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PossibleStrati cation Mechanismin Granular Mixtures

HernanA. Makse,*PierreCizeau’, andH. EugeneStanley

Centerfor PolymerStudiesand PhysicsDepartmentBostonUniversity, Boston,Massachusett62215
(Received?2 December1 996

We proposea mechanismto explain what occurswhen a mixture of grains of different sizesand
differentshapedi.e., differentreposeangles)is pouredinto a quasi-two-dimensionatell. Speci cally,
we developa modelthat displaysspontaneoustrati cation of the large and small grainsin alternating
layers. We nd thatthe key requiremenfor strati cation is a differencein the reposeanglesof the two
purespeciesa predictioncon rmed by experimentalndings. We alsoidentify a kink mechanisnthat

appeardo describeessentiabspectof the dynamicsof strati cation.

PACS numbers:46.10.+z,05.40.+j,64.75.+9,81.05.Rm

Granular materials exhibit many unusual properties
[1], suchas size segregationwhen exposedto external
vibrations or rotations [2]. Size segregationis also
observedwhen a mixture of grains of different size
is poured onto a pile [3]; the large grains are found
preferentiallynearthe bottomof the pile, while the small
grainsarefound nearthe top. Recently,it wasfound [4]
thatwhena mixture of grainsof differentsizesandshapes
is pouredbetweenrtwo vertical slabsseparatedy g 5 mm
thereappears spontaneoustrati cation, with alternating
layersof small andlarge grainsparallelto the surfaceof
the sandpile. Additionally, thereis an overall tendency
for the large and small grainsto segregatespontaneously
in differentregionsof the cell [3,4].

Very recently, Boutreux and de Gennes(BdG) [5]
treatedtheoretically the caseof granular ow made of
two species. They basedtheir work on a setof coupled
convectionequationgo governthe ow of rolling grains
andtheir interactionwith the sandpile,introducedearlier
by Bouchaudetal. in the caseof a single-speciesandpile
[6]. BdG reproducedhe phenomenormf segregationbut
anunderstandin@f strati cation is lacking.

Here we seekto understandsegregatiorand strati ca-
tion in the conditionsof [4], wherethe two specieshave
different sizesand different shapes. We rst introducea
discretemodelto give a clear picture of the phenomenol-
ogy andthendevelopacontinuumapproach.ln agreement
with theexperimentalndings [4], we nd thatsegregation
is relatedto the differenceof sizeof the grains,andstrati-
cation to the differencein reposeanglesof the two pure
species.

In the discretemodel, the sandpileis built on a lattice,
where the grains have the same horizontal size as the
lattice spacingand two different heights,H; and H .
H;. Eachgrain belongsto one of two phasesa static
phase(if the grainis part of the solid sandpile)and a
rolling phase (if the grain is not part of the sandpile
but rolls downwardwith a constantdrift velocity) [5{
7]. Thelocalslopes; ; h; 2 h;j; of the staticgrainsis
thevariablecontrollingthe dynamicsof therolling grains,
whereh; is the heightof the sandpileat columni.
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At eachtime step,we depositat the top of column1 of
the pile N1 small grainsplus N, largegrains;thesegrains
belongto therolling phase. Onerolling grain percolumn
of eachspeciesinteractswith the surfaceat eachtime
stepand can be convertedfrom the rolling phaseto the
staticphase. The remainingrolling grainsare convected
downwardwith unit drift velocity| i.e., theyall moveto
the nextcolumnat eachtime step.

The dynamicsof eachrolling grain interacting with
the sandpilesurfaceis governedby its reposeangle (the
maximumanglebelow which a rolling grainis converted
into a staticgrain) [6,8]. We note that the reposeangle
dependson the local compositionon the surface,so we
de ne uy, asthereposeangleof a rolling grain of type
a on a surfacewith local grainsof typeb. We choose
U21 , U 12 to takeinto accountthatlarge grainsroll more
easilyon top of smallgrainsthansmall grainsroll on top
of large grains [since the surface\looks" smootherfor
large grainsrolling on top of small grains,seeFig. 1(a)].
The reposeanglesof pure speciesu,, lie betweenuy;
anduio.

