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Spontaneoustrati®catiorin granularmixturesbi.e., the formation of alternatinglayersof small-rounded
and large-facetedgrains when one pours a random mixture of the two types of grainsinto a quasi-two-
dimensionalvertical Hele-ShawcellBbhas beenrecently reportedby H. A. Makse et al. @ature 386, 379
~1997# Here we study experimentallythe dynamical processedeading to spontaneoustrati®cation We
divide the processn threestages=al avalanchef grainsandsegregatiorin therolling phaseb! formationof
the “kink"Ban uphill waveat which grainsare stoppedbatthe bottomsubstrateand~¢! uphill motion of the
kink andformationof a pair of layers.Using a high-speed/ideo camerawe studya rapid ow regimewhere
therolling grainssize segregateluring the avalanchedueto the fact that small grainsmove downwardin the
rolling phaseto form a sublayerof small rolling grainsunderneatha sublayerof large rolling grains. This
dynamical segregationprocessbknown as ““kinematic sieving," ““free surface segregation,” or simple
“percolation"P contributesto the spontaneoustrati®catiorof grainsin the caseof thick “ows. We charac-
terize the dynamicalprocessof strati®catiorby measuringall relevantquantities:the velocity of the rolling
grains,the velocity of the kink, and the wavelengthof the layers.We also measureother phenomenological
constantssuchasthe rate of collision betweenrolling and static grains,andall the anglesof reposecharac-
terizing the mixture. The wavelengthof the layersbehavedinearly with the thicknessof the layer of rolling
grains+.e., with the ow ratd, in agreementvith theoreticalpredictions.The velocity pro®leof the grainsin
therolling phases alinearfunction of the positionof the grainsalongthe movinglayer,whichimpliesalinear
relation betweenthe meanvelocity andthe thicknessof the rolling phase We also ®ndthat the speedof the
upward-movingkink hasthe samevalue asthe meanspeedof the downward-movinggrains.We measurehe
shapeandsize of the kink, aswell asthe pro®lesof therolling andstaticphase®f grains,and®ndagreement

SEPTEMBER1998

with recenttheoreticalpredictions.@1063-651X98/07809-X#

PACSnumbers!: 81.05.Rm

I. INTRODUCTION

Size segregatiorof granularmixtures @+ #is known to
occurwhenmixturesareexposedo externalperiodicpertur-
bations. A much-studiedsize segregationphenomenonis
known asthe “"Brazil nut effect” @+ 12#and occurswhen,
upon vibration, larger grainsrise on a bed of ®nergrains.
Axial size segregationin alternating bands consisting of
small and large grains occurswhen a mixture of grainsis
placedin a horizontal rotating cylinder @3+ 16# It is also
known that even in the absenceof external perturbations
mixturesof grainsof different sizescan spontaneouslgeg-
regate.For example,when a mixture of sphericalgrains of
different sizesis pouredonto a heap,the large grains are
morelikely to befound nearthe base while the smallgrains
aremorelikely to be nearthe top @7+ 2%6#

Another type of segregationgalled spontaneoustrati®-
cation, ariseswhen the grainscomposingthe mixture differ
not only in size but also in shape-or friction properties.
When a mixture of large grainsthat are more facetedand
small grainsthat are lessfacetedis pouredin a ““granular
Hele-Shawcell" ~wo vertical slabsseparatedby a gap of
typically 5+10 mm!, the mixture spontaneouslgtrati®esnto
alternating layers of larger faceted grains and smaller
roundedgrains @7# Figure 1-al showsan exampleof such
strati®cationA mixture of large cubic sugargrains-typical
diameter0.8 mm! and smallersphericalglassbeads~diam-
eter 0.19 mm! is pouredin the cell. We notice the striped
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patternwith approximatelyconstantwavelength.

In contrast,whenthe mixture is composedf largerless
facetedgrainsand smallermore facetedgrains,the mixture
only segregatesbi.e.,the small more-facetedgrains are
found preferentially at the top of the cell, while the large
less-facetedyrains are found near the bottom @7# Figure
1! showsan exampleof suchsegregationwhena mixture
of small facetedsandgrains-typical size 0.3 mm! andlarge
sphericalglassbeadstypical size 0.8 mm! is pouredin the
cell.

The dynamicalprocesdeadingto spontaneoustrati®ca-
tion wasrecentlystudiedtheoretically@8 + 3l#usingdiscrete
models,anda setof continuumequationdfor surfaces ows
of granularmixturesdevelopedn Refs. @2+ 3%# In this the-
oreticalformalism,the grainsareconsideredo belongto one
of two phasesa staticor bulk phaseif thegrainis partof the
solid sandpileandarolling or liquid phasef thegrainis not
part of the sandpilebut rolls downwardon top of the static
phaseln Ref. @8#the dynamicsof spontaneoustrati®cation
was found to be governedby the existenceof a “kink" at
which the grainsare stoppedduring an avalanche.

In this paper,we studyexperimentallythe dynamicalpro-
cessesleading to spontaneousstrati®cation.Using a high
speedvideo camerato studythe motion of the grainsin great
detail, we divide the dynamicalprocessof strati®catiorinto
three stagesseeFig. 2!: ~al The avalancheof grainsdown
the slope,andsize segregatiorof grainsin the rolling phase
dueto ““percolation." -b! The formationof the ““kink"Ban
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FIG. 1. ~a Exampleof strati®cationfor a mixture of smaller
rounded grains ~white spherical glass bead$ and larger faceted
grains-black sugargraing. -b! Exampleof sharpsegregatiorfor a
mixture of smallerfacetedgrains-black sand and largerrounded
grains~white sphericalglassbeads. Notice the sharpzoneof sepa-
ration of the speciesn the middle of the pile. This is the resultof
strong segregationeffects acting in the system.Notice also the
smallerangleof reposeof the sphericalbeadsat the bottom of the
pile.

uphill wave at which grainsare stopped-~€! The uphill mo-
tion of the kink and formation of a pair of layers.

