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Spontaneousstrati®cationin granularmixturesÐi.e., the formation of alternatinglayersof small-rounded
and large-facetedgrains when one pours a randommixture of the two types of grains into a quasi-two-
dimensionalvertical Hele-ShawcellÐhas beenrecently reportedby H. A. Makse et al. @Nature 386, 379
~1997!#. Here we study experimentallythe dynamicalprocessesleading to spontaneousstrati®cation.We
divide theprocessin threestages:~a! avalancheof grainsandsegregationin therolling phase,~b! formationof
the``kink''Ðan uphill waveat which grainsarestoppedÐatthebottomsubstrate,and~c! uphill motionof the
kink andformationof a pair of layers.Usinga high-speedvideocamera,we studya rapid ¯ow regimewhere
the rolling grainssizesegregateduring the avalanchedueto the fact that small grainsmovedownwardin the
rolling phaseto form a sublayerof small rolling grainsunderneatha sublayerof large rolling grains.This
dynamical segregationprocessÐknown as ``kinematic sieving,'' ``free surface segregation,'' or simple
``percolation''Ð contributesto the spontaneousstrati®cationof grainsin the caseof thick ¯ows. We charac-
terize the dynamicalprocessof strati®cationby measuringall relevantquantities:the velocity of the rolling
grains,the velocity of the kink, and the wavelengthof the layers.We alsomeasureotherphenomenological
constantssuchas the rateof collision betweenrolling andstaticgrains,andall the anglesof reposecharac-
terizing the mixture. The wavelengthof the layersbehaveslinearly with the thicknessof the layer of rolling
grains~i.e., with the ¯ow rate!, in agreementwith theoreticalpredictions.The velocity pro®leof the grainsin
therolling phaseis a linearfunctionof thepositionof thegrainsalongthemovinglayer,which impliesa linear
relationbetweenthe meanvelocity andthe thicknessof the rolling phase.We also®ndthat the speedof the
upward-movingkink hasthe samevalueasthe meanspeedof the downward-movinggrains.We measurethe
shapeandsizeof thekink, aswell asthepro®lesof therolling andstaticphasesof grains,and®ndagreement
with recenttheoreticalpredictions.@S1063-651X~98!07809-X#

PACSnumber~s!: 81.05.Rm

I. INTRODUCTION

Size segregationof granularmixtures@1±7# is known to
occurwhenmixturesareexposedto externalperiodicpertur-
bations. A much-studiedsize segregationphenomenonis
known as the ``Brazil nut effect'' @8±12#andoccurswhen,
upon vibration, larger grains rise on a bed of ®nergrains.
Axial size segregationin alternating bands consisting of
small and large grains occurswhen a mixture of grains is
placedin a horizontal rotating cylinder @13±16#. It is also
known that even in the absenceof external perturbations
mixturesof grainsof different sizescanspontaneouslyseg-
regate.For example,when a mixture of sphericalgrainsof
different sizes is pouredonto a heap,the large grains are
morelikely to be foundnearthebase,while thesmallgrains
aremorelikely to be nearthe top @17±26#.

Another type of segregation,called spontaneousstrati®-
cation,ariseswhen the grainscomposingthe mixture differ
not only in size but also in shape~or friction properties!.
When a mixture of large grains that are more facetedand
small grains that are less facetedis pouredin a ``granular
Hele-Shawcell'' ~two vertical slabsseparatedby a gap of
typically 5±10 mm!, themixturespontaneouslystrati®esinto
alternating layers of larger faceted grains and smaller
roundedgrains@27#. Figure1~a! showsan exampleof such
strati®cation.A mixture of largecubic sugargrains~typical
diameter0.8 mm! and smallersphericalglassbeads~diam-
eter 0.19 mm! is pouredin the cell. We notice the striped

patternwith approximatelyconstantwavelength.
In contrast,when the mixture is composedof larger less

facetedgrainsand smallermore facetedgrains,the mixture
only segregatesÐi.e.,the small more-facetedgrains are
found preferentiallyat the top of the cell, while the large
less-facetedgrains are found near the bottom @27#. Figure
1~b! showsan exampleof suchsegregation,whena mixture
of small facetedsandgrains~typical size0.3 mm! andlarge
sphericalglassbeads~typical size0.8 mm! is pouredin the
cell.

The dynamicalprocessleadingto spontaneousstrati®ca-
tion wasrecentlystudiedtheoretically@28±31#usingdiscrete
models,anda setof continuumequationsfor surfaces̄ ows
of granularmixturesdevelopedin Refs.@32±35#. In this the-
oreticalformalism,thegrainsareconsideredto belongto one
of two phases:a staticor bulk phaseif thegrainis partof the
solid sandpile,anda rolling or liquid phaseif thegrainis not
part of the sandpilebut rolls downwardon top of the static
phase.In Ref.@28#thedynamicsof spontaneousstrati®cation
was found to be governedby the existenceof a ``kink'' at
which the grainsarestoppedduring an avalanche.

In this paper,we studyexperimentallythedynamicalpro-
cessesleading to spontaneousstrati®cation.Using a high
speedvideocamerato studythemotionof thegrainsin great
detail, we divide the dynamicalprocessof strati®cationinto
threestages~seeFig. 2!: ~a! The avalancheof grainsdown
the slope,andsizesegregationof grainsin the rolling phase
dueto ``percolation.'' ~b! The formationof the ``kink''Ðan
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uphill waveat which grainsarestopped.~c! The uphill mo-
tion of the kink andformationof a pair of layers.