The strati cation experiments[4] use a mixture of
grains of different shapes(smaller\less faceted" grains
andlarger\more faceted"grains). Thereposeangleof the
smallerpurespeciess thensmallerthanthe reposeangle
of the large pure specie$ i.e., Uj1, U 2. TO mimic
the experimentalconditionsfor strati cation [4], we set
Ur1,U 11,U 22,U 12. We notice that the condition
Us; , U 12 is a consequencef the different size of the
specieswhile the conditionui; P u,; is achieved,e.g.,
for mixturesof grainswith differentshapes.

At eachtime step,therolling graininteractingwith the
sandpilesurfaceat coordinate will eitherstop| by being
convertedinto a static grain| if the local slope of the
surfaceh; 2 hj11, Sap ; tanugp or will continueto
roll (togethemwith the remainingrolling grains)to column
i1 1if hj2 hi11$ sap. We iteratethis algorithmto
form alarge sandpileof typically 10° grains.

Figure 1(b) shows the resulting morphology. The
strati cation is qualitatively the same as that found
experimentally[4], not only in regardto the statics of
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FIG. 1. (a) The slopesof reposes,, dependon the composi-
tion of grainsat the surfaceof the pile andarechoseraccording
to the four possibleinteractionshetweensmall andlargegrains.
The slopesof reposesatisfys;; , S11, Sz, Si2 (seediscus-
sionin text). (b) The result obtainedwith the discretemodel
(fOf Hy- 1, Hy - 2, Spq - 2, S11 - 6, Spo- 7, S1o- 10,
N1 - 20, andNz - 10).

the sandpile[seenin Fig. 1(b)], but alsoin regardto the
dynamics After a pair of staticlayersis formedwith a
layer of largegrainson top of a layer of small grains,the
angleof the sandpileis closeto uy,. Sincethe surfaceof
the sandpileis madeof largegrainsanduy, , U 12, athin
layer of smallgrainsis trappedon top of the layerof large
grains. Thesesmall grains smooththe surfacewithout
changingsigni cantly thesandpileangleandallow rolling

small grainsto go further down (sinceuss , U 22). The
large grainsare rolling down on this thin layer of small
grains without being captured(uz; , U 22) and are the
rst to reachthe bottom of the sandpile,giving rise to
segregation.Whenthe ow reacheghe baseof the pile,
thegrainsdevelopapro le whichdisplaysa\kink" where
the grainsare stopped:The small grainsare stopped rst

sinceuy; , U 12, anda pair of layersbeginsto form, with

the small grains underneaththe large grains. The kink
movesupward (in the oppositedirection to the ow of
grains)until it reacheghe top of the pile anda complete
pair of layershasbeenformed.

If, on the other hand, we consideruy, , u 11 in the
model (correspondingto a mixture of smaller more
facetedgrainsandlargerlessfacetedgrains)we nd seg-
regationbut no strati cation. Thusthe control parameter
for strati cation appeargo bethe differencein therepose
angleof the purespecies.

As seenin Fig. 1(b), beforethe layersappearthereis
an initial regime where only segregationis found. At
the onsetof the instability leadingto strati cation, a few
large grains are capturedon top of the region of small
grainsnearthe centerof the pile wherethe angleof the
pileisu . ui;. Thereposeanglefor largegrainsis now
Ugo. Thus,if u. ui;, U 2, morelarge grainscan be
trapped (since the angle of the surfaceis smaller than
the reposeangle), leadingto the rst sublayerof large
grains and then to strati cation. On the other hand, if
U. Ujz1.U 2, no more large grains are captured,the
uctuation disappearsandthe segregatiompro le remains
stable. Thusthis picturesuggestshat,in agreementwith
[4], thesegregatiomro le observedn theinitial regimeis
\stable," solong asuy, , u 11, andunstable(evolving to
strati cation for largeenoughsystemswhenui; , U 2.

To offer further insight into the physical mechanism
of strati cation, we now developa continuumapproach
in the spirit of Refs.[5{7]. The variablesare the two
thicknessesof rolling grains Rysx,td with a - 1,2,
respectively for small andlarge grains, the heightof the
sandpilehsx, td and the volume fraction of grainsof b
typein the staticphasef , sx,td Theequationf motion
are[5,9]

-Ra

- 2y a- (1a)

(1b)

Herey, is the downhill convectionvelocity of species
a, and G, describeghe interactionof the rolling grains
with thesurfacd i.e., howrolling grainsarestoppedand
becomepart of the sandpile(capture),andhow grainsof
the sandpilecan enter the rolling phase(ampli cation).
Theconcentrationgaregivenbyf ; 1 f ,- landf 5 -
2G ,ys hy-td

