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We analyzethe problem of ßuid ßow in a bifurcating structurecontainingrandomblockagesthat
canbe removed by ßuid pressure.We introducean asymmetrictree model andÞnd that the predicted
pressure-volumerelationis connectedto the distribution � � � � of the generationnumber� of the treeÕs
terminal segments. We use this relation to explore the branchingstructureof the lung by analyzing
experimentalpressure-volumedatafrom dog lungs. The � �� � extractedfrom the datausing the model
agreeswell with experimentaldataon thebranchingstructure.We canthusobtaininformationaboutthe
asymmetricstructureof the lung from macroscopic,noninvasive pressure-volumemeasurements.
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Theproblemof ßuid ßow throughbifurcatingstructures
is of considerablecurrentinterest[1Ð7]. However, thecase
whenthestructurecontainsrandomblockagesthatcanbe
removed by the ßuid pressurehasbeenstudiedonly for
thesimplecaseof symmetricbranching[7,8]. Herewead-
dressthe problemof forcing ßuid (liquid or gas)through
asymmetricallybranchedmediain thepresenceof random
closures.Suchsystemsareoftenencounteredduringßuid
ßow in an organ system,suchas circulation of blood or
ßow of air in thelung,wherethepathwayscanbeblocked,
leading to potentially lethal situations[9,10]. Here we
develop a model of the pressure-volume �� � � � curve of
the lung, andobtaina surprisingconnectionbetweenlung
inßationand branchingstructure. SpeciÞcally, Þtting the
model to experimentalpressure-volumedataprovides in-
formationabouta key microscopicproperty of theairway
tree,namely, thedistribution of thegenerationnumbersof
the treeÕsterminal segments. Sinceexperimentsmeasur-
ing � �� curves of an inßating lung arenoninvasive, this
methodprovidesa way to studyÒmicroscopicÓbranching
structuresfrom ÒmacroscopicÓ� �� datawithout the use
of invasive techniques.

Duringexpiration,peripheralairwaysin a diseasedlung
tend to collapse,blocking the ßow of air, if the surface
tensionof the lining ßuid is abnormallyhigh [11]. We
assumethat the lung is completelydegassedand all the
airways are blocked at the beginning of the inspiratory
cycle. Theseblockagescan be removed during inßation
if pressure� reachesthe critical openingthresholdof the
segment [12,13]; � is slowly increaseduntil all closed
segmentsopen.

Sincethe airwaysarearrangedin a treelikebranching
structure,the openingof onesegmentis not possibleun-
til all segmentsconnectingit to the root of the tree are
open. If the thresholdpressureof a daughtersegment is
smallerthanthat of its parent,the daughteropenssimul-
taneouslywith theparent.This mechanismalsoappliesto

subsequentgenerations,leadingto avalanchesof opening
of airways[14].

Theprocessof airwayopeningvia avalancheshasbeen
studiedfor symmetricbinary trees[7,8,14,15]. The vol-
ume of inhaled air during inspiration follows a simple
power law, and the numericalvalueof the exponentwas
shown to beequalto the generationnumber� � of the ter-
minal segments[8],

� � � � � � (1)

The real lung is asymmetricwith many branchesmiss-
ing. Hence,to test the departuresfrom the simplepower
law behavior of Eq. (1), we experimentallydeterminethe
� �� curvesof two isolateddog lung lobes,labeled� and
� . We inßatethe lobesthroughthe main bronchus,from
thecollapsedstateto total lobecapacity, at an inßationrate
such that the time to regain equilibrium after an airway
opensis negligible comparedto thetotal time of inßation.
Themeasured� �� curvesareshown in Fig. 1.

Over 90% of the air volume recruited into a lung is
containedin theterminalalveoli (air sacs)[16]. Assuming
thatall alveoli areidenticalandinelastic,thevolumeof air
at any pressureis proportional to thenumberof ventilated
alveoli. The alveolarelasticity is signiÞcantnearthe end
of the inspiratory cycle, after most air sacshave opened
[17]. However, we are interestedin the air intakedue to
the avalancheprocess,not the elasticexpansion,and so
we concentrateon the region of the � �� curvesin Fig. 1
below the pointsof inßection,wherethe elasticityof the
air sacscanbe ignored. The curves arenormalizedsuch
that both the � and � at the point of inßectionareunity
asshown in Fig. 2. Examiningthe� �� curve on a log-log
scale(Figs.2c and2d) we canseethata singlepower law
[Eq. (1)] is not sufÞcientto describethe data.