We studya well-developedow regimewherethe rolling
grainssegregateluringthe ow. In this regimethethickness
of the layer of rolling grainsis largerthanthe typical size of
a graind ~typically 5d), andthe smallerrolling grainsare
found to percolatedownwardin the rolling phaseto form a
sublayerof smallerrolling grainsunderneattihe sublayerof
larger rolling grains. This dynamicalsize segregatiornpro-
cess, known as ““percolation" or ““kinematic sieving"
@0,21,2325# contributesto the strati®catiorof grains.

Strati®catioris an instability developeddueto a compe-
tition betweensize segregatiorand shapesegregation@9
In the caseof thin "ows, size segregatioroccurssincethe
smallergrainsarecapturedmoreeasilythanlargergrains.in
the caseof thick ow regimesstudyhere thekinematicsiev-
ing in the rolling phaseis mainly responsiblefor the size
segregatiorof the grains.Sincethe larger grainsare on top
of the rolling phase,they are convectedfurther down than
the smaller grains, producing the size segregationeffect,
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FIG. 2. Threestagesof the dynamicsof strati®cation=al ava-
lancheof grains,-b! formationof the kink at the bottom substrate,
~¢! uphill motion of the kink.

which togethemwith the segregatiorueto differentshapeof
the grains,givesrise to the instability leadingthe systemto
spontaneouslgtratify @9 It is importantto note that per-
colationin the rolling phaseis not a suf®cientcondition to
obtain strati®cation.For thick ows and when the large
grains are smoother,segregationin the rolling phasestill

occurs,andyet we do not getstrati®catiorbut only the sharp
segregatiorpatternof Fig. 1-h!.

A large differencein sizeis alsoa conditionfor the per-
colationeffectto takeplacebusuallyr. 1.5,wherer is the
ratio of the size of the large grainsto the size of the small
grains.We performeda seriesof experimentsvith mixtures
of glassbeadsand sandwith r, 1.5 andfound continuous
segregationpatterns-as opposedto the sharp segregation
patternwith a separatiorzone of a few centimetersof Fig.
1-h! obtainedfor r. 1.5) no matterthe shapeof the grains.
This is becausewhenr, 1.5, the effect of size segregation
is very weak.

The limiting casein which both speciesof grains are
sphericawas®rststudiedby Williams @9,36,3#% hisresults
~showingsegregatiomplus a hint of strati®catiohdiffer from
our resultsfor this case~showingonly segregation We he-
lieve thatthereasonis thatthe grainsusedby Williams were
not quite sphericaljnducingsomeshapesegregatioraswell.
According to the aboveinterpretation we note that experi-
mentswith mixturesof perfectsphericabeaddliffering only
in size shouldnot show strati®catiorsincethe shapesegre-
gationeffectis not presentand size segregatioralone~even
dueto percolatiot is not ableto producestrati®cationband
our work con®rmgheseexpectationsHowever,someoscil-
lations might still be presentaroundthe stablesegregation
pro®le,as seenin previousexperimentsusing mixtures of
sphericalbeads@7#

Here we focus on the regime where segregationn the
rolling phasetakesplace.We characterizehe kinematicper-
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colation process,and measurethe velocity gradientof the
grainsduringthe avalancheWe ®nda linear velocity pro®le
of therolling grains,andthatthe meanvelocity of therolling
grainsis the sameasthe velocity of the kink. We alsostudy
the shapeand size of the kinkband thereby measurethe
wavelengthof the layers. We ®ndthat the wavelengthin-

creasedinearly with the ux of grains,aresultin agreement

with recenttheoreticalpredictions@8# We alsomeasurghe
pro®lesof therolling grainsandstaticphase®f the pile, and
the valuesof severalphenomenologicatoef®cientavhich
appearin the theoryfor surface ows of granularmixtures.
Our results are valid for "ow ratesof the order of g/sec
~which givesriseto arolling phasdessthanl cm thickl. We
alsocommenton the applicability of our results,and on the
deviationsthat may occur for smaller and larger ow re-
gimes.

II. EXPERIMENTAL SETUP

Our experimentabketupconsistsof a granularHele-Shaw
cell: a vertical "quasi-two-dimensional‘cell with a narrow
gapseparatingwo transparenplates-madeof Plexiglassor
of glass. Thecell measures5 30 cm of lateralsizeand20
cm high, andthe gapis |5 0.5 cm. We closethe left edgeof
the cell. We clean the walls of the cell with an antistatic
cleanerin orderto avoid the effectsof electrostatidnterac-
tion betweenthe grainsandthe wall.

In this study,we focuson spontaneoustrati®cationln all
our experimentswe use a mixture of grains composedof
two speciediffering in size and shape:smallerglassbeads
of averagediameter0.19% 0.05 mm, sphericalshape-95%
sphericity, angleof reposet;;5 266 1E-we call thesetype
1 graind, andlargerfacetedsugargrainsof typical size 0.8
mm, approximate cubic shape and angle of repose u,,
5 3966 1E-type 2 graing.

