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We studythe potentialenegy surface-PES sampledby a liquid modeledvia the widely studiedextended
simple point chage ~SPC/E model for water We characterizehe curvatureof the PESby calculatingthe
instantaneousiormalmode~NM! spectrumfor a wide rangeof densitiesand temperaturesWe discussthe
informationcontainedn the INM densityof stateswhich requiresadditionalprocessingo be unambiguously
associatedvith thelong-timedynamics.For the SPC/Emodel,we ®ndthatthe slowing down of the dynamics
in the supercooledegionbwherethe ideal modecouplingtheoryhasbeenusedto describethe dynamicsbis
controlledby the reductionin the numberof directionsin con®guratiorspacethat allow a structuralchange.
We ®ndthat the fraction f 4, of the double-welldirectionsin con®guratiorspacedetermineghe value of the
diffusion constanD, therebyrelatinga propertyof the PESto a macroscopiadynamicquantity;speci®callyit
appearshat 2D is approximatelylinear in faw. Our ®ndingsare consistentwith the hypothesisthat, at the
mode coupling crossovertemperaturedynamical processedasedon the free explorationof con®guration
spacevanish,and processesequiring activationdominate.Hence,the reductionof the numberof directions
allowing free explorationof con®guratiorspaceis the mechanisnof diffusion implicitly implementedn the
ideal modecouplingtheory Additionally, we ®nda direct relationshipbetweenthe numberof basinssampled
by the systemandthe numberof free directions.In this picture,diffusion appeargo be relatedto geometrical

propertiesof the PES,andto be entropicin origin.
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I. INTRODUCTION

Computerstudiesof modelsof liquids have focusedon
the slowing down of dynamicsapproachinghe glasstransi-
tion @4 and on the role of the structureof the con®gura-
tional spacein the supercooledstates@+ # Weakly super
cooledstates,jn which the dynamicsare four or ®veorders
of magnitudeslower thanin normalliquid, have beenthor-
oughly investigatedvia computersimulations @+12# The
time dependencef severalcorrelationfunctions has been
evaluatedbvertime intervalsspanningmorethan®veorders
of magnitude.Thesecorrelationfunctions have beencom-
pared @3,14¢ without ®tting parameterswith theoretical
predictionsbasedon the idealmodecouplingtheory @5#for
supercoolediquids. The outcomeof thesestudiessuggests
thatthe ideal modecouplingtheoryadequatelydescribeghe
long-time dynamicsof weakly supercooledstates,evenin
network-formingliquids @0,12,16:18#4

Parallel studies on the potential enegy surface PES
probedby the liquid arealsocontributingto the understand-
ing of the origin of the slowingdown of thedynamicsThese
approachesave called attentionto various aspectsof the
PES,including the progressivedeepening®,1% of the po-
tential enegy of the local minima @0# visited by the liquid
on cooling and the progressivereductionof the numberof
local minima andtheir connectivity @1,22

One approachto understandinghe role of the PESis to
studythe connectivitybetweendifferentlocal con®gurations
usingthe instantaneousormalmode~NM! formalism @3#
Analogousto the standarchormalmodetheoryfor solids,an
instantaneousormal modeis the eigenfunctionof the Hes-
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sian,the matrix of the secondderivativeof the potentialen-
ergy, with respectto the molecularcoordinatesin a liquid
state the eigenvalue®f the Hessianmatrix aregenerallynot
all positive; the negativeeigenvaluesndicate a downward
curvatureof the PES,i.e., indicateunstabledirectionsfor the
system.Previousstudiesusing the INM formalism indicate
that the numberof directionswith negativecurvatureis re-
ducedon cooling, andthis hasmotivatedtheoriesthat relate
diffusionin liquids to the INM densityof states@4,25+ Low
temperaturdiquid dynamicsinvolve the superpositiorof fast
oscillations around quasiequilibrium positions ~ntrabasin
motion andthe rearrangemendf the systembetweenthese
positions-interbasinmotion @6# Thetypical oscillationpe-
riod is much shorterthan the typical time neededby the
systemto rearrangatself, i.e., the structuralrelaxationtime.
INM theoriesfor diffusion relatethe diffusion of the system
to activatedprocesse®f interbasinmotion in con®guration
space.In this respect,the imaginary modesare considered
representativeof the barriers crossed when the system
changedasins.

