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We studythe potentialenergy surface~PES! sampledby a liquid modeledvia the widely studiedextended
simple point charge ~SPC/E! model for water. We characterizethe curvatureof the PESby calculatingthe
instantaneousnormal mode~INM! spectrumfor a wide rangeof densitiesand temperatures.We discussthe
informationcontainedin the INM densityof states,which requiresadditionalprocessingto beunambiguously
associatedwith the long-timedynamics.For theSPC/Emodel,we ®ndthat theslowingdownof thedynamics
in thesupercooledregionÐwherethe idealmodecouplingtheoryhasbeenusedto describethedynamicsÐis
controlledby the reductionin the numberof directionsin con®gurationspacethat allow a structuralchange.
We ®ndthat the fraction f dw of the double-welldirectionsin con®gurationspacedeterminesthe valueof the
diffusionconstantD, therebyrelatinga propertyof thePESto a macroscopicdynamicquantity;speci®cally, it
appearsthat AD is approximatelylinear in f dw . Our ®ndingsare consistentwith the hypothesisthat, at the
mode coupling crossovertemperature,dynamicalprocessesbasedon the free explorationof con®guration
spacevanish,andprocessesrequiringactivationdominate.Hence,the reductionof the numberof directions
allowing free explorationof con®gurationspaceis the mechanismof diffusion implicitly implementedin the
ideal modecouplingtheory. Additionally, we ®nda direct relationshipbetweenthe numberof basinssampled
by thesystemandthenumberof freedirections.In this picture,diffusionappearsto be relatedto geometrical
propertiesof the PES,andto be entropicin origin.
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I. INTRODUCTION

Computerstudiesof modelsof liquids have focusedon
the slowing down of dynamicsapproachingthe glasstransi-
tion @1#, and on the role of the structureof the con®gura-
tional spacein the supercooledstates@2±7#. Weakly super-
cooledstates,in which the dynamicsare four or ®veorders
of magnitudeslower than in normal liquid, havebeenthor-
oughly investigatedvia computersimulations@8±12#. The
time dependenceof severalcorrelation functions has been
evaluatedover time intervalsspanningmorethan®veorders
of magnitude.Thesecorrelationfunctions have beencom-
pared @13,14#, without ®tting parameters,with theoretical
predictionsbasedon the idealmodecouplingtheory@15#for
supercooledliquids. The outcomeof thesestudiessuggests
that the idealmodecouplingtheoryadequatelydescribesthe
long-time dynamicsof weakly supercooledstates,even in
network-formingliquids @10,12,16±18#.

Parallel studies on the potential energy surface ~PES!
probedby the liquid arealsocontributingto the understand-
ing of theorigin of theslowingdownof thedynamics.These
approacheshave called attention to various aspectsof the
PES,including the progressivedeepening@3,19# of the po-
tential energy of the local minima @20#visited by the liquid
on cooling and the progressivereductionof the numberof
local minima andtheir connectivity@21,22#.

Oneapproachto understandingthe role of the PESis to
studythe connectivitybetweendifferentlocal con®gurations
usingthe instantaneousnormalmode~INM! formalism@23#.
Analogousto thestandardnormalmodetheoryfor solids,an
instantaneousnormalmodeis the eigenfunctionof the Hes-

sian,the matrix of the secondderivativeof the potentialen-
ergy, with respectto the molecularcoordinates.In a liquid
state,theeigenvaluesof theHessianmatrix aregenerallynot
all positive; the negativeeigenvaluesindicate a downward
curvatureof thePES,i.e., indicateunstabledirectionsfor the
system.Previousstudiesusing the INM formalism indicate
that the numberof directionswith negativecurvatureis re-
ducedon cooling,andthis hasmotivatedtheoriesthat relate
diffusionin liquids to theINM densityof states@24,25#. Low
temperatureliquid dynamicsinvolve thesuperpositionof fast
oscillations around quasiequilibrium positions ~intrabasin
motion! and the rearrangementof the systembetweenthese
positions~interbasinmotion! @26#. Thetypical oscillationpe-
riod is much shorter than the typical time neededby the
systemto rearrangeitself, i.e., the structuralrelaxationtime.
INM theoriesfor diffusion relatethe diffusion of the system
to activatedprocessesof interbasinmotion in con®guration
space.In this respect,the imaginarymodesare considered
representativeof the barriers crossed when the system
changesbasins.

