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PossibleStrati�cation Mechanismin Granular Mixtures
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We proposea mechanismto explain what occurswhen a mixture of grains of different sizesand
different shapes(i.e., different reposeangles)is pouredinto a quasi-two-dimensionalcell. Speci�cally,
we developa model that displaysspontaneousstrati�cation of the largeandsmall grainsin alternating
layers. We �nd that thekey requirementfor strati�cation is a differencein the reposeanglesof the two
purespecies,a predictioncon�rmed by experimental�ndings. We alsoidentify a kink mechanismthat
appearsto describeessentialaspectsof the dynamicsof strati�cation. [S0031-9007(97)03031-7]

PACSnumbers:46.10.+z,05.40.+j,64.75.+g,81.05.Rm

Granular materials exhibit many unusual properties
[1], such as size segregation,when exposedto external
vibrations or rotations [2]. Size segregationis also
observedwhen a mixture of grains of different size
is poured onto a pile [3]; the large grains are found
preferentiallynearthe bottomof the pile, while the small
grainsarefound nearthe top. Recently,it wasfound [4]
thatwhena mixtureof grainsof differentsizesandshapes
is pouredbetweentwo verticalslabsseparatedby ø 5 mm
thereappearsa spontaneousstrati�cation, with alternating
layersof small and largegrainsparallel to the surfaceof
the sandpile. Additionally, there is an overall tendency
for the largeandsmall grainsto segregatespontaneously
in different regionsof thecell [3,4].

Very recently, Boutreux and de Gennes(BdG) [5]
treatedtheoretically the caseof granular 
ow madeof
two species. They basedtheir work on a setof coupled
convectionequationsto governthe 
ow of rolling grains
and their interactionwith the sandpile,introducedearlier
by Bouchaudet al. in thecaseof a single-speciessandpile
[6]. BdG reproducedthephenomenonof segregation,but
anunderstandingof strati�cation is lacking.

Herewe seekto understandsegregationand strati�ca-
tion in the conditionsof [4], wherethe two specieshave
different sizesanddifferent shapes. We �rst introducea
discretemodelto give a clearpictureof the phenomenol-
ogyandthendevelopacontinuumapproach.In agreement
with theexperimental�ndings [4], we�nd thatsegregation
is relatedto thedifferenceof sizeof thegrains,andstrati-
�cation to thedifferencein reposeanglesof the two pure
species.

In the discretemodel,the sandpileis built on a lattice,
where the grains have the samehorizontal size as the
lattice spacingand two different heights,H1 and H2 .
H1. Each grain belongsto one of two phases:a static
phase(if the grain is part of the solid sandpile)and a
rolling phase (if the grain is not part of the sandpile
but rolls downward with a constantdrift velocity) [5{
7]. The local slopesi ; hi 2 hi 1 1 of thestaticgrainsis
thevariablecontrollingthedynamicsof therolling grains,
wherehi is theheightof thesandpileat columni .

At eachtime step,we depositat the top of column1 of
thepile N1 small grainsplus N2 largegrains;thesegrains
belongto therolling phase. Onerolling grainpercolumn
of eachspeciesinteractswith the surfaceat each time
stepand can be convertedfrom the rolling phaseto the
staticphase. The remainingrolling grainsareconvected
downwardwith unit drift velocity| i.e., they all moveto
thenextcolumnat eachtime step.

The dynamicsof each rolling grain interacting with
the sandpilesurfaceis governedby its reposeangle(the
maximumanglebelow which a rolling grain is converted
into a static grain) [6,8]. We note that the reposeangle
dependson the local compositionon the surface,so we
de�ne uab as the reposeangleof a rolling grain of type
a on a surfacewith local grainsof type b . We choose
u21 , u 12 to takeinto accountthat largegrainsroll more
easilyon top of small grainsthansmall grainsroll on top
of large grains [since the surface\looks" smootherfor
largegrainsrolling on top of small grains,seeFig. 1(a)].
The reposeanglesof pure speciesuaa lie betweenu21
andu12.

The strati�cation experiments[4] use a mixture of
grains of different shapes(smaller \less faceted"grains
andlarger\more faceted"grains). Thereposeangleof the
smallerpurespeciesis thensmallerthanthe reposeangle
of the large pure species| i.e., u11 , u 22. To mimic
the experimentalconditionsfor strati�cation [4], we set
u21 , u 11 , u 22 , u 12. We notice that the condition
u21 , u 12 is a consequenceof the different size of the
species,while the condition u11 Þ u 22 is achieved,e.g.,
for mixturesof grainswith differentshapes.