More recently it has becomeclear that the information
containedin the INM densityof statesrequiresfurther pro-
cessing before being unambiguouslyassociatedwith the
long-timedynamics@7 + 0# More speci®callyonemustse-
lecttheimaginarymodesthatareactuallyrelatedto diffusion
in con®gurationspace.This detailed analysishas recently
beencarriedout in a few systems@7# At the sametime, it
has beenfound that, in the appropriatetemperaturerange,
activatedprocesseare not requiredfor structuralrearrange-
ment,and diffusion canoccurvia explorationof low poten-
tial enegy pathways @,22,2% This mechanismbwhich

«2001 The AmericanPhysicalSociety



LA NAVE, SCALA, STARR, STANLEY, AND SCIORTINO

we refer to as “free explorationin con®guratiorspaceb
appearsto be the dominant mechanismfor diffusion in
weakly supercooledtateslt hasbeenhypothesized@9#that
the reductionin the numberof directionsallowing free ex-
ploration of con®guratiorspaceis the mechanisnof diffu-
sion implicitly implementedin the ideal mode-coupling
theory ~MCT! @5# The crossoverbetweenMCT dynamics
and activateddynamicsas T is decreasedoward the MCT
critical temperaturavould be relatedto the vanishingnum-
ber of directionsof free explorationon cooling. Indeed,a
recentcalculationof the location on the PES of the closest
saddle @1,3# suggeststhat, in the weakly supercooled
statesthe order @2# of the closestsaddledecreaseand ap-
proacheszero at the MCT critical temperatureln this pic-
ture, diffusionappeargo berelatedto geometricaproperties
of the PESandhence to be entropicin origin.

In this paper we reportan extensivelNM studyof arigid
model for water the SPC/E@3,34¢ We studyin detail the
supercooledregion of this potential for 30 state points ~6
different densitiesand 5 temperaturds A preliminary ac-
countof someof the presentresultshasbeenpublishedin
Ref. @2#

Thereasondor selectingthe SPC/Epotentialaretwofold.

4! The structural,dynamic, and thermodynamicproper
ties of the SPC/Emodel have beenstudiedin detail, and it
has beenfound that the model reproducesthe anomalous
pressureand temperaturedependencef severalquantities.
In the region studied,the SPC/Edynamicsfollows closely
the predictionsof MCT @2,16¢ Severalpropertiesof the
PES have beencalculated,and recentlythe (r, T) depen-
denceof the con®gurationa¢ntropyhasbeencalculatedand
shownto correlatewith the dynamicbehavior@#

+i! As observedexperimentally the SPC/Emodel hasa
maximumof the diffusion constantD upon compressingt
constantemperature®5# The maximain the diffusion con-
stantD canbe exploitedasa sensitiveprobefor testingpro-
posedrelationsbetweenthe changein topology of con®gu-
ration spaceandthe changen D, allowing identi®catiorof a
precisecorrespondenceetweendiffusion and PES proper
ties.

The paperis organizedasfollows. In Sec.ll, we review
the INM formalismthat we employ In Sec.lll we give the
computationaldetails. We presentthe resultsin Sec. IV,
which is divided into subsectiongletailingthe INM density
of statesandthe relationshipto dynamicproperties.n Sec.
V we presentthe conclusions.

Il. INSTANTANEOUS NORMAL MODES
A. De®nition of instantaneousnormal modes

Instantaneousiormal modesare de®nedn analogywith
the standarchormalmodeanalysisfor a solid. We considera
systemconsistingof N rigid moleculesat a given tempera-
ture T andvolume V. As coordinatedor all N moleculesin
the 6N-dimensional con®gurationalspacewe choosethe
centerof masspositionandthe anglesconnectedo rotations
aroundthethreeprincipalaxes-seeRef. @6#for a discussion
on the effects of differentcoordinatechoices$. The instanta-
neousnormal modesare the eigenvectorsobtainedby the
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diagonalizatiorof the Hessiarmatrix H the 6N3 6N matrix
of secondderivativesof the potentialenegy!, andthe eigen-
valuesof the Hessianare the squaresof the corresponding
frequenciesv associatedwith each mode. Typical liquid
con®gurationgre not local minima of the potentialenegy.
Thereforenot all the eigenvaluesof the matrix H will be
positive.

One caninterpreta negativeeigenvalueas the squareof
animaginaryfrequencyandcarry on the analysisin analogy
with whatis donefor solids. The INM can be classi®eds
stable the modescorrespondingto a real frequency and
unstable the modes correspondingto an imaginary fre-
quency. If the eigenmode®f the systemdo not decorrelate
with time, thenmodeswith real frequencywould correspond
to a stable oscillator cos{’t) while modeswith imaginary
frequencywould exhibit unstablegrowth cosh{/t).