We studya well-developed̄ow regimewheretherolling
grainssegregateduringthe¯ow. In this regimethethickness
of the layerof rolling grainsis largerthanthe typical sizeof
a grain d ~typically 5d), and the smallerrolling grainsare
found to percolatedownwardin the rolling phaseto form a
sublayerof smallerrolling grainsunderneaththesublayerof
larger rolling grains. This dynamicalsize segregationpro-
cess, known as ``percolation'' or ``kinematic sieving''
@20,21,23±25#, contributesto the strati®cationof grains.

Strati®cationis an instability developeddue to a compe-
tition betweensize segregationand shapesegregation@29#.
In the caseof thin ¯ows, size segregationoccurssincethe
smallergrainsarecapturedmoreeasilythanlargergrains.In
thecaseof thick ¯ow regimesstudyhere,thekinematicsiev-
ing in the rolling phaseis mainly responsiblefor the size
segregationof the grains.Sincethe largergrainsareon top
of the rolling phase,they are convectedfurther down than
the smaller grains, producing the size segregationeffect,

which togetherwith thesegregationdueto differentshapeof
the grains,givesrise to the instability leadingthe systemto
spontaneouslystratify @29#. It is importantto note that per-
colation in the rolling phaseis not a suf®cientcondition to
obtain strati®cation.For thick ¯ows and when the large
grains are smoother,segregationin the rolling phasestill
occurs,andyet we do not getstrati®cationbut only thesharp
segregationpatternof Fig. 1~b!.

A largedifferencein size is alsoa condition for the per-
colationeffect to takeplaceÐusuallyr . 1.5,wherer is the
ratio of the size of the large grainsto the size of the small
grains.We performeda seriesof experimentswith mixtures
of glassbeadsand sandwith r , 1.5 and found continuous
segregationpatterns~as opposedto the sharp segregation
patternwith a separationzoneof a few centimetersof Fig.
1~b! obtainedfor r . 1.5) no matterthe shapeof the grains.
This is because,whenr , 1.5, the effect of sizesegregation
is very weak.

The limiting case in which both speciesof grains are
sphericalwas®rststudiedby Williams @19,36,37#; his results
~showingsegregationplusa hint of strati®cation! differ from
our resultsfor this case~showingonly segregation!. We be-
lieve that thereasonis that thegrainsusedby Williams were
not quitespherical,inducingsomeshapesegregationaswell.
According to the aboveinterpretation,we note that experi-
mentswith mixturesof perfectsphericalbeadsdiffering only
in sizeshouldnot showstrati®cationsincethe shapesegre-
gationeffect is not presentandsizesegregationalone~even
dueto percolation! is not ableto producestrati®cationÐand
our work con®rmstheseexpectations.However,someoscil-
lations might still be presentaroundthe stablesegregation
pro®le,as seenin previousexperimentsusing mixtures of
sphericalbeads@37#.

Here we focus on the regime where segregationin the
rolling phasetakesplace.We characterizethekinematicper-

FIG. 1. ~a! Exampleof strati®cationfor a mixture of smaller
roundedgrains ~white sphericalglass beads! and larger faceted
grains~black sugargrains!. ~b! Exampleof sharpsegregationfor a
mixture of smaller facetedgrains~black sand! and larger rounded
grains~white sphericalglassbeads!. Notice thesharpzoneof sepa-
ration of the speciesin the middle of the pile. This is the resultof
strong segregationeffects acting in the system.Notice also the
smallerangleof reposeof the sphericalbeadsat the bottomof the
pile.

FIG. 2. Threestagesof the dynamicsof strati®cation:~a! ava-
lancheof grains,~b! formationof the kink at the bottomsubstrate,
~c! uphill motion of the kink.
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colation process,and measurethe velocity gradientof the
grainsduring theavalanche.We ®nda linearvelocity pro®le
of therolling grains,andthatthemeanvelocity of therolling
grainsis thesameasthevelocity of thekink. We alsostudy
the shapeand size of the kinkÐand therebymeasurethe
wavelengthof the layers.We ®nd that the wavelengthin-
creaseslinearly with the ¯ux of grains,a resultin agreement
with recenttheoreticalpredictions@28#. We alsomeasurethe
pro®lesof therolling grainsandstaticphasesof thepile, and
the valuesof severalphenomenologicalcoef®cientswhich
appearin the theory for surface¯ows of granularmixtures.
Our results are valid for ¯ow rates of the order of g/sec
~which givesriseto a rolling phaselessthan1 cm thick!. We
alsocommenton the applicability of our results,andon the
deviationsthat may occur for smaller and larger ¯ow re-
gimes.

II. EXPERIMENTAL SETUP

Our experimentalsetupconsistsof a granularHele-Shaw
cell: a vertical ``quasi-two-dimensional''cell with a narrow
gapseparatingtwo transparentplates~madeof Plexiglass,or
of glass!. Thecell measuresL5 30 cm of lateralsizeand20
cm high, andthegapis l 5 0.5 cm. We closethe left edgeof
the cell. We clean the walls of the cell with an antistatic
cleanerin order to avoid the effectsof electrostaticinterac-
tion betweenthe grainsandthe wall.

In this study,we focuson spontaneousstrati®cation.In all
our experiments,we use a mixture of grains composedof
two speciesdiffering in sizeandshape:smallerglassbeads
of averagediameter0.196 0.05 mm, sphericalshape~95%
sphericity!, angleof reposeu115 26É6 1É~we call thesetype
1 grains!, and larger facetedsugargrainsof typical size0.8
mm, approximatecubic shape and angle of repose u22
5 39É6 1É~type 2 grains!.