As in the discretemodel, we focus on the dependence
of the reposeangle on the compositionof the surface
f px,td The reposeangleu, of eachtype of rolling
grain is now a continuousfunction of the composition
of the surfaceu, - u, s pd[seeFig. 2(a)]. Therepose
angleuy, de ned for the discretemodelis now u, & ,d
with f , - 1. We proposethat G; - Gy Ra,f b, Upcd
obeystherelation

Y2 .

if Upe, U o pd
if Uge - U an bd’

(2)

where upcsX,td ; 2- hy-x is the local surface angle.
The parameterg, representsthe effectivenessof the
interaction:y,yga , da (whered, is the linear size of
the grain)is the lengthscaleon which a rolling grainwill

interactsigni cantly with the surfacewhenuy is slightly
differentfrom the reposeangle[7].
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FIG. 2. (a) Dependencef the reposeanglefor the two types
of rolling grainson the concentrationof the surfaceof large
grainsf 5. An essentialingredientto obtain strati cation is
thatuy, . U 13. Forthenumericalintegration,we usethe linear
interpolationbetweenf , - 0andf , - 1 asplottedhere. (b)
Picturewith the different quantitiesappearingn the text. The
dash-circledzone is the kink. (c) Resulting morphology of
the numerical integration of the continuum equations. The
parameterausedare tanuy; - 1, tanuy, - 1.1, tanugp - 1.4,
tanu,; - 0.7, J1- O2- 0.8 andyl - Yo- 1.

TheinteractiontermG, includestwo typesof processes
[5]. (a)Capture asinthediscretemodel,rolling grainsare
capturedif upc, U 5 pd The captureis proportional
to the numberof grainsinteractingwith the surface,and,
therefore,is proportionalto R,. (b) Ampli cation: if
Uoc - U o pd then some static grains of the sandpile
are convertedinto rolling grains. This conversionof a
type grainsis proportionalto their surfaceconcentration
f 2, and to the numberR, of rolling grains acting in
ampli cation.

We next solve Egs.(1) and (2) numerically. The
results,shownin Fig. 2(c), arequalitativelysimilar to the
discretemodel. We nd strati cation whenevettherepose
anglehasthe qualitativebehaviorshownin Fig. 2(a), the
key requirementbeinguy, . U 13. We also nd a kink,
correspondingto the growth of the new pair of static
layers,with awell-de ned steady-statpro le andupward
velocity [10].

3300

To nd theconditionsunderwhich strati cation occurs,
we rst calculatethe steady-statesolution of the full set
of Egs.(1) and (2) and then study its stability under
perturbations. To describethe experimentalsituation,
we considera 2D cell with vertical walls at x - 0
and x - L [5]. We assumethat the differencec ;
uis 2d2 u oS ,dis independenof the concentratiorf »,
andwe sety; - yo; y andgi- g2; g [Fig. 2(b)].
We seeka steady-statsolution,wherethe pro les of the
sandpileand of the rolling grainsare conservedn time.
Thus strati cation cannotbe observedfor this solution.
The conservationof the grains gives - hy-t - yROL,
and we impose- Ray-t - 0, with boundaryconditions
Ra0d- RY - RY%2andR,d.d- O.

The steady-statesolution of (1) and (2) showsalmost
total segregation. At the upper part of the pile, for 0,

X, Xm, With Xy ; Ly22y yggc d only small grains
arepresenff ;sd- 1, andf ,sxd- 0], andthepro les
are " q
_ 1. x = RO
- O —_— _— - —_—
Risxd- R > 2 o Rosxd > (3a)
= 2y y9
UpeSXd2 U 11 y22 x (3b)
At the lower part of the pile (xn,, x, L), we nd

that, after a small region of size of the orderof yysyc d
mainly largegrainsare presentandthe pro les are

f xd- exp 2 %9( 2 Xmd , (4a)
Risd- 2 xR (4b)
gcL ’
. . y
U|0C9(d2 Us,- 2 mf 19(d2 m (4C)
Here R; Ri1 Ry- R%12 xyLd and m;
U2 2 Up21- U2 2 U1,

To analyzethe stability of the steady-statsolution (3)
and (4) for the different phenomenologiparametersye
imposethe steady-statesolution as the initial condition
and then we look numerically for the stability of the
pro le under perturbations. For ui; . u 25, the steady-
statesolution is stable in this case,only segregationis
observedand the sandpileconservesn time the pro les
(3) and (4). For ui;, u 2, the steady-statesolution is
unstable(evolvingto strati cation), just asin [4].