The shorttime dynamicscan be rebuilt from the knowl-
edge of the INM's @7 The averagedensity of states
p (v)& can be decomposeds the sum of the density of
states’\p ;& for stablemodesand the density of statesp ,&
for unstablemodes,

6
"o~v!'& & av2 v, |j &l & A
i1 as1

By convention,the imaginary frequencymodesare repre-
sentedas negativefrequenciesso 2 v represent&animagi-
nary frequencymodeiv.

B. Instantaneousnormal modesand topology of the PES

In the very early INM studies@5# directionsin con®gu-
rational spacewith negativecurvaturewere associatedvith
diffusivedirections,i.e., with directionsalongwhich the mo-
tion of the systemproducesa structuralchangein real space;
in con®guratiorspacea structuralchangecorrespondgo a
changeof basinof the PES.The total fraction f, of unstable
directions~werethe subscriptu standsfor unstablé hasbeen
relatedto D @3# It wasrealizedthatevenfor con®gurations
with virtually no diffusion, e.g.,deeplyquenchedylassycon-
®gurationsor even crystalline states @8,30,3& a non-
negligible numberof imaginarymodesis still presentdem-
onstrating that anharmonicitiesin the potential enegy
contributeto the fraction of unstablemodes.Thusthe infor-
mation containedin the INM densityof statesrequiresfur-
ther processingreforebeing unambiguouslassociatedvith
the processof diffusion.

Many methodshavebeenproposedor separatinghe dif-
fusive modes-basinchangesn con®guratiorspacé from the
nondiffusive modes-no basinchanges @7,28,3& One ap-
proachis to classify the modesaccordingto their potential
enegy pro®le-Fig. 1!, and partition those unstablemodes
into two groups:~! imaginarynormalmodesdueto the an-
harmonicities~shouldermodes,with fraction fg) and i!
modesalongwhich the systemis crossinga saddle~double-
well modes,with fraction fy,) @8% In orderto distinguish
betweenshoulderand double-wellmodes,the potential en-
ergy pro®leis calculatedalong straightpaths,which follow
the direction of the eigenvectarBy calculatingthe enegy
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FIG. 1. Schematicsketchof the possibleshapesof the PES
associatedwith imaginary eigenvalues Unstable modesare ®rst
separatedinto shoulder and double-well modes. Furthermore,
double-wellmodesare split into diffusive ~true doublewell! and
nondiffusive ones~false doublewell!.

alongthis path,onecandistinguishdouble-wellmodesfrom

shouldermodes.Although the INM eigenfunctionschange
substantiallyin the processof calculatingthe enegy pro®le
@9 the eigenfunctionsusedto obtain the pro®leare not

recalculatecalongthe path.

In a denseliquid, any straightdirectionin con®guration
spacewill ultimately bring togetheran arbitrary pair of
neighboringatoms, and the repulsive force betweenthem
will causethe enegy pro®leto rise sharply with positive
curvature. This rise of the potential enegy -due to the
straightpathapproximatioth hastwo majorconsequencest!
some modeswhosetrue enegy pro®le-evaluatedalong a
curvilinear path, not a straightline! would suggestclassi®-
cationasa double-wellmodewill appealasashouldemode
®@ig. 2-al# +i! the enegy pro®leof double-wellmodesis
strongly affected by the straight path approximation @ig.
2-bl# Indeed, both the estimation of the location of the
minima and of the saddlebarrier heightsare underestimated
by the straightpath approximation@4#

Thesefeaturesbwhich apparentlyweakenthe INM ap-
proachand seemto questionwhetherthe INM analysiscan
predictcharacteristicstructuraltimesin the systembareac-
tually quite useful. In fact, they selectthe directionsalong
which the systemis very nearto a saddleand hencethe
directionsalong which a basinchangeis happeningThere-
fore, despitethe error inherentin the straightpath approxi-
mation, fg, is a meaningful quantity that correlateswell
with D.
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FIG. 2. Schematicsketch of the pitfalls associatedwith the
straight path approximation, on calculating the enegy pro®le.
Lower ~uppet sketchshowsthe casewhenthe location of the in-
stantaneouson®guratioris closeto far from! a saddlepoint. The
net effect of the straightpath approximationis an arti®cialrise of
the potentialenegy pro®lewith negativecurvature.

Consistentwith this pictureis the fact that the calculated
differencedE @eeFig. 2-bl#in the enegy betweenthe lo-
cationof the point andthe ridge is foundto be muchsmaller
than kgT ~where kg is the Boltzmannconstant Thus the
double-well classi®cationis able to sort out the diffusive
modesevenif no physicalmeaningcan be attributedto the
calculatedstraight-pathapproximationenegy pro®le.