More recently, it has becomeclear that the information
containedin the INM densityof statesrequiresfurther pro-
cessing before being unambiguouslyassociatedwith the
long-timedynamics@27±30#. More speci®cally, onemustse-
lect theimaginarymodesthatareactuallyrelatedto diffusion
in con®gurationspace.This detailedanalysishas recently
beencarriedout in a few systems@27#. At the sametime, it
has beenfound that, in the appropriatetemperaturerange,
activatedprocessesarenot requiredfor structuralrearrange-
ment,anddiffusion canoccurvia explorationof low poten-
tial energy pathways @5,22,29#. This mechanismÐwhich
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we refer to as `̀ free explorationin con®gurationspace''Ð
appearsto be the dominant mechanismfor diffusion in
weaklysupercooledstates.It hasbeenhypothesized@29#that
the reductionin the numberof directionsallowing free ex-
ploration of con®gurationspaceis the mechanismof diffu-
sion implicitly implemented in the ideal mode-coupling
theory ~MCT! @15#. The crossoverbetweenMCT dynamics
and activateddynamicsas T is decreasedtoward the MCT
critical temperaturewould be relatedto the vanishingnum-
ber of directionsof free explorationon cooling. Indeed,a
recentcalculationof the location on the PESof the closest
saddle @21,31# suggeststhat, in the weakly supercooled
states,the order@32#of the closestsaddledecreasesandap-
proacheszero at the MCT critical temperature.In this pic-
ture,diffusionappearsto berelatedto geometricalproperties
of the PESandhence,to be entropicin origin.

In this paper, we reportanextensiveINM studyof a rigid
model for water, the SPC/E@33,34#. We study in detail the
supercooledregion of this potential for 30 statepoints ~6
different densitiesand 5 temperatures!. A preliminary ac-
count of someof the presentresultshasbeenpublishedin
Ref. @22#.

Thereasonsfor selectingtheSPC/Epotentialaretwofold.
~i! The structural,dynamic,and thermodynamicproper-

ties of the SPC/Emodel havebeenstudiedin detail, and it
has been found that the model reproducesthe anomalous
pressureand temperaturedependenceof severalquantities.
In the region studied,the SPC/Edynamicsfollows closely
the predictionsof MCT @12,16#. Severalpropertiesof the
PEShavebeencalculated,and recently the (r , T) depen-
denceof thecon®gurationalentropyhasbeencalculated,and
shownto correlatewith the dynamicbehavior@6#.

~ii ! As observedexperimentally, the SPC/Emodel hasa
maximumof the diffusion constantD upon compressingat
constanttemperature@35#. Themaximain thediffusioncon-
stantD canbe exploitedasa sensitiveprobefor testingpro-
posedrelationsbetweenthe changein topology of con®gu-
rationspaceandthechangein D, allowing identi®cationof a
precisecorrespondencebetweendiffusion and PESproper-
ties.

The paperis organizedas follows. In Sec.II, we review
the INM formalismthat we employ. In Sec.III we give the
computationaldetails. We presentthe results in Sec. IV,
which is divided into subsectionsdetailing the INM density
of statesand the relationshipto dynamicproperties.In Sec.
V we presentthe conclusions.

II. INSTANTANEOUS NORMAL MODES

A. De®nition of instantaneousnormal modes

Instantaneousnormal modesare de®nedin analogywith
thestandardnormalmodeanalysisfor a solid.We considera
systemconsistingof N rigid moleculesat a given tempera-
ture T andvolumeV. As coordinatesfor all N moleculesin
the 6N-dimensionalcon®gurationalspacewe choosethe
centerof masspositionandtheanglesconnectedto rotations
aroundthethreeprincipalaxes~seeRef.@36#for a discussion
on the effectsof differentcoordinatechoices!. The instanta-
neousnormal modesare the eigenvectorsobtainedby the

diagonalizationof theHessianmatrix H ~the6N3 6N matrix
of secondderivativesof thepotentialenergy!, andtheeigen-
valuesof the Hessianare the squaresof the corresponding
frequenciesv associatedwith each mode. Typical liquid
con®gurationsare not local minima of the potentialenergy.
Thereforenot all the eigenvaluesof the matrix H will be
positive.