The typical size of the sugargrainsis obtainedby mea-
suring the volume of the cubic grains and calculatingthe
typical size as the cubic root averagedover 20 different
grains. We obtain the value of the angle of reposeof the
specieshy pouring the pure speciesin the Hele-Shawcell
andmeasuringheresultingangleof the pile, averagingover
5 realizationsof the sandpile The anglethusmeasureds not
the actual angle of reposecorrespondingo a conical pile,
since the presenceof the wall inducesextra friction that
slightly increasesthe equilibrium angle of the pile @84
However, we are interestedin the angle of reposefor this
speci®ageometrysinceour experimentson strati®catiorare
donein the cell.

We ®II the cell at different ratesof addinggrains~ux!.
We usea Kodak Ektapro1000digital high speedcamerato
®Im the motion of individual grainsduring the formation of
thelayers.The camergoroducesl000digital framesper sec-
ond with a resolutionof 2383 191 pixels. We recordimages
during 1.6 s, andachievelongerrecordingtimesby lowering
the frame rate. The digital imageswe downloadto a work-
stationfor furtherimageprocessing.

lll. THE ANGLE OF REPOSE OF THE PURE SPECIES

Since strati®cationis relatedto the different anglesof
reposeof the pure specieswe ®rststudy how the angle of
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FIG. 3. Angle of reposeof a different set of sphericalglass
beadsdiffering only in size, and other speciessuch as sand,salt,
andsugar.The moreirregularthe shapeof the grains,the largerthe
angleof repose.

reposedependn the sizeandshapeof the grains.We mea-
surethe angle of reposeof different setsof sphericalglass
beadsof different size,and ®ndthe samevaluewithin error
bars-seeFig. 3!. The angleof reposedoesnot dependon the
size of the grains, since a simple isotropic rescalingof the
pile coordinategransformsa pile of smallersphericalgrains
into a pile of large sphericalgrains,while leaving invariant
the angleof the pile.

The valueof the angleof reposewe ®ndfor the spherical
glassbeadsis smallerthan the value we ®ndfor the cubic
sugargrains.In generalwe ®ndthatthe angleof reposedoes
not dependon the size of the grains,andis a function of the
shapeof the grains:the rougherthe shapeof the grainsthe
largerthe angle of reposebbecauséor more facetedgrains
the packing of grainsis less densethan for more rounded
grains.

A particularcaseis foundwhenthe sizeof the grainsis of
the order of micrometer.Sphericalbeadsof size 40 mm
havea largerangleof reposethanthe samesphericalbeads
but of size of the order of mm ~seeFig. 3!Pbecauseadhe-
sionforcesbecomemportant,increasinghe angleof repose
of the speciesThe scaleof micrometerds the lower limit of
applicability of our results,sinceat the submicrometescale
particlesundergoBrownian motion @# and our analysisof
collisions and transportat zero temperatureceasesto be
valid.

IV. THE KINK MECHANISM

A physicalmechanismhasbeenproposedor the forma-
tion of the layers, which is relatedto the existenceof a
“kink" @7,28,3& Supposee.g.,thata pair of staticlayers
is formedwith thelayerof largergrainsontop of thelayerof
smaller grains ~Fig. 2!. When an incoming massof grains
avalancheslown the slope,the larger grainsreachthe base
of the pile ®rst,dueto thefact thatlargegrainsdo nottendto
gettrappedn local minimaof the sandpilepro®lé aseasily
as small grains.Additionally, in the caseof thick “ows, the
smallergrainsalsosizesegregat¢o the bottomof therolling
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phasedueto percolationsothatthelargergrains,beingatthe
top of therolling phasetendto travel further sincethey do
not interactwith the bulk phase.

During the avalancheof grains, some small grains are
capturedin the static layer of large grains, smoothingthe
surfaceandtherebyallowing moresmallgrainsto fall down-
ward and eventuallyreachthe bottom of the pile. Whenthe
“ow reachesthe baseof the pile, we seethat the grains
developa pro®lecharacterizedy a well-de®ned kink" at
which the grainsare stopped.This kink movesin the direc-
tion oppositeto the ow of grains,conservingts pro®leuntil
it reacheghe top of the pile.

In the procesof falling downthe slope,grains~smalland
large stop at the kink. We seethat the smallergrains stop
®rst ~since the small grains are already segregatedn the
rolling phasé so a pair of layersforms, with the smaller
grains underneaththe large grains @ee Fig. 24 When the
kink pro®lereacheghe top of the sandpile the pair of layers
is completed.Thenthis procesds repeateda new avalanche
occurs,somelarger grainsreachthe bottom of the pile, the
kink is developedanda new pair of layersis formed.

The sizeof a pair of layers| is determinedby the thick-
nessof the layer of rolling grainsduring an avalancheR®,
which in turn is determinedby the "ux of adding grains
@7,28¢ The volume of rolling grainsV ,,, that reacheghe
kink during a time interval Dt andin a differential dy is

V avaP |Dtv~y!dyl IDtv.dy, ~4.1
wherev(y) is the velocity of therolling grainsat a distance
y from the pile surfaceof staticgrains,v.. 0 istheupward
velocity of the kink which is constantand| is the gap be-
tweenthe platesof the cell Fig. 2!. The ®rstterm in Eq.
~4.1 is the volume of grainsfalling down the slope,andthe
seconderm representshe volumeof grainsfrom therolling
phasethat the kink encounterswhen it advancesuphill at
velocity v.Bi.e., v(y)1 v. is the velocity of the rolling
grainsin the comovingframe of the kink.