Some researchers®0,4Gf have pointed out that even
modes classi®edas double-well can involve intrabasin
motionsbwhich, if true, rendersthe classi®catiorbasedon
the straight-pathenegy pro®le problematic.As shown in
Fig. 1, the steepestiescenipaths~startingfrom the two dis-
tinct one-dimensionaminima detectet may indeedlead to
the samelocal minima. To removesuch spuriousnondiffu-
sive contributionsto f4,, Gezelteret al. @0# suggestedhat
a minimization startingfrom the two apparentminima must
be performedfor eachdouble-wellmode.Accordingto this
method, the double-well mode under study is considered
diffusive only if the procedurdeadsto two differentminima.

An alternativeway of distinguishing diffusive double-
well modesfrom nondiffusive modesis basedon the local-
ization propertiesof the eigenvectorsBembenekand Laird
@8# have suggestedhat modesthat are nonlocalizedare
diffusive. To supporttheir hypothesis Bembenekand Laird
havestudiedthe participationratio p, of eachmodea @1#
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In studying the size dependencef p, in a soft-sphere
system,they have beenable to distinguishdiffusive nonlo-
calized modesfrom nondiffusive ones.In their model they
indicate that the estimatedliquid-glasstransitionis associ-
ated with the temperaturebelow which all the unstable
modes becomelocalized, and that the crossoverbetween
stable and unstablemodesoccursat a nonzeroimaginary
frequency Unfortunately due to a limitation in computa-
tional resourcesthey associatedhis localization transition
with falling out of equilibrium, ratherthanwith a crossover
in the dynamicsat the modecouplingtemperature@8# This
type of analysisis very time consuming,sinceit requires
®nite-sizestudiesthat are not feasiblefor the complicated
potentialandthelong trajectorieghatwe studyhere.For this
reasonwe have not appliedthe approachproposedin Ref.
@8t

Ill. COMPUTATIONAL DETAILS

We study a systemcomposecf 216 watermoleculesin-
teractingvia the SPC/E potential @3%# We analyzerecent
simulationsfor six densitiesbetween0.95 and 1.3 g/cn?®
and for each density ®ve temperatures@2# To achieve
equilibrationat the lowesttemperaturesand to generaten-
dependentcon®gurationswe extendedthe molecular dy-
namicsruns up to 200 ns, correspondingo 200 million in-
tegrationtime steps.Simulation details are found in Ref.
@24

For eachstatepoint, we extract100 equally spacedcon-
®gurationgrom which we calculateanddiagonalizethe Hes-
sian, usingthe centerof massandthe threeprincipaliinertia
momentavectors as molecular coordinates@2# We also
comparethe INM propertiesof the liquid with thoseof the
crystallinestateice | ;) at severaldensitiesDetailsof theice
simulationsare givenin Ref. @3#

We diagonalizethe Hessianmatrix using standard_APAK
routines@4# For eachunstable-modeigenvectarwe calcu-
latethe potentialenegy pro®lealongthe straighteigenvector
path and classify the imaginary modesinto two categories,
shouldermodesanddouble-wellmodes@8# The modesare
classi®edas shouldermodeswhen no secondminimum is
found within an enegy rangeof 10 kJ/mol.

IV. RESULTS
A. Instantaneousnormal mode DOS

Water is one of the ®rstliquids whoseINM density of
statesDOS hasbeencalculatedandfor which the T depen-
denceof f , hasbeenestimated®@2,29,4% We showthe INM
DOS for the SPC/Ewaterin Fig. 3. The stablemodesof the
INM DOS can be partitioned rather clearly into hindered
translations below 400 cn?!) and hindered rotations
~above 400 cn? !). The unstable modes are distributed
arounda single peakat' 2 60 cn?®. Figure 3! shows
alsothe DOS of the SPC/Eice |, wherethe translationabnd
rotationalbandsarebetterresolved We notethat, evenin the
crystalline states,the number of unstablemodes-i.e., the
areaunder the negative frequenciespeak is close to the
number of negativemodesin supercoolediquid states,a

PHYSICAL REVIEW E 64 036102

0.008 (a) ®T=210K
0.006 | Jim
0.004 AT=240K
| (b)
§ 0.006
.004
= 0.00
Z  0.002
@ p=0.95 gfcm’ §
0 O p=1.00 g/cm: L
& p=1.05 g/cm3
0.006 | © e,
> p=1.30 g/em’
0.004 |
0.002 1
0 P | | | A
=250 0 250 500 750 1000
0.003
. (d) or
- . fdw
8 0.002 ofr,
§ 0.001
]
0
=200 -150 -100 -50 0
o (cm™)