Next we develop a model to accountfor the asymmet-
ric branchingof the airway tree. Eachair sacis labeled
with an index � going from 1 to � (the total numberof
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FIG. 1. Experimentallydetermined� �� curvesof two isolated
doglung lobes� and� , obtainedduringinßationfrom collapsed
stateto total lobecapacity, in an inßationtime of 120 s. Pressure
andairßow aremeasuredusingaValydineMP-45transducerand
a screenpneumotachometerattachedto anotherValidyneMP-45
transducer, respectively.

air sacsin thelung). Thestateof beingopenor closedfor
eachair sac,� , at pressure� is thendescribedby a vari-
able� � which is � � � (if the air sacis open)or 0 (if it is
closed). We normalize� � suchthat the sumof all � � is
unity whenall air sacsareopen.We deÞne thedepth,� � ,
for air sac� , as thenumberof generationsbetweentheair
sacandthe root of the tree,which is equalto thenumber
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FIG. 2. Pressure-volume data of dog lung lobes, normalized
with the inßection point of the curves in Fig. 1 set to ��� � � .
The open circles correspondto measureddata points, while
the solid lines show the curvesÕ Þt using Eq. (5). (a) and (b)
correspondto thedataobtainedfrom two distinct lobes� and� .
(c) and(d) demonstratethecorrespondingÞts in a log-log plot,
emphasizingthe region of small pressureswhere the small-�
part of the distribution � �� � is dominant.

of blockagesthathave to beremoved to openall segments
beforethe air sac� canbe ventilated.The variable� � is
dependentuponthethresholdpressuresof all thesegments
along this path. Eachsegmentalong the path is denoted
by a pair of indices� � � � � , wherethe index � identiÞesthe
air sac� it connectsandthe former index � describesthe
numberof generationsseparatingthesegmentfrom theair
sac � � � � � � � � � � � � [18]. A segment � � � � � is openonly
if its thresholdpressure,	 �� , is lessthan the pressure� .
The thresholdpressure	 �� of all segments,independent
of generation,is drawn from a uniform distribution be-
tween0 and1 [15,19],a thresholdpressureof 1 beingthe
pressureat the inßection point. This amountsto saying
that all air sacsare open when � reachesthe inßection
point [20]. Sincetheair sac� is openonly if all segments
� � � � � � � � � � areopen,� � is given by

� � �
�
�

� ��

� � �
� �� � 	 �� � � (2)

where� �
 � is the unit stepfunction.
To compareour results with experimentaldata, it is

necessary to averageover all conÞgurationsof threshold
pressures�	 �� � . Thevolume,� � � � , containedin the lung
at pressure� is thus given by the averagedcount of all
openair sacs,

� � � � �
��

� � �
� � � � � (3)

where�� � �� representsanaverageover all conÞgurationsof
thresholdpressures�	 �� � . UsingEq. (2), we obtain

�� � � �
�
�

� ��

� � �

� �

�
�	 �� � � � � 	 �� � �

� � �

�
� (4)

Equation(4) allows us to express�� � � in termsof the
numberof segmentsalong the path from air sac� to the
root of the tree. Thus the brancheswhich arenot along
this pathdo not affect the calculationof the averagestate
of air sac� . Hencethe treeis effectively partitioned into
a setof � unbranchedpipes. Finally we obtain the aver-
agedvolumeasa functionof inspiratory pressureby using
Eqs.(3) and(4),

� � � � �
��

� � �

� � �

�
�

�

�
� � � � � � � (5)

where� �� � is thefractionof air sacswith depth� , i.e.,the
distributionof generationnumberof theterminalsegments.

TheexpressionEq. (5) for thevolume,� � � � , is a poly-
nomial containingdifferentpowersof � , unlike the result
for a symmetrictree in Eq. (1) wherea uniqueexponent
correspondsto the single depth� � . The resultof Eq. (1)
canberecoveredfrom Eq. (5) by using� �� � � � � �� � . The
degreeof asymmetry is thusmanifestedin thewidth of the
distribution � �� � . We note that Eq. (5) combinesthe ef-
fects of the tree structure,as characterizedby the depth
distribution � �� � , andthedynamics,characterizedby � � .

We Þt the experimentaldatawith polynomialsof order
48,whichis theknown maximumdepthin adoglung[16].
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The coefÞcientsof the polynomial are constrainedsuch
that� � � � � � , for all � � � � 	
 , and

�
� � � � � � . The

large numberof coefÞcientsmakessimpleregressionex-
tremelyunstable,andwe useanadditive diagonalterm in
the coefÞcient matrix to regularize the results. The raw
Þt thusobtainedis thenÞne-tunedby randomlyupdating
eachcoefÞcient by a small amountand recalculatingthe
Þtting errorssimultaneouslyin thenormalandlogarithmic
scales,to ensuretheaccuracy of thecoefÞcientsfor small
� . TheÞttedcurvesaredisplayed,bothon linear(Figs.2a
and2b) andlog-log scales(Figs.2c and2d).

Thedistributions� �� � thusobtained(Fig. 3) have two
distinct regions, a narrow peak for � 	 � and a broad
distribution for �� 	 � 	 	� . Thetermsin theÞrst region
contribute to the � �� curve at small � whenvery few air
sacsareventilated(Figs.2c and2d). The secondpart of
the distribution has two main peaksin the region �� 	
� 	 �� .