One can interpreta negativeeigenvalueas the squareof
an imaginaryfrequency, andcarryon theanalysisin analogy
with what is donefor solids.The INM can be classi®edas
stable ~the modescorrespondingto a real frequency! and
unstable ~the modes correspondingto an imaginary fre-
quency!. If the eigenmodesof the systemdo not decorrelate
with time, thenmodeswith real frequencywould correspond
to a stableoscillator cos(v t) while modeswith imaginary
frequencywould exhibit unstablegrowth cosh(v t).

The short time dynamicscan be rebuilt from the knowl-
edge of the INM' s @37#. The averagedensity of states
^p (v )& can be decomposedas the sum of the density of
states^p s& for stablemodesand the densityof states^p u&
for unstablemodes,

^p ~v !&5 K(
i 5 1

N

(
a5 1

6

d~v 2 v i a !L5 ^p s&1 ^p u&. ~1!

By convention,the imaginary frequencymodesare repre-
sentedasnegativefrequencies,so 2 v representsan imagi-
nary frequencymodei v .

B. Instantaneousnormal modesand topology of the PES

In the very early INM studies@25#, directionsin con®gu-
rational spacewith negativecurvaturewere associatedwith
diffusivedirections,i.e.,with directionsalongwhich themo-
tion of thesystemproducesa structuralchangein realspace;
in con®gurationspace,a structuralchangecorrespondsto a
changeof basinof thePES.The total fraction f u of unstable
directions~werethesubscriptu standsfor unstable! hasbeen
relatedto D @23#. It wasrealizedthatevenfor con®gurations
with virtually no diffusion,e.g.,deeplyquenchedglassycon-
®gurationsor even crystalline states @28,30,38#, a non-
negligiblenumberof imaginarymodesis still present,dem-
onstrating that anharmonicities in the potential energy
contributeto the fraction of unstablemodes.Thusthe infor-
mation containedin the INM densityof statesrequiresfur-
ther processingbeforebeingunambiguouslyassociatedwith
the processof diffusion.

Many methodshavebeenproposedfor separatingthedif-
fusivemodes~basinchangesin con®gurationspace! from the
nondiffusive modes~no basinchanges! @27,28,38#. One ap-
proachis to classify the modesaccordingto their potential
energy pro®le~Fig. 1!, and partition thoseunstablemodes
into two groups:~i! imaginarynormalmodesdueto the an-
harmonicities~shouldermodes,with fraction f sh) and ~ii !
modesalongwhich the systemis crossinga saddle~double-
well modes,with fraction f dw) @28#. In order to distinguish
betweenshoulderand double-wellmodes,the potentialen-
ergy pro®leis calculatedalongstraightpaths,which follow
the direction of the eigenvector. By calculatingthe energy
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alongthis path,onecandistinguishdouble-wellmodesfrom
shouldermodes.Although the INM eigenfunctionschange
substantiallyin the processof calculatingthe energy pro®le
@39#, the eigenfunctionsused to obtain the pro®leare not
recalculatedalongthe path.

In a denseliquid, any straightdirection in con®guration
spacewill ultimately bring together an arbitrary pair of
neighboringatoms,and the repulsive force betweenthem
will causethe energy pro®le to rise sharply with positive
curvature. This rise of the potential energy ~due to the
straightpathapproximation! hastwo majorconsequences:~i!
somemodeswhosetrue energy pro®le~evaluatedalong a
curvilinear path, not a straight line! would suggestclassi®-
cationasa double-wellmodewill appearasa shouldermode
@Fig. 2~a!#, ~ii ! the energy pro®leof double-well modesis
strongly affected by the straight path approximation@Fig.
2~b!#. Indeed, both the estimation of the location of the
minima andof the saddlebarrierheightsareunderestimated
by the straightpathapproximation@24#.