FIG. 3. Instantaneousormalmodesdensityof statesfor SPC/E
water &l T dependencet r5 1.0 g/cn®, b! r dependenceat
T5 210 K, ~! r dependencéor SPC/Eice |,,, and~d! densityof
statesof the unstablemodespartitionedinto shoulderand double-
well modesat T5 210 K andr5 1.0 g/cnr.

clearindicationthat thereare many negativemodesthat are
not relatedto the systemdiffusion. Partitioningthe DOS into
the contributionsof the shouldermodesand of the double-
well modes@hownin Fig. 3~d! for oneselectedstatepoint
we can identify a lower frequencycutof w i 30 cn??
below which the densityof statesof the double-wellmodes
vanishes.This ®ndingis consistentwith previousobserva-
tions @5,38that modeswith w « w .udo not contributeto
diffusive processesince they are mainly due to anharmo-
nicities of the PES.

Figures4-al and4-b! showthe T dependencef the aver
age frequenciesof the unstable modes”v & and of the
double-wellmodes’v 4,& In the studiedrangeof the phase
diagram, both averagefrequenciesincreasemonotonically
with T andwith r. Hence theanomalouglensitydependence
of D +.e., the fact that D showsa maximumin r) cannot
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FIG. 4. T dependencef the averagefrequency-a of the un-
stablemodes®v ,&and-b! of the double-wellmodes™v 4,&

arisefrom the r dependencef *v ,&and”?v 4,&

As discussedn Sec.ll B, theenegy pro®lereconstructed
along a straightpath is very different from the curvilinear
enegy pro®le.Moreoverthe potentialenegy differenceack
betweenthe enepgy of the instantaneougon®guratiorand
the enegy of the maximumrepresentsan upper limit esti-
mateof the enegy requiredto changebasinsalonga double-
well direction.Figure5 showsthe distributionP(gE), which
follows an approximatelyexponentialaw. Figure5 supports
the fact that the systemis alwayslocatedvery closeto the
ridge separatinglifferentbasins.The averagedE is' 1000
times smaller than the value of the thermal "uctuations
(3kgT" 5 kJ/mol). Henceenegy barriersdo not hinderthe
motion betweendifferentbasins;the systemdoesnot require
rareenepgy uctuationsto changebasins,andbasincrossing
is limited only by the numberof possibleescapalirectionsto
anotherbasin.

Motivatedby this, we considerthe behaviorof the f4,,, as
well asf, andfg,. The T andr dependencef the fractions
of imaginary-unstablé modesf,, double-wellmodesf,,,
and shouldermodesf, ~where f 5 4,1 fg) is shownin
Fig. 6. As alreadynotedin Refs. @9,38¢ fg,, fs,for water
while fy, fg, for alLennard-Jonesquid. A possibleexpla-
nationcould be relatedto the presencef hydrogenbondsin
water which are highly directionalinteractionsHence,even
a small rotation of one water moleculeresultsin displace-
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FIG. 5. Distribution of the potentialenegy differencecE @ee
Fig. 2-b'# betweenthe enegy of the startingcon®guratiorand the
enepy of the one-dimensionasaddle.

mentof the protonout from the oxygen-oxygerine, produc-
ing a breakingof the bondwith an associate@&negy lossof
severalkJ/mol and resulting in a dramaticincreaseof the
potentialenegy alongthe eigendirectionfollowed. This in-
creasein potentialwill resultin a shouldermode,as sche-
matically explainedin Sec.ll B. Sucha mechanisndoesnot
existin Lennard-JoneBquids, andso fewer shouldermodes
are expectedHenceit is possiblethat the distortion of the
hydrogenbondduring the evaluationof the one-dimensional
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FIG. 6. Density dependenceat temperaturesof T5 210 K
®lled s), T5220 K (h), T5230K ®lled L), T
5240 K (n), andT5 260 K ®lledn ) of severallNM proper
ties: ~a the fraction of imaginary-unstablé modesf , ~alsoshown
by the symbolv is f, for ice I, at T5 210 K), ! fraction of
double-wellmodesf ,,, ~! fraction of shouldemrmodesf,, ~d! the
diffusion coef®cientD @2% -€! product f v & and ! product

f deV dw&
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FIG. 7. Density dependencef the quantitiesS;[ (12 f,)fqw
and S,[ fqn/fg, evaluatedat T5 210 K. Also shownis the ratio
betweenthe MCT critical temperatureT,,cr and the Kauzmann
temperatureT i at which the extrapolatedcon®gurationaéntropy
appeardo vanish@7#