The typical size of the sugargrainsis obtainedby mea-
suring the volume of the cubic grains and calculating the
typical size as the cubic root averagedover 20 different
grains. We obtain the value of the angle of reposeof the
speciesby pouring the pure speciesin the Hele-Shawcell
andmeasuringtheresultingangleof thepile, averagingover
5 realizationsof thesandpile.Theanglethusmeasuredis not
the actual angle of reposecorrespondingto a conical pile,
since the presenceof the wall inducesextra friction that
slightly increasesthe equilibrium angle of the pile @38#.
However,we are interestedin the angleof reposefor this
speci®cgeometrysinceour experimentson strati®cationare
donein the cell.

We ®ll the cell at different ratesof addinggrains~̄ux !.
We usea Kodak Ektapro1000digital high speedcamerato
®lm the motion of individual grainsduring the formationof
the layers.Thecameraproduces1000digital framespersec-
ondwith a resolutionof 2383 191pixels.We recordimages
during1.6s,andachievelongerrecordingtimesby lowering
the framerate.The digital imageswe downloadto a work-
stationfor further imageprocessing.

III. THE ANGLE OF REPOSE OF THE PURE SPECIES

Since strati®cationis related to the different anglesof
reposeof the pure species,we ®rststudy how the angleof

reposedependson thesizeandshapeof thegrains.We mea-
surethe angleof reposeof different setsof sphericalglass
beadsof different size,and®ndthe samevaluewithin error
bars~seeFig. 3!. Theangleof reposedoesnot dependon the
size of the grains,sincea simple isotropic rescalingof the
pile coordinatestransformsa pile of smallersphericalgrains
into a pile of largesphericalgrains,while leaving invariant
the angleof the pile.

Thevalueof theangleof reposewe ®ndfor thespherical
glassbeadsis smaller than the value we ®ndfor the cubic
sugargrains.In general,we ®ndthattheangleof reposedoes
not dependon thesizeof thegrains,andis a functionof the
shapeof the grains:the rougherthe shapeof the grainsthe
larger the angleof reposeÐbecausefor morefacetedgrains
the packing of grains is less densethan for more rounded
grains.

A particularcaseis foundwhenthesizeof thegrainsis of
the order of micrometer.Sphericalbeadsof size 40 mm
havea largerangleof reposethanthe samesphericalbeads
but of sizeof the orderof mm ~seeFig. 3!Ðbecauseadhe-
sion forcesbecomeimportant,increasingtheangleof repose
of thespecies.Thescaleof micrometersis the lower limit of
applicability of our results,sinceat the submicrometerscale
particlesundergoBrownian motion @7# and our analysisof
collisions and transport at zero temperatureceasesto be
valid.

IV. THE KINK MECHANISM

A physicalmechanismhasbeenproposedfor the forma-
tion of the layers, which is related to the existenceof a
``kink'' @27,28,30#. Suppose,e.g.,that a pair of static layers
is formedwith thelayerof largergrainson top of thelayerof
smaller grains ~Fig. 2!. When an incoming massof grains
avalanchesdown the slope,the largergrainsreachthe base
of thepile ®rst,dueto thefact thatlargegrainsdo not tendto
get trapped~in local minimaof thesandpilepro®le! aseasily
assmall grains.Additionally, in the caseof thick ¯ows, the
smallergrainsalsosizesegregateto thebottomof therolling

FIG. 3. Angle of reposeof a different set of sphericalglass
beadsdiffering only in size, and other speciessuchas sand,salt,
andsugar.Themoreirregulartheshapeof thegrains,the largerthe
angleof repose.
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phasedueto percolationsothatthelargergrains,beingat the
top of the rolling phase,tendto travel further sincethey do
not interactwith the bulk phase.

During the avalancheof grains, some small grains are
capturedin the static layer of large grains, smoothingthe
surfaceandtherebyallowing moresmallgrainsto fall down-
ward andeventuallyreachthe bottomof the pile. Whenthe
¯ow reachesthe baseof the pile, we see that the grains
developa pro®lecharacterizedby a well-de®ned̀`kink'' at
which the grainsarestopped.This kink movesin the direc-
tion oppositeto the¯ow of grains,conservingits pro®leuntil
it reachesthe top of the pile.

In theprocessof falling downtheslope,grains~smalland
large! stop at the kink. We seethat the smallergrainsstop
®rst ~since the small grains are already segregatedin the
rolling phase! so a pair of layers forms, with the smaller
grains underneaththe large grains @seeFig. 2#. When the
kink pro®lereachesthetop of thesandpile,thepair of layers
is completed.Thenthis processis repeated:a newavalanche
occurs,somelargergrainsreachthe bottomof the pile, the
kink is developed,anda new pair of layersis formed.

The sizeof a pair of layersl is determinedby the thick-
nessof the layer of rolling grainsduring an avalanche,R0,
which in turn is determinedby the ¯ux of adding grains
@27,28#. The volumeof rolling grainsV aval that reachesthe
kink during a time interval Dt andin a differential dy is

V aval5 lDtv~y!dy1 lDtv " dy, ~4.1!

wherev(y) is the velocity of the rolling grainsat a distance
y from the pile surfaceof staticgrains,v " . 0 is the upward
velocity of the kink which is constant,and l is the gap be-
tween the platesof the cell ~Fig. 2!. The ®rst term in Eq.
~4.1! is the volumeof grainsfalling down the slope,andthe
secondtermrepresentsthevolumeof grainsfrom therolling
phasethat the kink encounterswhen it advancesuphill at
velocity v " Ði.e., v(y)1 v " is the velocity of the rolling
grainsin the comovingframeof the kink.

The volumeof grainsin a well-formedkink is

V kink5 lDtv " dy. ~4.2!

Thenif all the grainsarestoppedat the kink, the numberof
rolling grains falling down, m ¯uidV aval, wherem¯uid is the
densityof the ¯uid phase~the numberof rolling grainsper
unit volume! shouldbe the sameasthe volumeof grainsin
the kink mbulkV kink , wherembulk is the densityof the bulk
phase.Hence

m¯uid lDtE
0

R0

@v~y!1 v " #dy5 mbulklDtE
0

l
v " dy. ~4.3!

