we term a generalized
Lifshitz point of Lifschitz character L. (ii) We consider the full Wilson and Wegner-Houghton
generators in the paired spin-momenta limit and the n =« limit for even-order critical points.
These limiting generators are identical for both full generators. This demonstrates that at
least in these cases the Wilson and Wegner-Houghton generators agree exactly, without re-
course to perturbation theory. These simple exact generators should provide “anchors” for
calculations of exponents for higher-order critical points. (iii) We derive approximate gener-
ators which are suitable for compressible magnetic systems and more general systems with
constraints for which the spin momenta are grouped in any arbitrary manner. We apply this
to the case of a simple compressible magnet model and obtain the exact renormalization-
group trajectories to order € with €= ¢,(2) =4 —d.

I. INTRODUCTION

The use of differential generators for the renor-
malization group'+? has several advantages over
finite or recursive formulations: (i) In a recur-
sive renormalization-group approach, the recur-
sion relations contain the renormalization factor
b explicitly. The eventually-calculated critical-
point exponents are, of course, found to be inde-
pendent of b; it therefore represents an unneces-
sary complication that is avoided with a differen-
tial generator. (ii) The differential equations ob-
tained from a differential generator are, in gener-
al, far simpler in form than the corresponding
recursion relations. This is the case because the
recursion relations must exhibit all the feedback
that results from the finite amount of renormaliza-
tion. (iii) Differential equations are amenable to
more analytic solution techniques than recursion
relations. This is particularly true of the non-
linear study of renormalization-group equations.®-®

For many renormalization-group studies the full
structure of the exact renormalization-group equa-
tions is not needed. The location and stability
analysis of fixed points can be carried out to low-
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est order in perturbation theory with an approxi-
mate renormalization group. Studies of aniso-
tropic systems,” metamagnets,® spin-flop and dis-
placive transitions,® tricritical points,!° critical
points of arbitrary order,'*-!® coupled order pa-
rameters,*'!* and nonlinear effects,®~ to name a
few, can be made by ineans of approximations to
the renormalization group. (Detailed calculations
of higher-order corrections to critical-point ex-
ponents such as the calculation of'*''® n may re-
quire the full exact equations.) In many cases, the
essential physics is obtained in the lowest-order
expansion. Many of the above results were ob-
tained with the approximate recursion formula of
Wilson?:!7; they all can be discussed with an ap-
proximate differential generator. In addition, we
will demonstrate (Secs. IV-VI) that exact differ-
ential generators of form much simpler than the
full generator can be utilized when special or
limiting features of the system Hamiltonian are
incorporated into the formulation at the outset.

At present, there are two exact differential gen-
erators for the full renormalization group. The
Wegner-Houghton generator represents the differ-
ential limit of the recursive formulation of Wilson.!
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It gives the differential change of the Hamiltonian
in terms of an integral over an infinitesimal shell
of spin-fluctuation wave vectors (or momenta).
The Wilson differential generator' represents an
incomplete integration in which large wave vec-
tors are more completely integrated than small
wave vectors. To compare and contrast these
generators, we reformulate the Wilson generator
in such a way that it more closely resembles the
Wegner-Houghton generator. We may then solve
a large class of problems to show agreement be-
tween the two generators. For some of the prob-
lems we utilize approximate generators derived
from the full generators and show agreement to
first order in perturbation theory. For other
problems we consider specific exact limiting forms
of the two full generators and show they are iden-
tical to all orders.

Recently, we introduced'® an approximate differ-
ential generator based on the full Wegner-Houghton
generator. We wrote it in a form suitable for iso-
tropically interacting systems; it is easily gener-
alized to describe anisotropic systems with propa-
gator exponent ¢ (see discussion below),

G-d). = < 32 H )
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where H ($, 1) is a function of an n-component spin
vector § on a d-dimensional lattice, and [ is the
renormalization parameter. - For the case of long-
range forces,'® with interaction strength «1/7*%,
0=0 for 0 <2, and G =2 otherwise. In the case of
the Lifshitz point'® G=4. We generalize such Lif-
shitz systems to those at which ¢ is an even inte-
ger, 0=2L; the imposition of a long-range force
on such systems allows any 0 < 2L.2°

A similar approximate generator is derived in
Sec. III from the Wilson incomplete integration
generator. The result is

3H G -d)

57 H +— 5-VH +VH -VH-VH . (1.2)

The two generators have the same linear structure,
but very different nonlinear structures; for exam-
ple, (1.2) lacks the propagator factors of (1 +7)!
characteristic of (1.1).

In Sec. II, we introduce an ee(c-r) expansion for
critical points of order © (o phases simultaneously
critical) with propagator exponent 0. This gener-
alizes previous work for arbitrary order © with
0=2,% 0=2 with 6 <2,'® and 0=2, 0=4."° (Cf. Fig.
1.) These calculations, which are exact to order
€6(0), agree for generators (1.1) and (1.2). We
derive a generating function for the eigenvalue cor-
rections which gives each correction as a sum of
at most [0/2] positive terms (1 >0). Explicit, sin-
gle-term expressions are given for n=1 and n=.

One finds by the method of Ref. 16 that for G# 2L,
7 “sticks” to the value ny=2L -0, for all @ to
order €3(0), in agreement with the ©=2 result of
Ref. 18.2°

In Sec. III, we derive the approximate Wilson
generator from a reformulation of the exact Wil-
son generator. This reformulation simplifies the
renormalization-group equation when expanded
around the Gaussian fixed-point solution. This
facilitates the comparison with the Wegner-
Houghton generator and is also the starting point
of the exact calculations of Sec. IV.

In Sec. IV, we use the full generators to discuss
the n—= = limit of critical points for © even. We
show that, in this limit, the spin fluctuations oc-
cur only in the paired momentum form: fs}ts_k*
=fsz(x) [in Feynman-diagram terms, all dia-
grams are tree diagrams (cf. Sec. IV)]. The gen-
erators, although extremely dissimilar for finite
n, become identical for » =« and are equal to the
common limit of the approximate generators. We
also show that the full generators become identical
[and equal to the appropriate limit of the approxi-
mate generators (cf. Sec. V)] if we make the weak-
er assumption that the spin momenta are paired.
This limiting generator is, of course, identical to
the n =~ generator for isotropically interacting
systems.

In Sec. V, we generalize the approximate gener-

FIG. 1. Schematic plot of order © (defined in Sec. I) vs
propagator exponent & (where the critical propagator
varies with momentum as |k|°%). For the case of long-
range forces with interaction strength 1/7¢%°, =0 for
o=2, and 0=2 otherwise; the case §=2L (L a positive
integer =2) corresponds to a “generalized Lifshitz
point.” The heavy lines and solid circle correspond to
previously treated special cases: (a) The vertical line
indicates case 0=2 and O arbitrary (Ref. 13); (b) the
horizontal line indicates the case ©=2, ¢ =2 (Ref. 18);
and (c) the heavy circle indicates the Lifschitz point
o=4 (Ref. 19). In Sec. II this previous work is extended
to all meaningful values of both ¢ and © (shown shaded).










