At eachtime step,the rolling grain interactingwith the
sandpilesurfaceat coordinatei will eitherstop| by being
convertedinto a static grain| if the local slope of the
surfacehi 2 hi 1 1 , sab ; tanuab or will continueto
roll (togetherwith theremainingrolling grains)to column
i 1 1 if hi 2 hi 1 1 $ sab . We iteratethis algorithm to
form a largesandpileof typically 105 grains.

Figure 1(b) shows the resulting morphology. The
strati�cation is qualitatively the same as that found
experimentally[4], not only in regard to the statics of
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FIG. 1. (a) The slopesof reposesab dependon the composi-
tion of grainsat thesurfaceof thepile andarechosenaccording
to the four possibleinteractionsbetweensmallandlargegrains.
The slopesof reposesatisfys21 , s11 , s22 , s12 (seediscus-
sion in text). (b) The result obtainedwith the discretemodel
(for H1 ­ 1, H2 ­ 2, s21 ­ 2, s11 ­ 6, s22 ­ 7, s12 ­ 10,
N1 ­ 20, andN2 ­ 10).

the sandpile[seenin Fig. 1(b)], but also in regardto the
dynamics. After a pair of static layers is formed with a
layerof largegrainson top of a layerof small grains,the
angleof thesandpileis closeto u22. Sincethesurfaceof
thesandpileis madeof largegrainsandu22 , u 12, a thin
layerof smallgrainsis trappedon top of thelayerof large
grains. Thesesmall grains smooth the surfacewithout
changingsigni�cantly thesandpileangleandallow rolling
small grainsto go further down (sinceu11 , u 22). The
large grainsare rolling down on this thin layer of small
grains without being captured(u21 , u 22) and are the
�rst to reachthe bottom of the sandpile,giving rise to
segregation.Whenthe 
ow reachesthe baseof the pile,
thegrainsdevelopapro�le which displaysa \kink" where
the grainsarestopped:The small grainsarestopped�rst
sinceu21 , u 12, anda pair of layersbeginsto form, with
the small grains underneaththe large grains. The kink
movesupward (in the oppositedirection to the 
ow of
grains)until it reachesthe top of the pile anda complete
pair of layershasbeenformed.

If, on the other hand, we consideru22 , u 11 in the
model (correspondingto a mixture of smaller more
facetedgrainsandlargerlessfacetedgrains)we �nd seg-
regationbut no strati�cation. Thusthe control parameter
for strati�cation appearsto bethedifferencein therepose
angleof thepurespecies.

As seenin Fig. 1(b), beforethe layersappearthereis
an initial regime where only segregationis found. At
the onsetof the instability leadingto strati�cation, a few
large grains are capturedon top of the region of small
grainsnearthe centerof the pile wherethe angleof the
pile is u . u11. Thereposeanglefor largegrainsis now
u22. Thus, if u . u11 , u 22, more large grainscan be
trapped(since the angle of the surfaceis smaller than
the reposeangle), leading to the �rst sublayerof large
grains and then to strati�cation. On the other hand, if
u . u11 . u 22, no more large grains are captured,the

uctuation disappears,andthesegregationpro�le remains
stable. Thusthis picturesuggeststhat, in agreementwith
[4], thesegregationpro�le observedin theinitial regimeis
\stable," so long asu22 , u 11, andunstable(evolving to
strati�cation for largeenoughsystems)whenu11 , u 22.

To offer further insight into the physical mechanism
of strati�cation, we now developa continuumapproach
in the spirit of Refs.[5{ 7]. The variablesare the two
thicknessesof rolling grains Ra sx, td, with a ­ 1,2,
respectively,for small and largegrains,the heightof the
sandpilehsx, td, and the volume fraction of grainsof b
typein thestaticphasef b sx, td. Theequationsof motion
are[5,9]

­ Ra

­ t
­ 2y a

­ Ra

­ x
1 G a , (1a)

­ h
­ t

­ 2
X

a
Ga . (1b)

Here ya is the downhill convectionvelocity of species
a , and Ga describesthe interactionof the rolling grains
with thesurface| i.e., how rolling grainsarestoppedand
becomepart of the sandpile(capture),andhow grainsof
the sandpilecan enter the rolling phase(ampli�cation).
Theconcentrationsaregivenby f 1 1 f 2 ­ 1 andf a ­
2G a ys­ hy­ td.