The meanvalueof the downwardvelocity of the grainsav-
eragedover the rolling phaseis

vÅ[
1

R0E0

R0

v~y!dy, ~4.4!

so from Eq. ~4.3! we ®nd@27,28#

l 5
m¯uid

mbulk

~vÅ1 v " !

v "
R0. ~4.5!

The analytical shapeof the kink has been obtainedin
@28,30#. We introducefour different generalizedanglesof
reposeuab , correspondingto theinteractionsbetweena roll-
ing grain of type a and a static grain of type b : ~i! u22
correspondsto the angle of reposeof the pure large-cubic
species,~ii ! u11 is thereposeangleof thepuresmall-rounded
species(u22. u11), and~iii ! u21 correspondto theinteraction
betweena largecubic rolling grain andsmall-roundedstatic
grains,and~iv! u12 correspondto the interactionbetweena
small-roundedrolling grain andlargecubic staticgrains.

For strati®cationwe have@28,30,39#

u21, u11, u22, u12. ~4.6!

Sincethe kink is a travelingwavesolution,we canwrite
@28,30#

f~x,t ! [ h~x,t !1 u0x5 f~u! , ~4.7!

whereu[ x1 v " t, u0 is the angleof the pile after a pair of
layersis formed,andh(x,t) is the heightof the staticphase
@Fig. 2~c!#. The solution for the lower layer of small grains
wasfound in @28#to be

2
1

w
lnS12

2w f

R0 D5
g
v "

~f 2 d1u! , ~4.8!

where

d1[ u02 u11. 0, ~4.9!

w[ v " /(vÅ1 v " ), andg ~unitsof 1/s! is the rateof collisions
betweenstaticandrolling grains.Sincewe havea pile made
of two different species,the angle of the layers u0 is not
necessarilyeitheru22 nor u11. However,sincethe top layer
of the stripes is made of large-cubicgrains, the resulting
angleu0 is closerto u22 thanto u11.

The solutionfor the pro®leof the upperlayer of the kink
is @28#

f~u!5 SR0

w DF12 expSwgd2u

v "
DG, ~4.10!

where

d2[ u02 u22, 0. ~4.11!

We will comparethis solution with the pro®leof the kink
measuredexperimentally.Figure2~c! showsa sketchof the
kink. The angleof the layers is u0 , which is an anglebe-
tweenu11 and u22, so that solutions~4.8! and ~4.10! exist.
The lower part of the kink is madeof small-roundedgrains
andthereforehasananglecloseto u11 in agreementwith Eq.
~4.8!. At thecenterof thekink, thelargergrainsarecaptured
on topof smallergrains,thereforetheangledecreasestoward
thecrossangleof reposeu21. Thentheangleof thepro®leof
the kink approachesu0 .
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Dimensionalanalysisof Eq. ~4.8! indicatesthat the up-
wardvelocity of thekink is proportionalto the ¯ux of arriv-
ing grains,i.e., proportionalto R0 @28#,

v " 5 C1gR0. ~4.12!

HereC1 is a numericalconstantthatdoesnot dependon g or
R0, but may dependon the anglesof reposeand other fea-
turesof the grains.

Below,we will showthatthevelocity of therolling grains
in an avalancheincreaseslinearly with the height of the
grainsin the rolling phase,implying that the meanvalueof
the velocity vÅis proportionalto the thicknessof the rolling
phase.The coef®cientis againproportionalto g by dimen-
sionalanalysis,

vÅ5 C2gR0, ~4.13!

whereC2 is alsoa numericalconstantthat doesnot depend
on g or R0, but may dependon the anglesof repose.

From Eqs.~4.5!, ~4.12!, and~4.13! we obtain the depen-
denceof the wavelengthon R0

l 5
m¯uid

mbulk
CR0, ~4.14!

whereC[ 11 C2 /C1 is a constantindependentof R0. Thus,
thewavelengthincreaseslinearly with the¯ux of grains.We
will testEqs.~4.8!±~4.14! experimentally.

V. DYNAMICS OF STRATIFICATION

To test the abovemechanism,we performa seriesof six
experimentswherewe studyin detail thedynamicsof strati-
®cationby measuringall the quantitiesinvolved in the pro-
cess.We usea Kodak Ektapro1000high-speedvideo cam-
era systemto record the motion of the grains. In order to
studythepro®leof thekink andtheeffectsof percolationin
the rolling phase,we measurethe pro®leof the static and
rolling phasesand comparewith analyticalpredictions.We
measurethevelocity of therolling grains,thevelocity of the
kink, the wavelengthof the layers,and also other phenom-
enologicalconstantssuchasg, andall four anglesof repose
characterizingthe mixture uab .

According to the picture discussedin Sec.IV, we study
the dynamicalprocessof strati®cationby dividing the pro-
cessin threestages~Fig. 2!.

A. Avalanche of grains and percolation effect

In all six experiments,we usethe samemixture andcell,
but different ¯uxesÐi.e., different R0 ~seeTable I!. We fo-
cusour studyon a small window of observationof typically
3 cm3 2 cm sizelocatedin thecenterof thepile. Usingthe
high speedvideo cameraat a framerateof 1000framesper
second,we are able to track the motion of eachindividual
grain in a downhill avalancheduring1.6 s of recordingtime.
The rolling grains take only 0.1 s to crossthe window of
observation.However,we continuerecordingafter this time
elapses,so that we canrecordin the sameshotof 1.6 s the
grains¯owing down andthe pro®leof the kink moving up.

