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The analysis of selected nonlinear problems in the renormalization group is found to show striking
contrasts between the usual local linearized fixed-point analysis and the properties of global solutions of
nonlinear equations derived from an approximation of the Wegner-Houghton differential formulation. The
competition between various fixed points that is incorporated in general global solutions can upset the
asymptotically valid critical behavior deduced from the local analysis. In general, the critical-point
exponents of such a solution will not satisfy equalities, but rather the corresponding inequalities.
However, these nonscaling solutions have extraneous singularities that are not related to the
thermodynamic singularities of the system. If singularities of this type are excluded, then the global
solution has the same critical-point exponents as the local solution derived by linearizing around the
stablest fixed point. It is shown that in this case the critical surface in the Hamiltonian space is closely
related to the surface of order-2 critical points in a thermodynamic field space. The boundaries of this
surface are correspondingly related to the critical points of higher order in this thermodynamic space.
The nonlinear global solution predicts multiple power scaling behavior from a single scaling equation
deduced from the renormalization group. Previously such behavior was obtained by postulating the
simultaneous validity of two of more “linear” scaling hypotheses .

[. INTRODUCTION

The renormalization-group approach to the study
of critical phenomena is a mathematical expression
of certain heuristic ideas of Kadanoff.! Kadanoff
argued that sufficiently near the critical point, the
correlation length was so large that even crude
averages over small groups of spins would not alter
the physics in an unmanageable way, but would only
change the parameters slightly. If the transforma-
tion of the parameters is assumed to be of a partic-
ular form (the “scaling hypothesis™), then many
valid and useful predictions of critical behavior
follow. 2 In the renormalization-group approach,®=®
a particular form of Kadanoff averaging is carried
out explicitly. If the system Hamiltonian is charac-
terized by some set of parameters {p;}, the renor-
malization-group equations provide a definite trans-
formation on the parameter space.

The fixed points of the renormalization group are
just the fixed points of this transformation in the
parameter space. As is well known from the study
of nonlinear finite-difference and differential equa-
tions, ® the qualitative and much of the quantitative
properties of a set of transformations are deter-
mined by the location and study of the fixed points
of those transformations. This is the rationale of
the renormalization-group approach: to study the
transformation properties (via the fixed points) in
order to deduce the properties of the partition func-
tion and other thermodynamic quantities.

A formulation of a renormalization group may be
of a recursive character with a “finite-difference”
generator, or it may have a differential generator.
For example, if we consider a system with discrete
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spins localized on lattice sites, we could construct
a renormalization group which replaced each spin
by an average of that spin and the spins of its
neighbors,” After averaging, the parameters of
the Hamiltonian would, in general, change. The
new parameters would be given by relations of the
form p;.:Pj({[)i}) for some functions P;. Thus the
renormalization-group equations in the parameter
space would take the form of finite-difference equa-
tions coupling all the parameters together. A sec-
ond case of finite-difference formulation is the
well-known renormalization group of Wilson.® It
treats a system of continuum spins; the renormal-
ization average is performed by averaging over a
finite fraction® of the momenta in the space of the
Fourier transform of the spin density.

Finite-difference equations, however, are clumsy
to manipulate in the large, i.e., over large do-
mains of the variables. A differential generator,
which performs an average over an infinitesimal
number of degrees of freedom, is far more con-
venient. A differential generator gives a smooth
transformation of the p;, of the form dp,/dl
=P,{p;}), where [ is a parameter describing the
progress of the renormalization averaging. Vari-
ous differential generators have been proposed;
e.g., Wilson® has proposed a “partial-integration”
generator, while Wegner and Houghton® have pro-
posed a differential generator which averages over
an infinitesimal shell of momentum.

In applications of the renormalization group to
critical phenomena, it is customary to perform an
average which corresponds to a simple scale change
of the correlation length as in Kadanoff scaling.
For a finite-diffevence generator we expect that the
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renormalization equation is of the form ¢,

=const §;. For a diffevential generator, the param-
eter [ is usually normalized so that the renormali-
zation equation for ¢ is f=— &, where the dot de-
notes differentiation with respect to 7.

With a few exceptions, '!! the work devoted to
the application of the renormalization group to crit-
ical phenomena has been confined to the location
and linearized analysis of fixed points, For exam-
ple, we could consider a set of two parameters p
and ¢ with renormalization group equations

p=2p[1-p-e(zA)q], (1.1a)
q=qle(l - q) - 4p]. (1.1b)
These equations have several fixed points. One

fixed point is at p=¢=0. If we linearize around
p=q=0 we obtain the elementary solutions p = p, €?’
and g=qye®.

In terms of p and ¢, the equation for the correla-
tion length £=— £ becomes

8t . 9E .

ap b+ 5g ™" £.
If we make the linearized approximation for  and
q, (1.2) is of the form

(1.2)

oF
a;p;—=apF. (1.3)
21: (2083 api FF

The solutions of an equation such as (1.3) are gen-
eralized homogeneous functions (GHF’s).!? That

is, they satisfy the functional relationship
F\ip ) =1 7P pi}) . (1.4)

The constants ¢; and ay are termed the scaling
powers of the variables p; and the function F, re-
spectively.

To see that (1.3) implies (1.4) it is sufficient to
examine the case at hand. We write

E(po e, qpe™) = E(po, @) €™, (1.5)
A
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which is just (1.4) with x=¢’, @,=2, a,=¢, and
ay=-1. Equation (1.5) is equivalent to

£(p,a)=|p| ™2 e(sgnp, a/|p] ?). (1.6)

The quantity q/1p|¥? is a venormalized invaviant
of the linearized equations, as is easily checked
from (1.1).

The correspondence between the form for the
correlation length and the usual scaling hypothesis
leads to the definition of p and g as (linear) scaling
fields. I we make the identification p~T- T,, we
derive the value of the critical-point exponent p =3.
However, we linearized (1.1) to obtain this solution.
In principle this analysis might only be valid locally,
infinitesimally clgse to the fixed point p=0, ¢=0
(cf. Fig. 1).

We can examine other fixed points. A second
fixed point is located at p=0,¢g=1. At this fixed
point, we have a different pair of linear scaling
fields, p’=p and ¢’ = (g - 1)+ [4/(2 - €A)] p, with the
new linearvized renormalization equations:

p'=@2-ea), (1.7a)
q=-¢q. (1. 7o)
We again obtain a GHF but with variables p’ and ¢’
and scaling powers a, =2 - €4 and a, =-¢€. Thus,
EN ", ) =B, ), (1.8a)

or equivalently

E(p',q") = |p" |V E ) E(sgnp’, ¢ |p’| ¥ B-¢2) . (1.8b)

Again, since the fundamental equations (1.1) were
linearized, the solution given in (1.8) is, in prin-
ciple, valid only infinitesimally near the fixed point
p=0,g= 1,

Thus, by locating {wo fixed points and analyzing
the behavior of the linearized equations in a neigh-
borhood of each fixed point we have produced two
competing forms for the correlation length with
diffevent cvitical exponents, v=% and v’ =1/(2 - €4).

FIG. 1. (p,q) plane of

Eq. (1.1), Only two fixed

points are shown, Local
~o integral curves for the fixed
N points (0, 0) and (0,1) are
sketched as shown, The
local regions of validity of
the linearized approxima-
tions to the correlation
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q; length [cf. Eq. (1.6) and
’ (1.8)] are indicated, as
well as the nonlinear global
region considered in Sec.
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