To gain insight about the kink mechanismwe look
for a possiblesteady-statesolution for the shapeof the
kink assumingthat (i) far below and abovethe kink the
sandpilehasa constantangle up; (ii) the lowest part of
thekink is madeonly of smallgrains,sothatlargerolling
grainsare not captured,andthe top partis madeonly of
largegrains.

To supposethe existenceof a stationarysolution for
thekink impliesthatR;sx, tdandf sx,td ; hsx,td1 u ox
arefunctionsonly of u; x 1y -t, wherey- is the uphill



VOLUME 78, NUMBER 17

PHYSICAL REVIEW LETTERS

28 APRIL 1997

speedof thekink. Forthelowestpartof thekink, asonly

small grains are captured[f ;sud- 1, Rysud- RO%2],

Egs.(1) reduceto equationsfor Risud and f sud We

obtain the shapeof the low part of the kink: for u # 0,

faud- Oandforu. O,f alﬁjobeys
Mo o

1
2-log12 5 - )%szdlud, (5)
whered;; Up2ui;andw; y-ysy1l y-d Thenthe
lower layer of the kink is characterizedy a linear de-
pendencd sud~ ud; for u ¢, RP=2wd.d plus logarith-
mic correctionsnearthe boundarywith the upperlayer of
large grains. This solution is no longer valid when the
angleof the surfacereachesi,; andthe largegrainsstart
to be captured. We note that this stationarysolution ex-
istsonly whend; . 0.
The solutionof the equationgor the highestpart of the
kink whereonly large grainsare presentcan be obtained

in the sameway andis » A | #
0
f sud- RW 12 exp M9d2u ©6)

whereds ; Ug 2 U 22. Wethen nd thatthe shapeof the
upper part of the kink is exponentialand existsonly for
d,, O

Thuswe seethatthe existenceof the stationarysolution
for the kink impliesthatui; , u o, U 22: the sandpileis
built on an angle intermediatebetweenthe two repose
angles of the pure species,and the repose angle of
the small grains must be smaller than the reposeangle
of the large graingy in agreemenwith experimentg4]
andthe stability analysisperformedabove.

The layer thicknessl is R%w [seeEqg. (6)], which is
a consequencef the conservationaw statingthatall the
rolling grainsare stoppedat the kink [4]. Furthermore,
Eqg. (5) impliesgwfyy-, 1. Forf , RPw, this gives
y» ~ g R?, so thatwe obtain

I~ cyyg1 RO (7)
wherec is a numericalconstantthat doesnot dependon
y, g, or R%. This relation,which we verify numerically,
is relevantsinceyyg andR° are both of the orderof the
diameterof thegrains.

Thetypical sizeof theinitial regimeof segregationl,y,
observedprior to strati cation whend ; ux2uq;. O
[Fig. 2(c)] can be calculatedas follows. The condition
for the appearancef a rst layer of large grainson top
of theregionof small grainsnearthe centerof the pile is
that captureof largegrainsmustbe largerthan captureof
small grains,i.e., jGj . jGij, wherejG;j - gmR; and
i&j - gdRy. Assumingthatthe solution(3) is valid for
theinitial segregatiomegime,we canevaluateR; andR;
atx - Xm. Weobtain

(8)

al3
3R

Y
Ly . o

andverify (8) numerically.

In conclusion,we developa mechanismto explainthe
observedstrati cation [4]. This mechanismis relatedto
the dependenceof the local reposeangle on the local
surfacecomposition. We nd that strati cation occurs
only when the reposeangle of the large grainsis larger
than the reposeangle of the small grains (uz2 . U 137,
correspondingo large grainsrougherthan small grains).
Themodeldescribeshestaticpictureof thesandpileof [4]
with alternatingayersmadeof smallandlargegrainsand
also reproduceghe dynamics,wherethe layersare built
througha kink mechanism. Whenuy, , u 11, the model
predictsalmostcompletesegregationhut notstrati cation.
Theseresultsarein agreementvith experimen{4].
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