By trackingthemotionof eachindividual grain,we areable
to measurethe velocity pro®leof the grainsalong the layer
of moving grains.

The thicknessof the layer of rolling grainsin all our ex-
perimentsrangesfrom 0.3 cm to 0.7 cm. Thus the layer of
rolling grainsis thick enoughthatit is possibleto observethe
size segregationof the grains in the rolling phase.For a
well-developed̄ ow of grains down an inclined plane, the
grainssegregatein themovinglayer,with thesmallgrainsat
the bottom of the moving layer, and the large grainsat the
top. This effect is called ``free surfacesegregation,''``per-
colation,'' or ``kinematic sieving'' @20,21,23±25#, and oc-
cursbecausethe smallergrainspercolatedownwardthrough
the gapsleft by the motion of larger grains in the rolling
phase.In our experiments,the ¯ux of grains is suf®ciently
high that the layer of rolling grainsis largeenoughthat the
percolationeffect canbe observedin the rolling phase.Fig-
ure4 showsthe trajectoriesof severalgrainsfor Experiment
5 ~TableI! in a window of 2.82cm by 2.26cm,plottedevery
two frames(2 ms). We ®ndthat the large grainsoccupy
the top part of the moving layer, and the small grains are
locatedat the bottomof the moving layer.

To measurethevelocity pro®leof thegrainsin therolling
phase,the position of every rolling grain is spottedon the
screenof the video camera.We follow the trajectoryof the

FIG. 4. Trajectories(x,y) of the rolling grainsduring the ava-
lanchefor Experiment5 in a window of observationof 2.82cm by
2.26 cm plotted every two frames~2 ms!. The thicknessof the
rolling layer is R05 0.65 cm. The dashedline is the boundarybe-
tween the sublayerof smaller rolling grains and the sublayerof
largerrolling grainsdueto the percolationeffect.The angleof the
pile is u0 .

TABLE I. Resultsof the six experiments.

Experiment R0 (cm) l (cm) v " (cm/s) vÅ (cm/s)

1 0.31 0.63 6.7 7.1
2 0.38 0.64 8.5 8.7
3 0.48 0.90 13.0 11.0
4 0.64 1.13 13.2 14.7
5 0.65 1.16 14.8 14.9
6 0.72 1.25 17.8 16.6
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grain during a periodof time wherethe rolling grain is well
distinguishedfrom theothergrainsin themovingphase.We
stoptheimageevery2 ms ~two frames! andrecordthe(x,y)
position in pixels of the screen.The position thusmeasured
is manuallyenteredin a data®le,giving the(x,y) positionof
the grain asa function of time. We study the motion of the
grains in the center of the pile, where the grains have
achieveda constantvelocity along the direction of the pile
surface~the viscousfriction force hasbalancedthe gravita-
tional driving forceon thegrain!. Figure5 showsthex andy
coordinatesof thegrainsof Fig. 4 as a functionof time. The
velocity of the grains we calculatefrom the slope of such
curves.Indeed,we observethat the motion of the grainsin
thecenterof thepile is overdamped;thevelocity is constant
asa function of time.

Dueto thepercolationeffect,the layerof rolling grainsis
actuallymadeof two equalsizesublayers~sincewe usean
equalvolumemixture of two species! of smallerand larger
grains.However,thevelocity pro®leof thegrainsis continu-
ousalongthe thicknessof the moving layer.Figure6 shows

the velocity of the grains for the six experimentslisted in
Table I as a function of y, the heightof the rolling grain to
thetop of thestaticphase.Thevelocity pro®leis linear in y.
Usingthedatafrom theexperimentslistedin TableI we ®nd

v~y!5 ~46/s6 2!y. ~5.1!

The coef®cientof the linear relation~5.1! is independentof
R0, implying that the mean value of the velocity of the
grains~4.4! is proportionalto R0:

vÅ5 ~23/s6 2!R0. ~5.2!

By comparingwith Eq. ~4.13! andassumingthat the coef®-
cient C2 is of the orderof one,we obtainan estimateof the
rate g. 23/s. Similar velocity pro®leshave beenfound in
Ref. @40#, althoughtheseresults~which were obtainedfor
single-speciesgrainsfalling downinclinedplanesat different
anglesabovetheangleof repose! do not applyto our system,
sincewe are interestedin the velocity pro®leof the grains
avalanchingon a surfacecomposedof large grains at the
angleof the layers,asoccursin thestrati®cationexperiment.

B. Formation of the kink

Theformationof thekink is determinedby theinteraction
of thegrainsat thebottomof thepile. Whenthegrainsreach
the substrate,we ®ndthat the larger grainsarrive ®rstand
thenthe smallergrainsarrive @Fig. 7~a!#, becausethe larger
grainsroll down more easily than the smallergrains,since
they are at the top of the rolling phasedue to percolation.
The large grainsare stoppedat the substrate,and they de-
velop the pro®leshownin Fig. 7~b!.

The condition for the formation of the kink seemsto be
the existenceof two species,not one.In fact, whenwe pour
single-speciesgrains in a opencell, we do not observethe
stationarykink, but we observethattheheightof thepile and
thepro®leof therolling phaseacquirea steadystate~without
oscillations! wherethe pro®lesareconservedin time. In the

FIG. 5. ~a! Position x(t) and ~b! position y(t) of the rolling
grains shown in Fig. 4 as a function of time. The straight lines
indicate that the velocitiesachievea constantvalue, given by the
viscousdampingand the gravitationaldriving force. The symbols
correspondto the grainsplotted in Fig. 4.