ThesefeaturesÐwhich apparentlyweakenthe INM ap-
proachandseemto questionwhetherthe INM analysiscan
predictcharacteristicstructuraltimesin the systemÐareac-
tually quite useful. In fact, they selectthe directionsalong
which the systemis very near to a saddleand hencethe
directionsalongwhich a basinchangeis happening.There-
fore, despitethe error inherentin the straightpath approxi-
mation, f dw is a meaningful quantity that correlateswell
with D.

Consistentwith this picture is the fact that the calculated
differencedE @seeFig. 2~b!# in the energy betweenthe lo-
cationof thepoint andtheridge is foundto bemuchsmaller
than kBT ~where kB is the Boltzmannconstant!. Thus the
double-well classi®cationis able to sort out the diffusive
modesevenif no physicalmeaningcanbe attributedto the
calculatedstraight-pathapproximationenergy pro®le.

Some researchers@30,40# have pointed out that even
modes classi®edas double-well can involve intrabasin
motionsÐwhich, if true, rendersthe classi®cationbasedon
the straight-pathenergy pro®le problematic.As shown in
Fig. 1, the steepestdescentpaths~startingfrom the two dis-
tinct one-dimensionalminima detected! may indeedlead to
the samelocal minima. To removesuchspuriousnondiffu-
sive contributionsto f dw , Gezelteret al. @30#suggestedthat
a minimizationstartingfrom the two apparentminima must
be performedfor eachdouble-wellmode.According to this
method, the double-well mode under study is considered
diffusiveonly if theprocedureleadsto two differentminima.

An alternative way of distinguishing diffusive double-
well modesfrom nondiffusive modesis basedon the local-
ization propertiesof the eigenvectors.Bembenekand Laird
@28# have suggestedthat modesthat are nonlocalizedare
diffusive. To supporttheir hypothesis,Bembenekand Laird
havestudiedthe participationratio pa of eachmodea @41#.

FIG. 1. Schematicsketch of the possibleshapesof the PES
associatedwith imaginary eigenvalues.Unstablemodesare ®rst
separatedinto shoulder and double-well modes. Furthermore,
double-well modesare split into diffusive ~true double well! and
nondiffusive ones~falsedoublewell!.

FIG. 2. Schematicsketch of the pitfalls associatedwith the
straight path approximation, on calculating the energy pro®le.
Lower ~upper! sketchshowsthe casewhen the location of the in-
stantaneouscon®gurationis closeto ~far from! a saddlepoint. The
net effect of the straightpath approximationis an arti®cialrise of
the potentialenergy pro®lewith negativecurvature.
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In studying the size dependenceof pa in a soft-sphere
system,they havebeenable to distinguishdiffusive nonlo-
calizedmodesfrom nondiffusive ones.In their model they
indicate that the estimatedliquid-glasstransition is associ-
ated with the temperaturebelow which all the unstable
modesbecomelocalized, and that the crossoverbetween
stable and unstablemodesoccurs at a nonzeroimaginary
frequency. Unfortunately, due to a limitation in computa-
tional resources,they associatedthis localization transition
with falling out of equilibrium, ratherthanwith a crossover
in thedynamicsat themodecouplingtemperature@28#. This
type of analysisis very time consuming,since it requires
®nite-sizestudiesthat are not feasiblefor the complicated
potentialandthelong trajectoriesthatwe studyhere.For this
reasonwe havenot applied the approachproposedin Ref.
@28#.

III. COMPUTATIONAL DETAILS

We studya systemcomposedof 216 watermoleculesin-
teractingvia the SPC/E potential @33#. We analyzerecent
simulationsfor six densitiesbetween0.95 and 1.3 g/cm3

and for each density ®ve temperatures@12#. To achieve
equilibrationat the lowest temperaturesand to generatein-
dependentcon®gurations,we extendedthe molecular dy-
namicsruns up to 200 ns, correspondingto 200 million in-
tegration time steps.Simulation details are found in Ref.
@12#.