The volume of grainsin a well-formedkink is

V kink5 IDtV"dy. 4.2

Thenif all the grainsare stoppedat the kink, the numberof
rolling grainsfalling down, m-,i4V ava, Where my,q is the
densityof the "uid phasethe numberof rolling grainsper
unit volume shouldbe the sameasthe volume of grainsin
the kink myyV wink, Where my is the density of the bulk
phase Hence

myq! Dt OE@W! 1 v.#dy5 my,d Dt 0E/--dy. 4.3

The meanvalue of the downwardvelocity of the grainsav-
eragedover the rolling phaseis

4.4

1
& @OEV“V!CW,

sofrom Eq. 4.3 we ®nd@7,28
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— RO 4.5

The analytical shapeof the kink has been obtainedin
@8,36¢ We introducefour different generalizedanglesof
reposel,, , correspondingo theinteractionsbetweeraroll-
ing grain of type a and a static grain of type b: ! Uy,
correspondgo the angle of reposeof the pure large-cubic
species;ii! uy4 is thereposeangleof the puresmall-rounded
specieq U,,. Uq4), and+ii! uy, correspondo theinteraction
betweena large cubic rolling grain and small-roundedstatic
grains,and~v! uy, correspondo the interactionbetweena
small-roundedolling grain andlarge cubic staticgrains.

For strati®catiorwe have @8,30,3%

Usy, Uqs. 4.6

Uz, Uny,

Sincethe kink is a travelingwave solution,we canwrite
@8,36¢¢
>t h~>xt!1 ypx5 f~ut, ~4.7
whereu[ X1 v.t, Uy is the angleof the pile after a pair of
layersis formed,andh(x,t) is the heightof the staticphase

®@ig. 2~c!# The solutionfor the lower layer of small grains
wasfoundin @8#to be

1 2wf g
2 —InYJ2 —~f2 adju!,
W \

? 4.8

where

ai[ w2 uyy. 0, ~4.9
W[ v /(1631 v.), and g ~units of 1/d is therateof collisions
betweenstaticandrolling grains.Sincewe havea pile made
of two different speciesthe angle of the layers u, is not
necessarilyeither u,, nor u;;. However,sincethe top layer
of the stripesis made of large-cubicgrains, the resulting
angley, is closerto u,, thanto .

The solutionfor the pro®leof the upperlayer of the kink

is @8#
f-ul5 %[EZ expSv—%f/ZuBB

~4.10

where

[ U2 uyy, 0. ~4.11

We will comparethis solution with the pro®leof the kink

measuredexperimentally Figure 2~¢! showsa sketchof the
kink. The angleof the layersis ug, which is an angle be-
tween v, and u,,, so that solutions4.8 and+4.10 exist.
The lower part of the kink is madeof small-roundedjrains
andthereforehasananglecloseto vy, in agreementvith Eq.

~4.8. At the centerof thekink, thelargergrainsarecaptured
ontop of smallergrains thereforethe angledecreasetoward
thecrossangleof reposeu,,. Thentheangleof the pro®leof

the kink approachesy,.
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Dimensionalanalysisof Eq. 4.8 indicatesthat the up-
ward velocity of the kink is proportionalto the "ux of arriv-
ing grains,i.e., proportionalto R® @8t

v.5 C,;gRO. ~4.12
HereC, is anumericalconstanthatdoesnot dependon g or
R, but may dependon the anglesof reposeand other fea-
turesof the grains.

Below, we will showthatthevelocity of therolling grains
in an avalancheincreaseslinearly with the height of the
grainsin the rolling phase,jmplying that the meanvalue of
the velocity Ais proportionalto the thicknessof the rolling
phase.The coef®cienis againproportionalto g by dimen-
sionalanalysis,

£5 CLgR°, -4.13
whereC, is alsoa numericalconstanthat doesnot depend
on g or R°, but may dependon the anglesof repose.

FromEqgs.4.59, 4.12, and4.13 we obtainthe depen-
denceof the wavelengthon R°

Mhid

CR,
Mhuik

5 “4.14

whereC[ 11 C,/C, is aconstanindependenof R°. Thus,
the wavelengthincreasedinearly with the ux of grains.We
will testEqgs.+4.8+4.14 experimentally.

V. DYNAMICS OF STRATIFICATION

To testthe abovemechanismwe performa seriesof six
experimentsvherewe studyin detail the dynamicsof strati-
®cationby measuringall the quantitiesinvolved in the pro-
cess.We usea Kodak Ektapro 1000 high-speedsideo cam-
era systemto record the motion of the grains. In orderto
studythe pro®leof the kink andthe effectsof percolationin
the rolling phase,we measurethe pro®leof the static and
rolling phasesand comparewith analytical predictions.We
measurehe velocity of therolling grains,the velocity of the
kink, the wavelengthof the layers,and also other phenom-
enologicalconstantsuchas g, andall four anglesof repose
characterizinghe mixture u,, .

According to the picture discussedn Sec.IV, we study
the dynamicalprocessof strati®catiorby dividing the pro-
cessin threestages+ig. 2!.

A. Avalanche of grains and percolation effect

In all six experimentswe usethe samemixture andcell,
but different ‘uxesbi.e., differentR® ~seeTablel!. We fo-
cusour studyon a smallwindow of observatiorof typically
3 am3 2 cm sizelocatedin the centerof the pile. Usingthe
high speedvideo cameraat a framerate of 1000framesper
second,we are able to track the motion of eachindividual
grainin a downhill avalancheluring 1.6 s of recordingtime.
The rolling grainstake only 0.1 s to crossthe window of
observationHowever,we continuerecordingafter this time
elapsesso that we canrecordin the sameshotof 1.6 s the
grains owing down andthe pro®leof the kink moving up.
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3361
TABLE I. Resultsof the six experiments.
Experiment R® (cm) | (cm) v. (cm/s) QA (cm/s)
1 0.31 0.63 6.7 7.1
2 0.38 0.64 8.5 8.7
3 0.48 0.90 13.0 11.0
4 0.64 1.13 13.2 147
5 0.65 1.16 14.8 14.9
6 0.72 1.25 17.8 16.6

By trackingthe motion of eachindividual grain, we areable
to measurehe velocity pro®leof the grainsalongthe layer
of moving grains.