FIG. 6. Velocity parallelto thepile surfaceof therolling grains,
correspondingto the experimentslisted in TableI, asa function of
their vertical positiony from the top of the staticphase.We ®nda
linear velocity pro®le.
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caseof two species,the larger grains reachingthe bottom
beforethesmallergrainsactasa ``wall'' or ``incipientkink''
wherethesmallergrainsarestopped@Fig. 7~b!#. Thus,when
the small grains arrive near the substrate,they ®nd some
largegrainsalreadythere.Theyarestoppedin this way, and
the kink emergesfrom this interaction.When the kink is
developedit startsto moveuphill with constantvelocity and
conservingits pro®le.

de Gennes@7# has shown that when a ¯ow of single-
speciesgrains¯owing down a planeat the angleof repose
reachesa vertical wall, the grainsdevelopan uphill waveof
constantvelocity v " ; gR0. Although this uphill waveis not
stationaryasfound for the kink in our experiment,the solu-
tion found by de Gennesshowsthat it is possiblefor the
smallergrains to be stoppedby a moving ``wall'' of large
grainsandtherebygive riseto a kink. Theexistenceof uphill
waves~althoughnot stationaryasthekink solution! wasalso
noticedin Refs.@32,33#.

C. Uphill motion of the kink and formation of a pair of layers

By using the video camera at a frame rate of 1000
frames/s,we candistinguishthe fraction of grainsthat is in
the rolling phaseand the fraction of grains that is strictly
immobile,thefundamentalingredientof thetheoriesof Refs.
@32±35,28±30#. Thus we identify the time behaviorof the
boundarybetweentherolling phaseandthestaticphase,and
the pro®leof the kink.

Sincethe contrastbetweenthe rolling andstaticgrainsis
not very good,we mustidentify this boundary``manually.''
We play themovie5 framesbackandthen5 framesforward
and identify which grainsare moving and which grainsare
static. We repeat these measurementsevery 0.05 s, and
recordthe coordinatesof the bulk-¯uid interface@41#.

Figure8~a! showsthe pro®leof the kink asa function of
x plottedevery0.05 s in a window of 2.82 cm by 2.26 cm
~Experiment5!, andoneseesthe pro®leof the kink moving
upwardwith constantvelocity v " . Notice that the pro®leof
the kink is stationary.Figure 8~b! showsthe angle of the
kink pro®le

u~x,t ! [ 2 arctan@] h~x,t ! /] x#, ~5.3!

where h(x,t) is the pro®leof the kink obtainedfrom Fig.
8~a!, as a function of x measuredat different times.We ®t
the analyticalsolutionof the shapeof the kink ~4.8!, ~4.10!
obtainedin @28# to the experimentalpro®leof the kink and
®ndgoodagreement@Fig. 8~a!#. We ®ndthe best®t for val-

ues g5 150/s, vÅ5 15.6cm/s, v " 5 16.2cm/s, R05 0.7cm,
u05 33É,u115 25É,and u225 43É.

The solution ~4.8! and ~4.10! is valid only for the lower
andupperpartsof the kink, so the centerof the kink, where
smallandlargegrainsaremixed,cannotbereproduced.The
valueswe useto ®t the analyticalsolutionaresomehowdif-
ferent from the valueswe measure~seeSec.VI !. However,
we notethat theexactshapeof thekink dependson the type
of interactiontermusedin theequationof motionto describe
the rolling grain±static grain interaction.In particular, the
interaction term used in @28# does not include nonlinear
terms that might be important when the ¯ux of grains be-
comeslarge ~we commenton this point in Sec.VI !. How-
ever, the fair agreementbetweenexperimentand theory in-
dicates that some features of the interaction have been
capturedby this approach.

We also focus on the different collision processesbe-

FIG. 7. Formationof the kink at the baseof the pile. ~a! The
largegrainsroll down aheadof the smallergrainssincethey areat
the top of the rolling layer andhavelargervelocity thanthe small
grains. ~b! When the larger grains reach the substratethey are
stopped,andtheyactasawall wherethesmallergrainsarestopped.
The kink emergesfrom this interaction.

FIG. 8. ~a! Pro®leof the kink h(x,t) obtainedin Experiment5,
shownat time intervalsof 50 ms. The dottedline is the boundary
betweenthe static layers of smaller and larger grains. The kink
movesuphill with constantvelocity v " . Thesymbolscorrespondto
the®tsto theanalyticalsolution~4.8! and~4.10!. Theexperimental
dataare®rstobtainedmanuallyandthensmoothedwith a polyno-
mial. ~b! Angular pro®leof the kink obtainedfrom ~a!, u(x,t)5
2 arctan@] h(x,t)/] x#. The angle is betweenu0 and u21 as ex-
plainedin Fig. 2~c!.
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tweenrolling grainsin contactwith thesolid surfaceandthe
staticgrains.We ®ndthatampli®cationprocess~i.e., whena
rolling grain removesa static grain via a collision! do not
happenvery often. The percolationeffect forbids the larger
grains to interact with the surface,thus prohibiting cross-
ampli®cationprocessesof the type of a larger rolling grain
amplifying a smallerstaticgrain.Themaininteractionseems
to be the captureof rolling grains at the surfaceÐwhena
rolling grain is convertedto the static phase.However,we
emphasizethat it is dif®cult to clearly determinethe nature
of theinteractionat thesurface~captureversusampli®cation!
becausethe smallergrainsare the only interactinggrainsin
the regionof observationandthey aredif®cult to track.

We measurethe velocity of the kink v " asa function of
R0 ~seeTable I!. Figure 9~a! showsthe resultsthat can be
®ttedto a straightline. We ®nd

v " 5 ~23/s6 2!R0. ~5.4!

The velocity of the kink is approximatelythe sameas the
meanvelocity of the rolling grainsEq. ~5.2! ~i.e., C2. C1).
Comparingwith Eq. ~4.12!, we obtaina secondestimateof
the rateg. 23/s.

