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A recent finding of Meakin et al. and Halsey et al. is that the surface of diffusion-limited aggre-
gates (DLA) requires an infinite hierarchy of fractal dimensions for its characterization. In this
work, we seek to understand this discovery and to place it into perspective. To this end, we study
the distribution of hit probabilities near the surface of a variety of suitably chosen fractal and non-
fractal objects—ranging from DLA and screened-growth aggregates on the one hand to simple A4-
arm stars and S-sided polygons on the other. We show physically how the infinite hierarchy of
fractal dimensions arises, even for nonfractal objects. An important difference however, is that the
infinite hierarchy is characterized by a constant gap exponent for the nonfractal objects, while for

DLA a constant gap exponent is not sufficient.

I. INTRODUCTION

A fractal object such as a polymer in solution or a col-
loidal aggregate exhibits remarkably strong screening
behavior. As these objects are made larger, their density
becomes indefinitely small, yet their interior is progres-
sively better screened from external fields. Thus, e.g., a
polymer of radius of gyration R behaves hydrodynamical-
ly like a dense sphere with a comparable radius. External
flow does not penetrate into the interior, and only a small
part of the polymer experiences the external flow. Analo-
gous screening occurs when the fractal is an electrical
conductor or when it is an absorbing sink for some diffus-
ing substance. Thus the screening properties of a fractal
have an important bearing on their special rheological,
electrical, and catalytic properties. It is thus of interest to
examine how screening occurs by characterizing the sub-
set of the structure responsible for the screening.

The idea that a specific part of a fractal is responsible
for its screening provides one concept of a “surface” for
the fractal. The broader question of how to characterize
the surface of complex structures is important for their
adsorption, optical, and acoustic properties, as well as
those listed above. Many of these properties may be ex-
pressed in terms of the interaction of the structure with
probe particles, which come from the exterior of the ob-
ject and move according to some physical law.

This paper is a sequel to two papers!'? which address
the question of how to characterize the surface of a frac-
tal object.> The first paper! recognized the fact that only
a minute fraction of the total surface sites is responsible
for the screening, and developed a mean-field theory for
this fraction of “unscreened” sites. The second paper?
tested this mean-field theory by first introducing the basic
variable p, the probability that a site i is the next to be hit
and then calculating the hit distribution function N (p).
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Here N (p)Ap is the number of perimeter sites for which p
is in the range (p,p +Ap). Reference 2 found the mean-
field theory of Ref. 1 to be reasonably accurate when low
moments of N (p) were considered, but not so accurate for
high moments. The high moments weight the most ex-
posed “hottest” tips of the fractal the heaviest, and it was
found that not only did the high moments scale different-
ly than the low moments but successive high moments did
not scale in the same fashion. Thus, instead of a single
exponent being sufficient to describe the critical behavior
of N (p), one needs an entire hierarchy of exponents.>*~8

The purpose of this paper is to explore the physical
basis and implications of this discovery of an infinite
hierarchy of scaling exponents, with a view toward
developing some understanding of the surface of a fractal
object. To this end, we consider the anomalous behavior
found even for certain nonfractal objects, such as simple
S-arm star structures and needles, and also S-sided po-
lygons. We also attempt to answer the important question
of when one should expect to find an infinite hierarchy of
exponents by making comparison with recent work on the
voltsage distribution across the bonds of a percolation clus-
ter.

In Sec. II we develop further the mean-field theory of
Ref. 1, which predicts that a single exponent is sufficient
to describe the unscreened surface of a fractal object. In
Sec. III we consider the modification of mean-field theory
needed when very large moments of N (p) are considered,
while in Sec. IV we consider the scaling behavior of gen-
eral moments. Section V describes computer models, and
Sec. VI applies this first to needles and A-arm stars and
then—in Sec. VII—to S-sided polygons. Section VIII is
an extensive discussion of the surface of a DLA
(diffusion-limited aggregation) cluster™!® while Sec. IX
concerns a family of screened growth aggregates!' ~13 for
which the fractal dimension can be tuned at will.
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II. MEAN-FIELD THEORY