The thicknessof the layer of rolling grainsin all our ex-
perimentsrangesfrom 0.3 cm to 0.7 cm. Thusthe layer of
rolling grainsis thick enoughthatit is possibleto observethe
size segregationof the grainsin the rolling phase.For a
well-developed ow of grainsdown an inclined plane, the
grainssegregatén the movinglayer, with the smallgrainsat
the bottom of the moving layer, and the large grainsat the
top. This effectis called “free surfacesegregation,"  per-
colation," or ““kinematic sieving" @0,21,2325# and oc-
cursbecausahe smallergrainspercolatedownwardthrough
the gapsleft by the motion of larger grainsin the rolling
phase.In our experimentsthe ux of grainsis suf®ciently
high that the layer of rolling grainsis large enoughthat the
percolationeffect canbe observedn the rolling phase Fig-
ure 4 showsthe trajectoriesof severalgrainsfor Experiment
5 ~Tablel! in awindow of 2.82cm by 2.26cm, plottedevery
two frames(2 ms). We ®ndthat the large grains occupy
the top part of the moving layer, and the small grains are
locatedat the bottom of the moving layer.

To measurehe velocity pro®leof the grainsin therolling
phase the position of everyrolling grain is spottedon the
screenof the video cameraWe follow the trajectoryof the

FIG. 4. Trajectories(x,y) of therolling grainsduring the ava-
lanchefor Experiment5 in a window of observatiorof 2.82cm by
2.26 cm plotted every two frames~2 ms!. The thicknessof the
rolling layeris R°5 0.65 cm. The dashedine is the boundarybe-
tween the sublayerof smallerrolling grains and the sublayerof
largerrolling grainsdueto the percolationeffect. The angleof the
pile is up.
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FIG. 5. ~a Positionx(t) and -b! position y(t) of the rolling
grains shownin Fig. 4 as a function of time. The straightlines
indicate that the velocities achievea constantvalue, given by the
viscousdampingand the gravitationaldriving force. The symbols
correspondo the grainsplottedin Fig. 4.

grain during a period of time wherethe rolling grainis well
distinguishedrom the othergrainsin the moving phase We
stoptheimageevery2 ms +wo frame$ andrecordthe (x,y)
positionin pixels of the screen.The positionthus measured
is manuallyenteredn a data®le,giving the (x,y) positionof
the grain as a function of time. We study the motion of the
grains in the center of the pile, where the grains have
achieveda constantvelocity along the direction of the pile
surface-the viscousfriction force hasbalancedthe gravita-
tional driving force on the grain. Figure5 showsthex andy
coordinate®f the grainsof Fig. 4 as a function of time. The
velocity of the grainswe calculatefrom the slope of such
curves.Indeed,we observethat the motion of the grainsin
the centerof the pile is overdampedthe velocity is constant
asa function of time.

Dueto the percolationeffect, the layer of rolling grainsis
actually madeof two equalsize sublayerssincewe usean
equalvolume mixture of two species of smallerand larger
grains.However the velocity pro®leof the grainsis continu-
ousalongthe thicknessof the moving layer. Figure 6 shows
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FIG. 6. Velocity parallelto the pile surfaceof therolling grains,
correspondindo the experimentdisted in Tablel, asa function of
their vertical positiony from the top of the static phase We ®nda
linear velocity pro®le.

the velocity of the grainsfor the six experimentdisted in
Tablel as a function of y, the heightof the rolling grainto
thetop of the staticphase The velocity pro®leis linearin y.
Usingthe datafrom the experimentdistedin Tablel we ®nd

v-y!5 ~46/s6 2!y. 5.1
The coef®cienbf the linear relation-5.1! is independenof
R, implying that the mean value of the velocity of the
grains~4.4 is proportionalto R°:

5 23/8 2IRC. 5.2
By comparingwith Eqg. 4.13 andassuminghat the coef®-
cientC, is of the orderof one,we obtainan estimateof the
rate g. 23/s. Similar velocity pro®leshave beenfound in

Ref. @0# althoughtheseresults-which were obtainedfor

single-speciegrainsfalling downinclined planesat different
anglesabovethe angleof reposé do not applyto our system,
sincewe are interestedin the velocity pro®leof the grains
avalanchingon a surfacecomposedof large grains at the
angleof the layers,asoccursin the strati®catiorexperiment.

B. Formation of the kink

Theformationof thekink is determinedy theinteraction
of the grainsat the bottomof the pile. Whenthe grainsreach
the substrate we ®ndthat the larger grainsarrive ®rstand
thenthe smallergrainsarrive @ig. 7-al# becausehe larger
grainsroll down more easily than the smallergrains, since
they are at the top of the rolling phasedue to percolation.
The large grains are stoppedat the substrate and they de-
velop the pro®leshownin Fig. 7-b!.