Figure9~b! showsthewavelengthof the layersasa func-
tion of the thicknessof the rolling phasefor the six experi-
mentsof TableI. Thedatacanbe®ttedto a straightline, and
we ®nd

l 5 ~1.76 0.1!R0, ~5.5!

which agreeswith the predictionof Eq. ~4.14!. Comparing
with Eq. ~4.14!, we obtain(m¯uid /mbulk)C. 1.7. Using Eqs.
~5.2! and ~5.4! we obtain C. 2, so that m¯uid /mbulk. 0.85,
correspondingto the fact that the ¯uid phaseis lessdense
thanthe bulk.

VI. PHENOMENOLOGY

Table II showsthe valuesof the phenomenologicalcon-
stantsmeasuredfor theequalvolumemixtureof quasispheri-
cal glassbeadsof meandiameter0.19mm andcubic-shaped
sugargrainsof typical size0.8 mm. The meanvalueof the
velocity of thegrainsfalling downtheslopeandthevelocity
of the kink range from 7 to 17 cm/s. As noted above,g
' 23/s andR0' 0.5 cm.

Accordingto Eq. ~4.8!, the lower part of the kink hasthe
angleof the small-roundedgrainsu11, andnearthe layer of
large grainsthereare logarithmic corrections.The angleof
the kink decreasestowardsthe centerof the kink; it is equal
to u21 at the position where the larger grains start to be
captured@Fig. 2~c!#. Thus, measuringthe minimum of the
angleof thepro®leof thekink at thetransitionfrom thelayer
of smaller grains to the layer of larger grains provides a
methodto measurethevalueof thecrossoverangleof repose
u21. Then,assumingthat u112 u215 u122 u22 @28#, the criti-
cal angleu12 canbe obtainedtoo.

We measuredfor the angleof reposeof the purespecies

u115 26É6 1, u225 39É6 1. ~6.1!

Figure 8~b! shows the angle of the pile near the kink at
different times.From thesecurveswe measurethe angleof
the layers

u0. 33É, ~6.2!

andtheremainingangleof reposeof largergrainson smaller
grains:

u21. 8É, and u12. 57É. ~6.3!

The constantvÅ/g representsthe distanceat which a roll-
ing grain stopsin a pile at an angledifferent from the angle
of repose@34#Ði.e., vÅ/g representsthe distanceat which a
rolling grain is stoppedat the kink. The constantvÅ/g. 0.3
2 0.7 cm is small compared to the system size
L5 30 cmÐi.e., vÅ/g scaleswith the size of the grainsand

FIG. 9. ~a! Velocity of thekink v " asa functionof thethickness
of the rolling layer R0 for the six experiments~TableI!. ~b! Wave-
lengthof thelayersasa functionof thethicknessof therolling layer
R0 for the experiments~TableI!.

TABLE II. Typical valuesof phenomenologicalconstants.

g (1/s) u21 u11 u22 u12 v " (cm/s) vÅ (cm/s) vÅ/g (cm)

23 8É 26É 39É 57É 7±18 7±17 0.3±0.8
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not with L, as expected@34#. Notice also that vÅ/(g tan c )
. 2 cmÐwhere tan c [ tan u112 tan u21. 0.3Ðis the size
of the regionof mixing in the centerof the pile observedin
the caseof segregationof the mixtures of smaller cubic
grainsandlargeroundedgrains@Fig. 1~b!# @29#. This region
of themixtureis observedto besmall in comparisonwith the
systemssize.

Finally, we commenton the applicationof the theoretical
calculationof the model developedin @28±30# to the prob-
lem of strati®cationwhenpercolationeffectsareacting.The
dependenceof the reposeangle on the compositionof the
surfaceproposedin @28±30# is analogousto the effect of
percolation.Due to percolation,only the smallergrains in-
teract with the surface,causingthe larger onesto be con-
vectedfurther. The modelsof @28,30# use the fact that the
reposeangleof the smallergrainsis alwayslarger than the
reposeangleof the largergrainsfor a given compositionof
the surface~i.e., u11. u21, and u12. u22), then the smaller
grainsarealwaysthe ®rstto be trapped,and the largeones
arealwaysconvecteddown as it occursdue to the percola-
tion effect. Moreover,captureof larger grains is forbidden
on top of smaller grains since the capturefunction of the
largegrainsis zeroaroundthe angleof reposeof the small
grains@29#.

A simple extensionto explicitly include percolationef-
fects in the formalism of @28,30# showsonly small correc-
tions to the pro®lesof the rolling and static grains,which
providesevidencefor thepossibleapplicabilityof theresults
of @28,30#to thecasewherepercolationeffectstakeplacein
the rolling phase.However, caution must be taken in the
de®nitionof the ¯uid-bulk interactionin the theoreticalfor-
malism. We take the interactionterm to be proportionalto
thethicknessof therolling phase,anapproximationvalid for
thin ¯ows @7,34#. Although this approximationmight bestill
valid in the caseof thick ¯ows @30#Ðsince the interaction
might be proportionalto the preassureexertedby the ¯uid
phase@13#, which in turn is proportionalto R0 for a ¯uidÐ
nonlineartermsmight be also necessaryto completelyde-
scribethe¯ow, especiallybecausethe interactionamongthe
rolling grains~which is neglectedin the theoreticalformal-
ism! becomesimportant.

The dependenceof the velocity of the rolling grainson
the positionof the grain in the rolling phaseis anotherfact
not includedin the theory,which considersa uniform veloc-
ity for all the grainsin the rolling phase.For a comparison
with the theory,we havereplacedthe velocity of the grains
in the theoryby themeanvalueof thevelocity of therolling
grainsmeasuredexperimentally.