Wecompare� �� � to a known modelfor theairwaytree
structure,theHorsÞeldmodel[16] whichis anasymmetric
self-similardescriptionof averagedexperimentaldataob-
tainedby physicalmeasurementson a polymercastof the
airway tree. The small-� part of the distribution �� 	 � �
that we obtain from our datadoesnot correspondto the
branchingstructureof the treesincethe HorsÞeld model
doesnot have terminalswith depths� 	 �� (Fig. 3). We
attribute the existenceof the small-� part of � � � � to the
airway wall elasticityandthe volume of air containedin
the airwaysbeforeany air sacsopen. The Þrst few seg-
mentsof the airway tree are held open by cartilaginous
rings, andthe expansionof thesesegmentsat low � also
contributes to the small-� part of � � � � . We ignore this
region whenfocusingon thebranchingstructureandnor-
malizetheHorsÞeld modelto only theareaunderthesec-
ond part of the distribution. This normalizeddistribution
obtainedusingtheHorsÞeldmodelis shown asasolid line
in Fig. 3.

TheHorsÞeld distribution correspondsin shapeandpo-
sition with the � �� � obtainedby Þtting the � �� data.We
are also able to recover the two main peaksat approxi-
mately their correct positions. However, the HorsÞeld
modelis just a simpleandidealizeddescriptionof thedog
lung. In contrast,with our approachwe canalsoidentify
thevariationin structureamongspeciÞc samplesascanbe
seenin thedifferencesbetweenthe distributionsfor lobes
� and � in Fig. 3.

Theestimateddistributionsfall off fasterthantheHors-
Þeld model in the region of higher � due,we believe, to
an underestimationof the maximum thresholdpressure,
i.e., the pressureat which all airwaysare opened. Our
assumptionthat the maximum thresholdpressureof the
segmentscorrespondto thepressureat thepoint of inßec-
tion is truewhenthe distribution of thresholdpressuresis
uniform andgenerationindependent[20]. However, if the
thresholdpressuresaregenerationdependent,thepoint of
inßectionunderestimatesthemaximumthresholdpressure

HorsfieldLobe A

HorsfieldLobe B

(a)

(b)

FIG. 3. Distributionsof air sacdepths,� � � � , obtainedby Þt-
ting the � �� data for two dog lung lobes � and � , shown in
(a) and(b), respectively, usingEq. (5). Thesolid linesshow the
distribution from the experimentaldataof the HorsÞeld model,
normalizedto theareaunderthepart of thedistribution resulting
from the treebranchingstructure��� 	 � 	 	� � .

[15,21]. To estimatethe effect of generationdependence,
we simulatedinßation of randomlybranchedtreesusing
a simplegenerationdependentthresholdpressuredistribu-
tion with overlappingdomains.We found that the inßec-
tion point shifts to a pressuresmallerthanthe maximum
thresholdpressure,independentof the exact distribution
or thedegreeof randomnessin branching.We thusignore
a region of the � �� curve wherethe dynamicprocessof
airway openingis still active. The high pressurein this
region would allow a more signiÞcant contribution from
theopeningof thedeeperair sacs[Eq. (5)], which we are
unableto probeaccurately. However, in real lungs,these
air sacs�� 
 �� � are few in number(Fig. 3) anddo not
contributesigniÞcantly to theshapeof the � �� curve.

The elasticity of the air sacscan also affect the ob-
taineddistribution � �� � . The elasticvolume of eachair
sac� � is describedby � � � � � � � � � 
 �
 � , where� ,
� , and
 areparametersdeterminedby Þtting experimen-
tal data [22]. We expand� � � � � �

� �
� � � � � � � , where

� � arefunctionsof � , � , and
 . Themeasuredvolumeis
now given by the productof the fraction of openair sacs,�

� � � � � � � , and the elasticvolume of eachair sac, � � .
Equation(5) is then replacedby the expression� �� � �� �

� � � � � � � � � , where � � �
� � � �

� � � � � � � � � � � . Thus
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the coefÞcientsof expansion� � of the � �� relationship
are a convolution of the relative frequenciesof terminal
generationnumbers� �� � and the coefÞcientsof expan-
sion of the elasticterm � � . Using literaturevaluesof � ,
� , and 
 [22], we Þnd that the effect of elasticityon the
estimatedstructureis minimal.

In summary, in this paperwe introducea statisticalme-
chanicalmodelof ßuid ßow throughabifurcatingstructure
in the presenceof randomblockagesthat areremoved by
ßuid pressure.Whenappliedto the� �� curve of thelung,
themodelallowsusto estimatetheterminalstructureof the
airway tree from global noninvasive measurementsmade
at the top of the tree. We note that conventionally, the
� �� curve hasbeeninterpretedasa measureof the elas-
tic properties of the lung tissue. Herewe takeadvantage
of the fact that ßuid blockageshave a profoundinßuence
on the characteristicsof the � �� curve which allows us
to extract structurefrom data. Sincethe estimatedstruc-
ture comparesfavorably to availablemorphologicaldata,
our approachshouldbeusefulin clinical situationsaswell
as in developmentalstudies. This approachshouldalso
beapplicableto otherasymmetricallybranchedbiological
andphysicalsystems.
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