The condition for the formation of the kink seemsto be
the existenceof two speciesnot one.In fact, whenwe pour
single-speciegrainsin a opencell, we do not observethe
stationarykink, but we observethatthe heightof the pile and
the pro®leof therolling phaseacquirea steadystate-without
oscillations wherethe pro®lesare conservedn time. In the
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FIG. 7. Formationof the kink at the baseof the pile. -a The
large grainsroll down aheadof the smallergrainssincethey are at
the top of the rolling layer and havelarger velocity thanthe small
grains. bl When the larger grains reach the substratethey are
stoppedandtheyactasawall wherethe smallergrainsarestopped.
Thekink emergedrom this interaction.

caseof two speciesthe larger grains reachingthe bottom
beforethe smallergrainsactasa "wall" or “incipientkink"
wherethe smallergrainsare stopped@®ig. 7-b'# Thus,when
the small grains arrive near the substrate they ®nd some
largegrainsalreadythere.They are stoppedn this way, and
the kink emergesfrom this interaction. When the kink is
developedt startsto moveuphill with constantvelocity and
conservingits pro®le.

de Gennes@# has shown that when a "ow of single-
speciesgrains owing down a planeat the angle of repose
reaches vertical wall, the grainsdevelopan uphill wave of
constantvelocity v.; gRC. Althoughthis uphill waveis not
stationaryasfound for the kink in our experimentthe solu-
tion found by de Gennesshowsthat it is possiblefor the
smallergrainsto be stoppedby a moving ~wall" of large
grainsandtherebygive riseto a kink. The existenceof uphill
waves-althoughnot stationaryasthe kink solutiorl wasalso
noticedin Refs. @2,33

C. Uphill motion of the kink and formation of a pair of layers

By using the video cameraat a frame rate of 1000
frames/swe candistinguishthe fraction of grainsthatis in
the rolling phaseand the fraction of grainsthat is strictly
immobile, the fundamentaingredientof the theoriesof Refs.
@2+35,28t30# Thus we identify the time behaviorof the
boundarybetweertherolling phaseandthe staticphaseand
the pro®leof the kink.

Sincethe contrastbetweenthe rolling andstaticgrainsis
not very good,we mustidentify this boundary “manually."”
We play the movie 5 framesbackandthen5 framesforward
and identify which grainsare moving and which grainsare
static. We repeatthese measurementevery 0.05 s, and
recordthe coordinatesf the bulk-"uid interface @1#

Figure 8-al showsthe pro®leof the kink asa function of
x plotted every 0.05s in a window of 2.82cm by 2.26 cm
~Experiment5!, and one seesthe pro®leof the kink moving
upwardwith constantvelocity v. . Notice that the pro®leof
the kink is stationary.Figure 8! showsthe angle of the
kink pro®le

Ut 2 arctar@h~x,t!/ ] x# 5.3

where h(x,t) is the pro®leof the kink obtainedfrom Fig.
8-al, as a function of x measuredat different times. We ®t
the analyticalsolution of the shapeof the kink 4.8, 4.10
obtainedin @8#to the experimentalpro®leof the kink and
®ndgoodagreement®ig. 8-al# We ®ndthe best®tfor val-
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FIG. 8. ~a Pro®leof the kink h(x,t) obtainedin Experiments,
shownat time intervalsof 50 ms. The dottedline is the boundary
betweenthe static layers of smaller and larger grains. The kink
movesuphill with constantvelocity v- . The symbolscorrespondo
the ®tsto the analyticalsolution4.8 and~4.1Q. The experimental
dataare ®rstobtainedmanuallyand then smoothedwith a polyno-
mial. -b! Angular pro®leof the kink obtainedfrom ~a!, u(x,t)5
2 arctar@h(x,t)/]x# The angleis betweenu, and u,; as ex-
plainedin Fig. 2-¢!.

ues g5 150/s, €5 15.6cmis, v-5 16.2cm/s, R 0.7an,
U5 33E,u,,5 25E,and u,,5 43E.

The solution 4.8 and~4.10 is valid only for the lower
andupperpartsof the kink, sothe centerof the kink, where
smallandlargegrainsaremixed, cannotbe reproducedThe
valueswe useto ®tthe analyticalsolutionare somehowdif-
ferentfrom the valueswe measureseeSec.VI!. However,
we notethatthe exactshapeof the kink dependsn thetype
of interactiontermusedin the equationof motionto describe
the rolling graintstatic grain interaction.In particular, the
interaction term used in @8# does not include nonlinear
termsthat might be importantwhen the "ux of grainsbe-
comeslarge ~we commenton this point in Sec.VI!. How-
ever, the fair agreemenbetweenexperimentand theory in-
dicates that some featuresof the interaction have been
capturedby this approach.

We also focus on the different collision processede-
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FIG. 9. ~a Velocity of thekink v. asafunctionof thethickness
of therolling layer R? for the six experimentsTablel!. -b! Wave-
lengthof thelayersasa functionof thethicknessof therolling layer
RC for the experimentsTablel!.

tweenrolling grainsin contactwith the solid surfaceandthe
staticgrains.We ®ndthat ampli®catiorprocesst.e., whena
rolling grain removesa static grain via a collision! do not
happenvery often. The percolationeffect forbids the larger
grainsto interact with the surface,thus prohibiting cross-
ampli®cationprocesse®f the type of a largerrolling grain
amplifying a smallerstaticgrain. The maininteractionseems
to be the captureof rolling grains at the surfacebwhena
rolling grain is convertedto the static phase.However,we
emphasizdhatit is dif®cultto clearly determinethe nature
of theinteractionatthe surface-captureversusampli®catioh
becausdhe smallergrainsare the only interactinggrainsin
the region of observatiorandthey are dif®cult to track.