enegy pro®lemay contributeto the abundanceof shoulder
modes(fg, fgn) in water

On the basisof a comparisorbetweerthe INM' s of water
andthe onesof a Lennard-Jonefquid CS, it hasbeensug-
gested that the ratio [ (12 f,)/f4, and the ratio S,
[ fen/fgw arerelatedto the kinetic behaviorof the model
itself @8# It hasbeenspeculatedhatthevaluesof S; andS,
correlatewith the degreeof “strength’ ~n the strong-fragile
Angell nomenclature@6#! The strengthof a liquid canbeen
estimatedoy theratio betweenthe MCT critical temperature
Tucer andthe temperaturdl ¢ @7#at which the extrapolated
con®gurationakntropy appearsto vanish. Figure 7 shows
Si, Sy, and Tyct/Tk . We observea clear anticorrelation
betweenS; or S, and Tyc1/Tk, questioningthe previous
interpretationof S; andS, aspossibleindicatorsof strength
@B

B. Relationship to diffusion constant

We next discussthe relation betweenthe diffusion con-
stantD and the fraction of imaginarymodes.The T and r
dependencef D is shownin Fig. 6-d!. The closecorrelation
of the r dependenceof fy, and D is striking. At r
' 1.15 g/em®, f, and fg, show maxima, supportingthe
view thatf, andf 4, aregoodindicatorsof molecularmobil-
ity. Thereis only aweakmaximumin f,, at aslightly lower
density r' 1.05 g/cn®. Therefore we conclude that the
presenceof the maximumin f, is mainly dueto the contri-
bution of the double-well modes.We attribute the weak
maximumin fg, to the occasionakrroneousdenti®catiorof
double-well modes as shoulder modes. The presenceof
maximain both D and f4, at the samedensityis a strong
indication that f 4, is directly relatedto D, at leastfor the
SPC/Epotential.
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FIG. 8. Plots-al of logD versusf 4, and-b! of DY versusf 4.
The dashedine represents @ using Eq. -5!. The arrow indicates
the parameterff,. A log-log plot of D versusf, is alsoshown-€!.

In the early INM studies@8,4% D was relatedto the
productf v &-or to f gy, Vv 48 . Ther andT dependencef
thesetwo productsare shownin Figs. 6! and 6!. We
observethat both productshave maxima, but for a density
thatis shifted comparedo the D maximum.Hencethe data
very clearly suggestthat f 4, ~as opposedto fg,* 'V gu& Or
fue™v & correlatesbestwith the D data.

To supportthe hypothesighat f 4, is the relevantquantity
controllingthe dynamicsin therangeof T andr studied,we
showD versusf g, for all six isochoresstudied~Fig. 8!. We
note that D is a monotonic function of fg,, and that all
pointsfall on the samemastercurve,coveringseveralorders
of magnitudein D. For D* 0.33 10?° cn¥/s, the relation
betweenD and fg, is approximatelylinear, in agreement
with the ®ndingof Keyesand co-workersfor differentlig-
uids @3,24¢ The datain Fig. 8 showthat, surprisingly the
knowledgeof the fraction of double-welldirectionsf,, is
suf®cientto determinethe value of D, therebyrelating a
propertyof the PESto a macroscopidynamicquantity

Reference@2# showedfor SPC/Ethatthe T dependence
of D is well representedby the MCT prediction

D; ~T2 Tyer!?, 2!

wherethe diffusivity exponentg changeshetweenroughly
2.24 and 2.84 with density
We conjecturethat

D; ~fgu2 fol?. -3l

Figure 8 showsthat this conjectureis consistentwith our
calculationsof f4, and D. The best-®tvaluesof the ®tting
parametersare 5 0.006 0.001 and a5 2.06 0.2. Within
the numericalerror, D dependson r only via the r depen-
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FIG. 9. Log-log plot of f4,2 fo vS T/Tyct2 1. Thelines have
beenshifted for clarity. Consistencybetweenthe powerlaw ®t D
7 (T2 Tyer)? and D5 Dy(fgu2 fo)? requiresthe exponentm in
the ®gureto be equalto g/a.

denceof fy,. Thusthe functionalform of Eq. 3! supports
an apparentuniversalrelation connectingdynamicsin real
spaceto a propertyof the PES.

Equations-2! and -3! imply that exists a nonuniversal,
density-dependentowerlaw relation betweenf 4,2 fo and
T2 Tycer With slopeg(r)/a. As aconsistencycheckwe plot
faw2 fo and T2 Tyt and ®nd that, within the numerical
error, our calculationssupportthis expectationFig. 9!.