For eachstatepoint, we extract100 equallyspacedcon-
®gurationsfrom which we calculateanddiagonalizetheHes-
sian,usingthe centerof massandthe threeprincipal inertia
momentavectors as molecular coordinates@42#. We also
comparethe INM propertiesof the liquid with thoseof the
crystallinestate~ice I h) at severaldensities.Detailsof theice
simulationsaregiven in Ref. @43#.

We diagonalizethe Hessianmatrix usingstandardLAPAK
routines@44#. For eachunstable-modeeigenvector, we calcu-
latethepotentialenergy pro®lealongthestraighteigenvector
path and classify the imaginarymodesinto two categories,
shouldermodes,anddouble-wellmodes@28#. Themodesare
classi®edas shouldermodeswhen no secondminimum is
found within an energy rangeof 10 kJ/mol.

IV. RESULTS

A. Instantaneousnormal mode DOS

Water is one of the ®rst liquids whoseINM density of
states~DOS! hasbeencalculatedandfor which theT depen-
denceof f u hasbeenestimated@22,29,45#. We showtheINM
DOS for theSPC/Ewaterin Fig. 3. Thestablemodesof the
INM DOS can be partitioned rather clearly into hindered
translations ~below 400 cm2 1) and hindered rotations
~above 400 cm2 1). The unstable modes are distributed
arounda single peak at ' 2 60 cm2 1. Figure 3~c! shows
alsotheDOSof theSPC/Eice I h wherethetranslationaland
rotationalbandsarebetterresolved.We notethat,evenin the
crystalline states,the number of unstablemodes~i.e., the
area under the negativefrequenciespeak! is close to the
number of negativemodesin supercooledliquid states,a

clear indicationthat therearemanynegativemodesthat are
not relatedto thesystemdiffusion.PartitioningtheDOSinto
the contributionsof the shouldermodesand of the double-
well modes@shownin Fig. 3~d! for oneselectedstatepoint#,
we can identify a lower frequencycutoff uv cu' 30 cm2 1

below which the densityof statesof the double-wellmodes
vanishes.This ®ndingis consistentwith previousobserva-
tions @25,38#that modeswith uv u< uv cudo not contributeto
diffusive processessince they are mainly due to anharmo-
nicities of the PES.

Figures4~a! and4~b! showtheT dependenceof theaver-
age frequenciesof the unstablemodes ^v u& and of the
double-wellmodes^v dw&. In the studiedrangeof the phase
diagram, both averagefrequenciesincreasemonotonically
with T andwith r . Hence,theanomalousdensitydependence
of D ~i.e., the fact that D showsa maximumin r ) cannot

FIG. 3. Instantaneousnormalmodesdensityof statesfor SPC/E
water. ~a! T dependenceat r 5 1.0 g/cm3, ~b! r dependenceat
T5 210 K, ~c! r dependencefor SPC/Eice I h , and~d! densityof
statesof the unstablemodespartitionedinto shoulderand double-
well modesat T5 210 K andr 5 1.0 g/cm3.

LA NAVE, SCALA, STARR, STANLEY, AND SCIORTINO PHYSICAL REVIEW E 64 036102

036102-4



arisefrom the r dependenceof ^v u&and^v dw&.
As discussedin Sec.II B, theenergy pro®lereconstructed

along a straight path is very different from the curvilinear
energy pro®le.Moreoverthe potentialenergy differencedE
betweenthe energy of the instantaneouscon®gurationand
the energy of the maximumrepresentsan upper limit esti-
mateof theenergy requiredto changebasinsalonga double-
well direction.Figure5 showsthedistributionP(dE), which
follows anapproximatelyexponentiallaw. Figure5 supports
the fact that the systemis alwayslocatedvery closeto the
ridge separatingdifferentbasins.The averagedE is ' 1000
times smaller than the value of the thermal ¯uctuations
(3kBT' 5 kJ/mol). Hence,energy barriersdo not hinderthe
motionbetweendifferentbasins;thesystemdoesnot require
rareenergy ¯uctuationsto changebasins,andbasincrossing
is limited only by thenumberof possibleescapedirectionsto
anotherbasin.