We measurehe velocity of the kink v. asa function of
R® seeTableI!. Figure 9-a showsthe resultsthat can be
®ttedto a straightline. We ®nd

v.5 ~23/6 2IR°. 5.4

The velocity of the kink is approximatelythe sameas the
meanvelocity of therolling grainsgq. 5.2 ~.e.,C,. Cy).
Comparingwith Eq. 4.12, we obtain a secondestimateof
therateg. 23/s.
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TABLE Il. Typical valuesof phenomenologicatonstants.

g (Us) ty thy Uy iy ve (cMIs) L (cmis) fxg (cm)

23 8E 26E 39E 57E  7+18 7+17 0.3+0.8

Figure 9-b! showsthe wavelengthof the layersasa func-
tion of the thicknessof the rolling phasefor the six experi-
mentsof Tablel. Thedatacanbe ®ttedto a straightline, and
we ®nd

| 5~1.76 0.1R°, 5.5
which agreeswith the predictionof Eq. 4.14. Comparing
with Eq. 4.14, we obtain (myq /m,i0C. 1.7.Using Egs.
5.2 and 5.4 we obtainC. 2, so that m,q / My 0.85,
correspondingo the fact that the "uid phaseis lessdense
thanthe bulk.

V. PHENOMENOLOGY

Table Il showsthe valuesof the phenomenologicaton-
stantsmeasuredor the equalvolumemixture of quasispheri-
cal glassbeadsof meandiameter0.19 mm andcubic-shaped
sugargrainsof typical size 0.8 mm. The meanvalue of the
velocity of the grainsfalling downthe slopeandthe velocity
of the kink rangefrom 7 to 17 cm/s. As noted above, g
' 23/sandR” 0.5 cm.

Accordingto Eq. 4.8, the lower part of the kink hasthe
angleof the small-roundedyrains u;;, andnearthe layer of
large grainsthereare logarithmic corrections.The angle of
the kink decreasetowardsthe centerof the kink; it is equal
to u,, at the position where the larger grains start to be
captured@®ig. 2~¢'# Thus, measuringthe minimum of the
angleof the pro®leof thekink atthetransitionfrom thelayer
of smaller grainsto the layer of larger grains providesa
methodto measurghe valueof the crossoveangleof repose
Uy,. Then,assuminghat u;,2 t»,5 13,2 U, @8# the criti-
cal angle u;, canbe obtainedtoo.

We measuredor the angleof reposeof the pure species

U145 2686 1, 1,5 3966 1. 6.1
Figure 80! showsthe angle of the pile near the kink at
different times. From thesecurveswe measurehe angle of
the layers
Up. 33E 6.2
andtheremainingangleof reposeof largergrainson smaller
grains:

Uy. 8E, and uy, 57E 6.3

The constamé(g representshe distanceat which a roll-
ing grain stopsin a pile at an angledifferent from the angle

of repose@4bi.e., éﬁg representsghe distanceat which a

rolling grain is stoppedat the kink. The constanté‘g. 0.3
20.7 cm is small compared to the system size

L5 30 cmbi.e., é‘g scaleswith the size of the grainsand
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not with L, as expected@4# Notice also that A( gtanc)
. 2 cmbwhere tan ¢[ tan uy4,2 tan u,,. 0.3Dis the size
of the regionof mixing in the centerof the pile observedn
the caseof segregationof the mixtures of smaller cubic
grainsandlargeroundedgrains @ig. 1-b'# @9# This region
of themixtureis observedo be smallin comparisorwith the
systemssize.

Finally, we commenton the applicationof the theoretical
calculationof the model developedn @8+ 30#to the prob-
lem of strati®catiorwhen percolationeffectsareacting.The
dependencef the reposeangle on the compositionof the
surfaceproposedin @8+3# is analogousto the effect of
percolation.Due to percolation,only the smallergrainsin-
teractwith the surface,causingthe larger onesto be con-
vectedfurther. The modelsof @8,33¢ usethe fact that the
reposeangleof the smallergrainsis alwayslargerthanthe
reposeangleof the largergrainsfor a given compositionof
the surface+.e., uyy. Urq, and upo. U,y), thenthe smaller
grainsare alwaysthe ®rstto be trapped,andthe large ones
are alwaysconvecteddown asit occursdueto the percola-
tion effect. Moreover, captureof larger grainsis forbidden
on top of smaller grains since the capturefunction of the
large grainsis zero aroundthe angle of reposeof the small
grains @9

A simple extensionto explicitly include percolationef-
fectsin the formalism of @8,3G# showsonly small correc-
tions to the pro®lesof the rolling and static grains, which
providesevidencefor the possibleapplicability of the results
of @8,30¢#to the casewherepercolationeffectstake placein
the rolling phase.However, caution must be takenin the
de®nitionof the "uid-bulk interactionin the theoreticalfor-
malism. We take the interactionterm to be proportionalto
the thicknessof therolling phaseanapproximationvalid for
thin "ows @,34¢ Although this approximationmight be still
valid in the caseof thick "'ows @0tPsince the interaction
might be proportionalto the preassureexertedby the "uid
phase@3# which in turn is proportionalto R for a “uidb
nonlinearterms might be also necessaryo completelyde-
scribethe ow, especiallybecauseheinteractionamongthe
rolling grains-which is neglectedn the theoreticalformal-
ism! becomedmportant.

The dependenc®f the velocity of the rolling grainson
the position of the grainin the rolling phaseis anotherfact
not includedin the theory,which considersa uniform veloc-
ity for all the grainsin the rolling phase.For a comparison
with the theory,we havereplacedthe velocity of the grains
in the theoryby the meanvalue of the velocity of therolling
grainsmeasuredxperimentally.