As in the discretemodel,we focuson the dependence
of the reposeangle on the compositionof the surface
f b sx, td. The reposeangle ua of each type of rolling
grain is now a continuousfunction of the composition
of the surfaceua ­ ua sf b d [seeFig. 2(a)]. The repose
angleuab de�ned for the discretemodel is now ua sf b d
with f b ­ 1. We proposethat Ga ­ Ga sRa , f b , ulocd
obeystherelation

Ga ;
½

ga
£
uloc 2 u a sf b d

¤
Ra if uloc , u a sf b d

ga f a
£
uloc 2 u a sf b d

¤
Ra if uloc . u a sf b d

,

(2)

where ulocsx, td ; 2­ hy­ x is the local surface angle.
The parameterga representsthe effectivenessof the
interaction:ya yga , da (whereda is the linear size of
thegrain) is the lengthscaleon which a rolling grainwill
interactsigni�cantly with thesurfacewhenuloc is slightly
different from thereposeangle[7].
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FIG. 2. (a) Dependenceof the reposeanglefor the two types
of rolling grains on the concentrationof the surfaceof large
grains f 2. An essentialingredient to obtain strati�cation is
thatu22 . u 11. For thenumericalintegration,we usethe linear
interpolationbetweenf 2 ­ 0 andf 2 ­ 1 asplottedhere. (b)
Picturewith the different quantitiesappearingin the text. The
dash-circledzone is the kink. (c) Resulting morphology of
the numerical integration of the continuum equations. The
parametersusedare tanu11 ­ 1, tanu22 ­ 1.1, tanu12 ­ 1.4,
tanu21 ­ 0.7, g1 ­ g2 ­ 0.8, andy1 ­ y2 ­ 1.

TheinteractiontermGa includestwo typesof processes
[5]. (a)Capture: asin thediscretemodel,rolling grainsare
capturedif uloc , u a sf b d. The captureis proportional
to the numberof grainsinteractingwith the surface,and,
therefore, is proportional to Ra . (b) Ampli�cation: if
uloc . u a sf b d, then somestatic grains of the sandpile
are convertedinto rolling grains. This conversionof a
type grains is proportionalto their surfaceconcentration
f a , and to the number Ra of rolling grains acting in
ampli�cation.

We next solve Eqs.(1) and (2) numerically. The
results,shownin Fig. 2(c), arequalitativelysimilar to the
discretemodel. We�nd strati�cation whenevertherepose
anglehasthe qualitativebehaviorshownin Fig. 2(a), the
key requirementbeing u22 . u 11. We also �nd a kink,
correspondingto the growth of the new pair of static
layers,with a well-de�ned steady-statepro�le andupward
velocity [10].

To �nd theconditionsunderwhich strati�cation occurs,
we �rst calculatethe steady-statesolution of the full set
of Eqs.(1) and (2) and then study its stability under
perturbations. To describe the experimentalsituation,
we consider a 2D cell with vertical walls at x ­ 0
and x ­ L [5]. We assumethat the difference c ;
u1sf 2d2 u 2sf 2dis independentof the concentrationf 2,
and we set y1 ­ y2 ; y and g1 ­ g2 ; g [Fig. 2(b)].
We seeka steady-statesolution,wherethe pro�les of the
sandpileand of the rolling grainsare conservedin time.
Thus strati�cation cannotbe observedfor this solution.
The conservationof the grains gives ­ hy­ t ­ y R0yL,
and we impose­ Ra y­ t ­ 0, with boundaryconditions
Ra s0d­ R0

a ­ R0y2 andRa sLd­ 0.
The steady-statesolution of (1) and (2) showsalmost

total segregation.At the upper part of the pile, for 0 ,
x , xm, with xm ; Ly2 2 y ysgc d, only small grains
arepresent[f 1sxd­ 1, andf 2sxd­ 0], andthe pro�les
are

R1sxd­ R0
µ

1
2

2
x
L

¶
, R2sxd­

R0

2
, (3a)

ulocsxd2 u 11 ­
2y yg

Ly2 2 x
. (3b)

At the lower part of the pile (xm , x , L), we �nd
that, after a small regionof sizeof the orderof y ysgc d,
mainly largegrainsarepresent,andthepro�les are

f 1sxd­ exp
·
2

gc
y

sx 2 xmd
¸

, (4a)

R1sxd­
2y

gc L
f 1sxdRsxd, (4b)

ulocsxd2 u 22 ­ 2 mf 1sxd2
y

gsL 2 xd
. (4c)

Here R ; R1 1 R2 ­ R0s1 2 xyLd and m ;
u22 2 u 21 ­ u12 2 u 11.