Motivatedby this,we considerthebehaviorof the f dw , as
well as f u and f sh. The T andr dependenceof the fractions
of imaginary~unstable! modesf u , double-wellmodesf dw ,
and shouldermodesf sh ~where f u5 f dw1 f sh) is shown in
Fig. 6. As alreadynotedin Refs.@29,38#, f dw, f sh for water,
while f dw' f sh for a Lennard-Jonesliquid. A possibleexpla-
nationcouldberelatedto thepresenceof hydrogenbondsin
water, which arehighly directionalinteractions.Hence,even
a small rotation of one water moleculeresultsin displace-

mentof theprotonout from theoxygen-oxygenline, produc-
ing a breakingof the bondwith an associatedenergy lossof
severalkJ/mol and resulting in a dramatic increaseof the
potentialenergy along the eigendirectionfollowed. This in-
creasein potentialwill result in a shouldermode,as sche-
maticallyexplainedin Sec.II B. Sucha mechanismdoesnot
exist in Lennard-Jonesliquids, andso fewershouldermodes
are expected.Henceit is possiblethat the distortion of the
hydrogenbondduring theevaluationof theone-dimensional

FIG. 4. T dependenceof the averagefrequency~a! of the un-
stablemodes^v u&and~b! of the double-wellmodes^v dw&.

FIG. 5. Distribution of the potentialenergy differencedE @see
Fig. 2~b!# betweenthe energy of the startingcon®gurationandthe
energy of the one-dimensionalsaddle.

FIG. 6. Density dependenceat temperaturesof T5 210 K
~®lled s ), T5 220 K (h ), T5 230 K ~®lled L ), T
5 240 K (n ), and T5 260 K ~®lled n ) of severalINM proper-
ties: ~a! the fraction of imaginary~unstable! modesf u ~alsoshown
by the symbol v is f u for ice I h at T5 210 K) , ~b! fraction of
double-wellmodesf dw , ~c! fractionof shouldermodesf sh, ~d! the
diffusion coef®cientD @12#, ~e! product f u^v u&, and ~f! product
f dw^v dw&.
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energy pro®lemay contributeto the abundanceof shoulder
modes( f sh. f dw) in water.

On thebasisof a comparisonbetweentheINM' s of water
andthe onesof a Lennard-Jonesliquid CS2 it hasbeensug-
gested that the ratio S1[ (12 f u)/ f dw and the ratio S2
[ f sh/ f dw are relatedto the kinetic behaviorof the model
itself @38#. It hasbeenspeculatedthatthevaluesof S1 andS2
correlatewith the degreeof `̀ strength'' ~in the strong-fragile
Angell nomenclature@46#!. Thestrengthof a liquid canbeen
estimatedby the ratio betweenthe MCT critical temperature
TMCT andthe temperatureTK @47#at which the extrapolated
con®gurationalentropy appearsto vanish. Figure 7 shows
S1 , S2, and TMCT /TK . We observea clear anticorrelation
betweenS1 or S2 and TMCT /TK , questioningthe previous
interpretationof S1 andS2 aspossibleindicatorsof strength
@38#.

B. Relationship to diffusion constant

We next discussthe relation betweenthe diffusion con-
stantD and the fraction of imaginarymodes.The T and r
dependenceof D is shownin Fig. 6~d!. Theclosecorrelation
of the r dependenceof f dw and D is striking. At r
' 1.15 g/cm3, f u and f dw show maxima, supporting the
view that f u andf dw aregoodindicatorsof molecularmobil-
ity. Thereis only a weakmaximumin f sh, at a slightly lower
density r ' 1.05 g/cm3. Therefore we conclude that the
presenceof the maximumin f u is mainly dueto the contri-
bution of the double-well modes.We attribute the weak
maximumin f sh to theoccasionalerroneousidenti®cationof
double-well modes as shoulder modes. The presenceof
maxima in both D and f dw at the samedensity is a strong
indication that f dw is directly relatedto D, at least for the
SPC/Epotential.

In the early INM studies@48,49#, D was relatedto the
productf u^v u&~or to f dw^v dw&). Ther andT dependenceof
thesetwo productsare shown in Figs. 6~e! and 6~f!. We
observethat both productshavemaxima,but for a density
that is shiftedcomparedto the D maximum.Hencethe data
very clearly suggestthat f dw ~as opposedto f dw•^v dw& or
f u•^v u&) correlatesbestwith the D data.