VII. OTHER LIMITS

We notice that the dependenceon the plateseparationl ,
althoughpresentin Eqs.~4.1! and ~4.2!, hasdisappearedin
Eq. ~4.14!, andthe relevantlengthscalethat determinesthe
wavelengthis R0. However,a changein the ¯ux of adding
grains, or a changein the gap l , changesthe wavelength
sinceR0; (¯ux) /l . Thus,e.g.,by keepingthe ¯ux constant
and increasingthe gap l , we ®nda decreasein R0, andwe
®ndthat thewavelengthl decreasesaccordingto Eq.~4.14!:

l; 1/l . ~7.1!

This dependencehasbeenmeasuredin @42,43#.
For themoderatēuxes usedin this study~of theorderof

1 g/sec!, the role of the ¯ow rate is to determinethe wave-
lengthaccordingto Eq. ~4.14!. For larger¯uxes, Eq. ~4.5! is
still valid as long as the kink mechanismworks. However,
deviationsfrom the linear dependenceof Eq. ~4.14! might
occursincethe velocity of the kink and the velocity pro®le
of the rolling grainsmight deviatefrom the linear regime.
The densitiesof the bulk and¯uid phasemight alsochange
with the ¯ux of grains, giving rise to a nonlinearrelation
betweenl andR0. For suf®cientlylarge¯ow rates,thekink
mechanismrequiredto form layerscannotoccur~especially
the appearanceof the ®rstkink at the onsetof the instability
@29#!, since the grains acquire large momentum,and ava-
lanchesthat terminateby an upwardmoving kink beforethe
next avalanchebeginscannotoccur.In this case,the kink is
not able to stop the arriving rolling grains anymore; the
grainsride over thekink sothatno segregationat thekink is
possible.Therefore,for this limit, the strati®cationpattern
disappearswhenthe ¯ux is suf®cientlylarge.Suchan effect
was recentlyobservedin @44#wherethe ¯ux was increased
by a factor of 100.

Another deviation from Eq. ~4.14! might occur at very
low ¯ow rate.Herethepercolationeffectdisappearsandthe
grainssegregatedueto size,becausethe largergrainsdo not
®ndlargeenoughholesin thesurfacesotheyroll easierthan
smallergrains.In this case,therolling phaseis thin, sothat it
behavesasa homogeneousphasewith a constantvelocity v
for all the grains in the ¯uid phase.In this case,from Eq.
~4.5! we obtain

l 5
m¯uid

mbulk
Sv

C1g
1 R0D. ~7.2!

ThuswhenR0! 0

l ! v /~C1g ! ; d, ~7.3!

whered is a small constantof the order of the grain size.
This lower limit might indicatethe crossoverfrom a perco-
lation regimeto a nonpercolationregimeat low ¯ow rates.

VIII. DISCUSSION

In summary,we testedexperimentallythe main assump-
tionsof thetheoryof surfacē ows of granularmaterials.We
measuredthepro®leof thestaticandrolling phases,in order
to studythepro®leof thekink andtheeffectsof percolation
in the rolling phaseand comparedwith analytical predic-
tions. We characterizedthe dynamicalprocessof strati®ca-
tion by measuringall the relevantquantities.We measured
thevelocity of therolling grains,thevelocity of thekink, the
wavelengthof the layers,and also the rate of collisions g,
andall four anglesof reposeuab characterizingthemixture.
The velocity of the kink and the wavelengthof the layers
bothvary linearly with thegrain ¯ux. Thevelocity pro®leof
the grains in the rolling phaseis a linear function of the
positionof thegrainsalongthemoving layer,which implies
a linearrelationbetweenthemeanvelocity andthethickness
of therolling phase.We ®ndthemeanvelocity of therolling
grainsis the sameasthe velocity of the kink.

Our resultsapply to the moderatē ow ratesusedin this
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work of theorderof 1 g/sec.Forsuf®cientlylargeror smaller
¯ow rates,deviationsmight appearasdiscussedin the text.
For larger ¯uxes, nonlinear terms may modify Eq. ~4.14!.
For evenlarger¯uxes thekink maynot supporttheincoming
grains turning strati®cationinto the mixing of grains or to
weak segregation.For smaller ¯uxes than the onesusedin
this study, the percolationeffect doesnot take place.How-
ever, when the size ratio is large enoughÐr . 1.5Ðstrong
segregationoccursanywayat the shearsurfacebetweenthe
¯uid andsolid phase:the largegrainsarenot trappedin the
holes of the surface,and they are convectedfurther. Thus
strati®cationis also observedfor small ¯uxes, but the size
segregationmechanismis different from the one studied
here.Thesharpsegregationpro®leswith aseparationzoneof
a few cm observedin the experimentshownin Fig. 1~b! is
also a consequenceof strong segregationeffects. When r
, 1.5,sizesegregationhasa weakeffect,resultingin a weak
continuoussegregationof the mixture no matterthe shapes

of thegrains.Theoreticallythecaser , 1.5 is treatedin @45#,
andthe caser . 1.5 in @28±30#.

Our resultsmight bealsoapplicableto othersystems.Size
andshapesegregationin rotatingdrumsmay be analizedin
analogyto the regimesfound here.Furtherexperimentalre-
sults may include qualitative studiesof the other ¯ow re-
gimesmentionedabove.It would bealsoappropriateto have
an estimationof the anglesof reposeof the grainsindepen-
dentlyof the theoreticalcalculationsusedhere.For instance,
by gluing grains of one speciesto an inclined plane and
pouringgrainsof theotherspeciesis a way to obtaina direct
estimationof the crossanglesof repose.
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