At ®rstsight, one might expectthat if D is relatedto a
property of the PES,thenD; (f4,)4, i.e., thatfy' 0. To
explain why f,b 0, we recall the discussionin Sec. Il B,
wherewe underlinehow a double-wellmode may not con-
tribute to diffusion.

To test whether the small fraction f, of double-well
modesis indeedrelatedto diffusivity, we havefurther scru-
tinized everydouble-wellmodefollowing the proceduresug-
gestedin Refs. @0,4% for eachdouble-wellmode,we per
form a potentialenegy minimization startingfrom the two
apparenbne-dimensionaminima andlocatethe two associ-
atedlocal potentialenegy-minimum con®gurationsthe in-
herent structures @0# The minimization is performed
implementinga conjugategradientalgorithmwith tolerance
107 1° kJ/mol @0# The distancebetweenthe two quenched
con®gurationss calculatedas

3N
ds A ~12 r212/-3N1,
i51

wherer? is theith atompositionin the inherentstructureb
andN is the numberof moleculesWe haveperformedmore
than 50000 minimizations.

Figure 10 showsa histogramof the distanced between
the two inherentstructurecon®gurationsbtainedby conju-

4!
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FIG. 10. Histogramof the distanced de®nedn Eq. 4! between
the two inherentstructurecon®gurationsassociatedvith the two
minima along one straightpath eigendirectionHered is measured
in nm.

gate gradientminimization. The histogramis characterized
by a bimodal distribution, as previouslyfound for Lennard-
Jonesliquids @74 with peaksseparatedby more than one
order of magnitude.We associatethe left peak, centered
aroundd5 0.004 nm, with nondiffusive directions.Indeed,
the differenceof the distanced betweenthesetwo con®gu-
rationsb5 1 and b5 2 is so smallthatif theydifferedby the
displacemenbf only onemolecule thenthe displacemenof
the centerof massof this onemoleculewouldbe’ 0.06 nm,
i.e., about 1/5 of the nearestneighbor distance,which is
about0.28 nm.

According to Refs. @0,4¢% we classify the modescon-
tributing to this left peakas “false' ~or nondiffusivel double-
well modes,and focus only on the remainingdirectionsin
con®guratiorspace,which we call “escape' directions.In
Fig. 11 we showa parametriglot of D2 versusthe fraction
of escapeadirectionsfqs.. The dependencef D on f.. ap-
pearsstill to be well representedby the samepowerlaw of
Eqg. 3!, wherethe ®tting parameterf is reducedby more

FIG. 11. Parametrigplot of D2 versusf ., the fraction of the
escapedirections.The arrow denotesf,' 0.003.
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FIG. 12. Densitydependencef fg,, fgs, andfqs at onese-
lectedtemperaturel'5 220 K.

thana factor of 2, but still is not zero.The small numberof
escapdalirectionsresultsin poorerstatisticsthanobtainedfor
the double-welldataFig. 8!. Following Ref. @7# we also
evaluatethe total numberof distinct basinswhich can be
reachecdhlongeveryescapalirection. The numberof distinct
basinsbnormalizedby 6N2 3 to be consistentwvith the nor
malizationof fy, andf.Dis calledf j.

The density dependencesf fg,, fgs, and fosc at one
selectedr areshownandcomparedvith f g, in Fig. 12. Note
thatall threecurveshavesimilar behavior The T dependence
of fyw, fese @aNdf g is shownin Fig. 13-al for onedensity
We linearly extrapolateall the quantitiesto zeroto calculate
the locus where f,5 0, the locus where f,.5 0, and the
locus f 45 0. The last two loci coincide within the errors.
We note that for most densitiesand temperaturestudied,
faw? fesd 0.004% 0.0025 @ig. 13-b!# accountingwithin
the numericalerror for the nonzerovalue of f,.

FIG. 13. ~a T dependencef thefractionof double-well,escape
anddistinctdirectionsf 4, fese, andf g density:r5 1.05 g/cne.
B! 4,2 fescfor all densitiesasafunctionof T(s  r5 0.95g/cn?,
h r51.0g/cm® L r51.05g/cn’; n r51.1g/enm®; v r51.2
glen?; 1 r5 1.3 glent).
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FIG. 14. Locusfy,5 0 andf.s5 0 in the T,r planeandthe r
dependencef the ideal MCT critical temperaturepreviously cal-
culatedfor the samepotential T\, @24

We nextcomparen Fig. 14 thelocusf..5 0 inthe(T,r)
planewith the r dependencef Tycr @2% We also report
the T at which the fraction f, of double-wellmodesvan-
ishes.We ®ndthatthelocusof f..5 0 nearlycoincideswith
the Tyt line, while the f 4,5 0 locustracksthe Tyt line,
but it is shiftedto lower temperature.