To supportthehypothesisthat f dw is the relevantquantity
controlling thedynamicsin therangeof T andr studied,we
showD versusf dw for all six isochoresstudied~Fig. 8!. We
note that D is a monotonic function of f dw , and that all
pointsfall on thesamemastercurve,coveringseveralorders
of magnitudein D. For D* 0.33 102 6 cm2/s, the relation
betweenD and f dw is approximatelylinear, in agreement
with the ®ndingof Keyesand co-workersfor different liq-
uids @23,24#. The datain Fig. 8 show that, surprisingly, the
knowledgeof the fraction of double-welldirectionsf dw , is
suf®cientto determinethe value of D, thereby relating a
propertyof the PESto a macroscopicdynamicquantity.

Reference@12#showedfor SPC/Ethat the T dependence
of D is well representedby the MCT prediction

D; ~T2 TMCT! g, ~2!

where the diffusivity exponentg changesbetweenroughly
2.24and2.84with density.

We conjecturethat

D; ~f dw2 f 0! a . ~3!

Figure 8 showsthat this conjectureis consistentwith our
calculationsof f dw and D. The best-®tvaluesof the ®tting
parametersare f 05 0.0076 0.001 and a5 2.06 0.2. Within
the numericalerror, D dependson r only via the r depen-

FIG. 7. Density dependenceof the quantitiesS1[ (12 f u) f dw

and S2[ f sh/ f dw evaluatedat T5 210 K. Also shown is the ratio
betweenthe MCT critical temperatureTMCT and the Kauzmann
temperatureTK at which the extrapolatedcon®gurationalentropy
appearsto vanish@47#.

FIG. 8. Plots~a! of log D versusf dw and~b! of D1/2 versusf dw .
The dashedline representsa ®t usingEq. ~5!. The arrow indicates
the parameterf 0. A log-log plot of D versusf dw is alsoshown~c!.
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denceof f dw . Thus the functional form of Eq. ~3! supports
an apparentuniversalrelation connectingdynamicsin real
spaceto a propertyof the PES.

Equations~2! and ~3! imply that exists a nonuniversal,
density-dependentpower-law relation betweenf dw2 f 0 and
T2 TMCT with slopeg(r )/a . As a consistencycheckwe plot
f dw2 f 0 and T2 TMCT and ®nd that, within the numerical
error, our calculationssupportthis expectation~Fig. 9!.

At ®rstsight, one might expectthat if D is relatedto a
property of the PES, then D; ( f dw)a , i.e., that f 0' 0. To
explain why f 0Þ 0, we recall the discussionin Sec. II B,
wherewe underlinehow a double-wellmodemay not con-
tribute to diffusion.

To test whether the small fraction f 0 of double-well
modesis indeedrelatedto diffusivity, we havefurther scru-
tinizedeverydouble-wellmodefollowing theproceduresug-
gestedin Refs.@30,40#; for eachdouble-wellmode,we per-
form a potentialenergy minimization startingfrom the two
apparentone-dimensionalminimaandlocatethe two associ-
atedlocal potentialenergy-minimum con®gurations~the in-
herent structures! @20#. The minimization is performed
implementinga conjugategradientalgorithmwith tolerance
102 15 kJ/mol @50#. The distancebetweenthe two quenched
con®gurationsis calculatedas

d5 A(
i 5 1

3N

~r i
12 r i

2! 2/~3N! , ~4!

wherer i
b is the i th atompositionin the inherentstructureb

andN is thenumberof molecules.We haveperformedmore
than50000 minimizations.

Figure 10 showsa histogramof the distanced between
the two inherentstructurecon®gurationsobtainedby conju-

gate gradientminimization. The histogramis characterized
by a bimodaldistribution,aspreviouslyfound for Lennard-
Jonesliquids @27#, with peaksseparatedby more than one
order of magnitude.We associatethe left peak, centered
aroundd5 0.004 nm, with nondiffusive directions.Indeed,
the differenceof the distanced betweenthesetwo con®gu-
rationsb5 1 andb5 2 is so small that if theydifferedby the
displacementof only onemolecule,thenthedisplacementof
thecenterof massof thisonemoleculewouldbe' 0.06 nm,
i.e., about 1/5 of the nearestneighbor distance,which is
about0.28nm.