To analyzethe stability of the steady-statesolution(3)
and (4) for the different phenomenologicparameters,we
impose the steady-statesolution as the initial condition
and then we look numerically for the stability of the
pro�le under perturbations. For u11 . u 22, the steady-
statesolution is stable: in this case,only segregationis
observedand the sandpileconservesin time the pro�les
(3) and (4). For u11 , u 22, the steady-statesolution is
unstable(evolving to strati�cation), just asin [4].

To gain insight about the kink mechanism,we look
for a possiblesteady-statesolution for the shapeof the
kink assumingthat (i) far below and abovethe kink the
sandpilehasa constantangleu0; (ii) the lowest part of
thekink is madeonly of smallgrains,sothat largerolling
grainsarenot captured,andthe top part is madeonly of
largegrains.

To supposethe existenceof a stationarysolution for
thekink implies thatR1sx, tdandf sx, td ; hsx, td1 u 0x
arefunctionsonly of u ; x 1 y "t , wherey " is theuphill
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speedof thekink. For thelowestpartof thekink, asonly
small grains are captured[f 1sud­ 1, R2sud­ R0y2],
Eqs.(1) reduce to equationsfor R1sud and f sud. We
obtain the shapeof the low part of the kink: for u # 0,
f sud­ 0 andfor u . 0, f sudobeys

2
1
w

log
µ
1 2

2wf
R0

¶
­

g
y "

sf 2 d 1ud, (5)

where d1 ; u0 2 u 11 and w ; y "ysy 1 y "d. Then the
lower layer of the kink is characterizedby a linear de-
pendencef sud~ ud1 for u ¿ R0ys2wd1d, plus logarith-
mic correctionsneartheboundarywith theupperlayerof
large grains. This solution is no longer valid when the
angleof the surfacereachesu21 andthe largegrainsstart
to be captured. We note that this stationarysolutionex-
istsonly whend1 . 0.

Thesolutionof theequationsfor thehighestpartof the
kink whereonly largegrainsarepresentcanbe obtained
in thesameway andis

f sud­

Ã
R0

w

! "

1 2 exp

Ã
wgd 2u

y "

! #

, (6)

whered2 ; u0 2 u 22. We then�nd thattheshapeof the
upperpart of the kink is exponentialand existsonly for
d2 , 0.

Thuswe seethattheexistenceof thestationarysolution
for the kink implies that u11 , u 0 , u 22: the sandpileis
built on an angle intermediatebetweenthe two repose
angles of the pure species,and the repose angle of
the small grains must be smaller than the reposeangle
of the large grains| in agreementwith experiments[4]
andthestability analysisperformedabove.

The layer thicknessl is R0yw [seeEq. (6)], which is
a consequenceof the conservationlaw statingthat all the
rolling grainsare stoppedat the kink [4]. Furthermore,
Eq. (5) implies gwf yy " , 1. For f , R0yw, this gives
y " ~ g R0, so thatwe obtain

l ~ cy yg 1 R0, (7)
wherec is a numericalconstantthat doesnot dependon
y , g , or R0. This relation,which we verify numerically,
is relevantsincey yg andR0 areboth of the orderof the
diameterof thegrains.

Thetypical sizeof theinitial regimeof segregation,Lx,
observedprior to strati�cation whend ; u22 2 u 11 . 0
[Fig. 2(c)] can be calculatedas follows. The condition
for the appearanceof a �rst layer of large grainson top
of the regionof small grainsnearthe centerof thepile is
thatcaptureof largegrainsmustbe largerthancaptureof
small grains, i.e., jG2j . jG1j, where jG1j ­ gmR1 and
jG2j ­ gd R2. Assumingthat thesolution(3) is valid for
the initial segregationregime,we canevaluateR1 andR2
at x ­ xm. We obtain

Lx .
y

gc
m
d

R0

R0
2

(8)

andverify (8) numerically.

In conclusion,we developa mechanismto explain the
observedstrati�cation [4]. This mechanismis relatedto
the dependenceof the local reposeangle on the local
surfacecomposition. We �nd that strati�cation occurs
only when the reposeangleof the large grains is larger
than the reposeangle of the small grains (u22 . u 11,
correspondingto largegrainsrougherthansmall grains).
Themodeldescribesthestaticpictureof thesandpileof [4]
with alternatinglayersmadeof smallandlargegrainsand
also reproducesthe dynamics,wherethe layersare built
througha kink mechanism. Whenu22 , u 11, the model
predictsalmostcompletesegregation,butnotstrati�cation.
Theseresultsarein agreementwith experiment[4].
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