The coincidenceof fos5 0 with Tyt is particularlyrel-
evant.First of all, it con®rmghatthe quantity f ... is a good
measureof the diffusive modes,supportingthe validity of
our mode classi®cationSecond,and perhapsmore impor-
tant, this coincidencestrengthensthe hypothesisthat the
ideal MCT critical temperaturds the temperatureat which
free explorationof con®guratiorspaceis not possibleany
longer This statements consistenwith the generalconsen-
susthat the dynamicalprocessesboveandbelow Tyt are
different. The reductionof mobility on cooling appeargo be
relatedto the propertiesof the PES.The systemmobility is
reducedbecausehe numberof directionsthat connectdif-
ferentlocal minima and allow the systemto freely explore
the con®guratiorspaceis decreasing®1# Hence,the ob-
servedreducedmobility is “entropic' in origin. Sincein the
studied(r,T) rangeMCT providesa gooddescriptionof the
dynamics,this implies that MCT is ableto describethe en-
tropic slowing down of the dynamicsassociatedwith the
vanishingof f .

In arecentwork @4 we investigatedhe relationbetween
diffusionandcon®gurationat¢ntropy In theformalismintro-
ducedby Stillinger and Weber @0# the con®gurationaén-
tropy is a measureof the logarithmof the numberof differ-
ent basinsV (T,r) in con®guratiorspacesampledby the
systemin equilibrium.We havefoundthatthe slowingdown
of the dynamicscorrelateswith the decreaseof con®gura-
tional entropy

The fact thatboth V (T,r) andthe numberof free direc-
tions arestronglytied to diffusion suggestshe possibility of
a direct relation betweenthe two quantities.The simplest
possibility is that eachof the sampledbasinsis connectedo
all otherV(T,r) basins,i.e., o is proportionalto V or
log(fesd; Scont- This possibility is consistentwith our data
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FIG. 15. Log-log plot of fg, vsV for all studieddensities@5#

~Fig. 15. Note that the samerelation hasbeenrecentlyde-
rived in theframeworkof arandomenegy model-REM! for
supercoolediquids @2#

V. CONCLUSIONS

The calculationgpresentedhereprovideevidencethattwo
differentdynamicalmechanismsffect the slowing down of
the dynamicsin supercooledstates.

! In theweakly supercooledegion,the slowing down of
the dynamicsarisesfrom the progressivereductionin the
numberof directionswherefree explorationof con®guration
spaceis possible.The systemis alwayslocatedcloseto a
multidimensionalridge betweendifferent basins, and the
time scaleof the long-time dynamicsis setby the time re-
guiredto probeone of the free directions.In this rangeof T,
thediffusionis notlimited by the presencef enepgy barriers
that mustbe overcomeby thermally activatedprocessesyut

PHYSICAL REVIEW E 64 036102

is controlledby the limited numberof directionsleadingto
differentbasinsalongalmostconstantpotentialenegy paths
@1# As shownin Fig. 8, independenfrom the density the
numberof free directionscompletelydetermineghe value of
D.

~i! Closeto the MCT critical temperaturethe system
startsto sampleregionsof con®guratiorspacethat haveno
freedirections.The changen the dynamicsaboveandbelow
Tuer canbeviewedasa changen the propertiesof the PES
sampledin equilibrium, from con®gurationglwayscloseto
a ridge of progressivelylower dimensionto con®gurations
far from anyridge @9,2# Below Ty,c7, the systemmustgo
closeto the ridge and then selectthe right direction. The
searchfor the ridge below Tyct, i.€., the searchfor a rare
event, can be probably describedas an activatedprocess.
More work is requiredin this direction @3# Currentcom-
puter facilities are beginningto explore the region below
Tuer, anddetailedinformationon the dynamics,andon the
propertiesof the PESsampledbelow Tyt in simplemodels,
will be hopefully available.

Finally, the relation betweenconnectivityand numberof
local minimain the PES~Fig. 15/Bwhich canbe calculated
in theoreticalmodelsasrecentlydonefor the randomenegy
model -REM! @2Pmay help build on the existing ideas
bridging thermodynamicsand dynamics@4# 1t will be im-
portantto verify if the samerelationholdsalsofor different
modelsof liquids and,in particular to study the validity of
this relationaboveandbelow Tyct.
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