The definition of the “surface” of an irregular ramified
object, such as a biological macromolecule or cross-linked
gel, is a question of great current interest that was ad-
dressed recently by Coniglio and Stanley (CS).! They not-
ed the distinction between the geometric surface of an ob-
ject and the vanishingly small subset of that surface that
can actually be reached by some probe. Consider, for ex-
ample, a macromolecule. Naively, one expects that the to-
tal surface area doubles when the mass doubles. A large
portion of the surface is so well “screened” by the outer
part of the macromolecule that the part of the surface
which is “unscreened” is vastly smaller than the total sur-
face. Moreover, this unscreened surface scales totally dif-
ferently than the total surface: If the total surface is dou-
bled, the unscreened portion increases by a factor smaller
than 2. This consideration seems at first sight academic,
but when we recall that many biological macromolecules
are triggered by the arrival of diffusing particles, we real-
ize that the properties of this unscreened perimeter are re-
sponsible for controlling fundamental biological processes.

To make these concepts quantitative, CS formulated a
simple mean-field treatment of the unscreened perimeter
of a fractal object [Fig. 1(a)]. They found that M,, the
number (or “mass”) of unscreened surface sites, scales
with the molecular diameter L as

M, ~L%, @.1)
with
d,=(D—1)+(d —D)/d, . 2.2)

Here d, is the fractal dimension of the unscreened perim-
eter, D is the fractal dimension of the cluster or “macro-
molecule,” and d, is the fractal dimension of the walk
taken by the incoming particles (e.g., d, =2 for a diffus-
ing particle and d, =1 for linear trajectories). A similar
result was also found by Meakin and Witten'* for the in-
terface of DLA clusters.

Equation (2.2) has a simple physical interpretation [Fig.
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1(b)]. The first term in parentheses corresponds to the
“cookie-cutter perimeter” (which is found if we simply
cut the fractal) whose length scales as L2~!. The second
term corresponds to the fact that walks with noninfinite
fractal dimension will penetrate the fractal to a mean
depth A~L9 ™% s physically plausible that the de-
gree of penetration is controlled by the co-dimension of
the fractal, (d —D), and by the fractal dimension of the
walk, d,.

Equation (2.2) was put to a direct test by an extensive
series of numerical calculations by Meakin, Stanley, Coni-
glio, and Witten (MSCW).? Specifically, MSCW calculat-
ed the “hit probability,” p;, the probability that perimeter
site i is the next to be hit. This was done by first fixing a
large DLA cluster [Fig. 2(a)], and then sending typically
10° random walkers at the cluster. Counters on each per-
imeter site record how many times that perimeter site is
hit. Figures 2(a)—2(d) show the actual MCSW results. If
the mean-field theory were completely correct, then the
“hit distribution” of Figs. 2(b)—2(d) would be quite dif-
ferent: the hits would be more or less concentrated [like
Fig. 1(b)] in a band of width A, and the band would not
change much from Fig. 2(b) to Fig. 2(d).

To quantitatively analyze the phenomenon of Figs.
2(b)—2(d), MCSW introduced the family of moments

M
Z,=3pf, 2.3)

i=1

where M is the total number of sites. The mean-field an-
satz is then the statement that

P, i=12,..., M,

Pi= 0, otherwise . 2.4

Hence the gth moment is given by
Z,=[(prM,] . (2.5)

Now p is fixed by the normalization condition

FIG. 1. (a) Schematic illustration of different fractal surfaces arising in the description of a general cluster. (i) The external perim-
eter or hull has a fractal dimension d,. (ii) The total perimeter has a fractal dimension D, equal to that of the total bulk mass of the
cluster. Since D > dj, it follows that the internal perimeter must have the same fractal dimension D as the total perimeter. (iii) The
unscreened perimeter where an incoming walker is more likely to hit has a fractal dimension d,. (b) Schematic illustration of parame-
ters needed to obtain the mean-field expression, Eq. (2.2), for the fractal dimension of the unscreened perimeter. The symbol X
denotes a typical cluster site that is hit by an incoming random walk, while A is the mean thickness of this band of sites.













