VII. OTHER LIMITS

We notice that the dependencen the plate separatiorl,
althoughpresentin Eqs.+4.1! and 4.2, hasdisappearedn
Eq. 4.14, andthe relevantlength scalethat determineghe
wavelengthis R°. However,a changein the “ux of adding
grains, or a changein the gap |, changesthe wavelength
sinceR% ("ux) /I. Thus,e.qg.,by keepingthe "ux constant
andincreasingthe gap|, we ®nda decreasén R, andwe
®ndthatthewavelength decreaseaccordingto Eq. 4.14:

l; 1. ~.1
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This dependencasbeenmeasuredn @2,43#

For the moderate uxes usedin this study-of the orderof
1 g/sed, therole of the ow rateis to determinethe wave-
lengthaccordingto Eq. 4.14. For larger uxes, Eq. 4.5 is
still valid aslong as the kink mechanismworks. However,
deviationsfrom the linear dependencef Eq. 4.14 might
occursincethe velocity of the kink andthe velocity pro®le
of the rolling grains might deviatefrom the linear regime.
The densitiesof the bulk and uid phasemight alsochange
with the "ux of grains, giving rise to a nonlinearrelation
betweerl andR°. For suf®cientlylarge ow rates,the kink
mechanisnrequiredto form layerscannotoccur-especially
the appearancef the ®rstkink at the onsetof the instability
@9#! since the grains acquire large momentum,and ava-
lanchesthat terminateby an upwardmoving kink beforethe
next avalancheébeginscannotoccur.In this case the kink is
not able to stop the arriving rolling grains anymore;the
grainsride overthe kink sothatno segregatiorat thekink is
possible.Therefore,for this limit, the strati®cationpattern
disappearsvhenthe "ux is suf®cientlylarge. Suchan effect
was recentlyobservedn @4#wherethe ux wasincreased
by a factor of 100.

Another deviation from Eq. 4.14 might occur at very
low "ow rate.Herethe percolationeffect disappearsindthe
grainssegregatelueto size,becausehe largergrainsdo not
®ndlargeenoughholesin the surfacesotheyroll easierthan
smallergrains.In this casetherolling phasss thin, sothatit
behavesasa homogeneouphasewith a constantvelocity v
for all the grainsin the uid phase.In this case,from Eq.

~4.5 we obtain
Mk \Y
15 “'dS:—l ROD 7.2
Myk ©19
ThuswhenR% 0
1 v/~Cyg!; d, 7.3

whered is a small constantof the order of the grain size.
This lower limit might indicatethe crossoveirfrom a perco-
lation regimeto a nonpercolatiorregimeat low “ow rates.

VIIl. DISCUSSION

In summary,we testedexperimentallythe main assump-
tions of thetheoryof surface ows of granularmaterials We
measuredhe pro®leof the staticandrolling phasesin order
to studythe pro®leof the kink andthe effectsof percolation
in the rolling phaseand comparedwith analytical predic-
tions. We characterizedhe dynamicalprocessof strati®ca-
tion by measuringall the relevantquantities.We measured
thevelocity of therolling grains,the velocity of thekink, the
wavelengthof the layers,and also the rate of collisions g,
andall four anglesof reposeu,, characterizinghe mixture.
The velocity of the kink and the wavelengthof the layers
bothvary linearly with the grain ux. The velocity pro®leof
the grainsin the rolling phaseis a linear function of the
positionof the grainsalongthe moving layer, which implies
alinearrelationbetweerthe meanvelocity andthe thickness
of therolling phaseWe ®ndthe meanvelocity of therolling
grainsis the sameasthe velocity of the kink.

Our resultsapply to the moderate ow ratesusedin this
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work of theorderof 1 g/sec.For suf®cientlylargeror smaller
“ow rates,deviationsmight appearas discussedn the text.
For larger "uxes, nonlinearterms may modify Eq. 4.14.
For evenlarger uxes thekink maynot supporttheincoming
grainsturning strati®catiorinto the mixing of grainsor to
weak segregationFor smaller uxes than the onesusedin
this study, the percolationeffect doesnot take place.How-
ever, when the size ratio is large enoughbr. 1.5Bstrong
segregatioroccursanywayat the shearsurfacebetweenthe
“uid andsolid phasethe large grainsare not trappedin the
holes of the surface,and they are convectedfurther. Thus
strati®cationis also observedfor small "uxes, but the size
segregationmechanismis different from the one studied
here.Thesharpsegregatiopro®leswvith a separatiorzoneof
a few cm observedn the experimentshownin Fig. 1! is
also a consequencef strong segregatioreffects. When r
, 1.5,sizesegregatioasa weakeffect, resultingin a weak
continuoussegregatiorof the mixture no matterthe shapes
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of thegrains.Theoreticallythecaser, 1.5is treatedin @5%
andthecaser. 1.5in @8+3#

Ourresultsmight be alsoapplicableto othersystemsSize
and shapesegregatiorin rotating drumsmay be analizedin
analogyto the regimesfound here.Furtherexperimentate-
sults may include qualitative studiesof the other ow re-
gimesmentionedabove.lt would be alsoappropriateo have
an estimationof the anglesof reposeof the grainsindepen-
dently of the theoreticalcalculationsusedhere.For instance,
by gluing grains of one speciesto an inclined plane and
pouringgrainsof the otherspeciess a way to obtaina direct
estimationof the crossanglesof repose.
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