According to Refs. @30,40#, we classify the modescon-
tributing to this left peakas`̀ false'' ~or nondiffusive! double-
well modes,and focus only on the remainingdirectionsin
con®gurationspace,which we call `̀ escape'' directions.In
Fig. 11 we showa parametricplot of D1/2 versusthefraction
of escapedirectionsf esc. The dependenceof D on f esc ap-
pearsstill to be well representedby the samepower law of
Eq. ~3!, where the ®tting parameterf 0 is reducedby more

FIG. 9. Log-log plot of f dw2 f 0 vs T/TMCT2 1. The lines have
beenshifted for clarity. Consistencybetweenthe power law ®t D
; (T2 TMCT)g and D5 Do( f dw2 f 0)a requiresthe exponentm in
the ®gureto be equalto g/a .

FIG. 10. Histogramof thedistanced de®nedin Eq. ~4! between
the two inherentstructurecon®gurationsassociatedwith the two
minima alongonestraightpatheigendirection.Hered is measured
in nm.

FIG. 11. Parametricplot of D1/2 versusf esc, the fraction of the
escapedirections.The arrow denotesf 0' 0.003.
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thana factor of 2, but still is not zero.The small numberof
escapedirectionsresultsin poorerstatisticsthanobtainedfor
the double-welldata~Fig. 8!. Following Ref. @27#, we also
evaluatethe total numberof distinct basinswhich can be
reachedalongeveryescapedirection.Thenumberof distinct
basinsÐnormalizedby 6N2 3 to be consistentwith thenor-
malizationof f dw and f escÐis called f dist.

The density dependencesof f dw , f dist, and f esc at one
selectedT areshownandcomparedwith f dw in Fig. 12.Note
thatall threecurveshavesimilar behavior. TheT dependence
of f dw , f esc, and f dist is shownin Fig. 13~a! for onedensity.
We linearly extrapolateall the quantitiesto zeroto calculate
the locus where f dw5 0, the locus where f esc5 0, and the
locus f dist5 0. The last two loci coincidewithin the errors.
We note that for most densitiesand temperaturesstudied,
f dw2 f esc5 0.00456 0.0025 @Fig. 13~b!#, accountingwithin
the numericalerror for the nonzerovalueof f 0.

We nextcomparein Fig. 14 thelocusf esc5 0 in the(T,r )
planewith the r dependenceof TMCT @12#. We also report
the T at which the fraction f dw of double-wellmodesvan-
ishes.We ®ndthat the locusof f esc5 0 nearlycoincideswith
the TMCT line, while the f dw5 0 locus tracksthe TMCT line,
but it is shiftedto lower temperature.

The coincidenceof f esc5 0 with TMCT is particularly rel-
evant.First of all, it con®rmsthat the quantity f esc is a good
measureof the diffusive modes,supportingthe validity of
our mode classi®cation.Second,and perhapsmore impor-
tant, this coincidencestrengthensthe hypothesisthat the
ideal MCT critical temperatureis the temperatureat which
free explorationof con®gurationspaceis not possibleany
longer. This statementis consistentwith the generalconsen-
susthat the dynamicalprocessesaboveandbelow TMCT are
different.Thereductionof mobility on coolingappearsto be
relatedto the propertiesof the PES.The systemmobility is
reducedbecausethe numberof directionsthat connectdif-
ferent local minima and allow the systemto freely explore
the con®gurationspaceis decreasing@51#. Hence,the ob-
servedreducedmobility is `̀ entropic'' in origin. Sincein the
studied(r ,T) rangeMCT providesa gooddescriptionof the
dynamics,this implies that MCT is able to describethe en-
tropic slowing down of the dynamicsassociatedwith the
vanishingof f esc.

In a recentwork @6#, we investigatedtherelationbetween
diffusionandcon®gurationalentropy. In theformalismintro-
ducedby Stillinger andWeber@20#, the con®gurationalen-
tropy is a measureof the logarithmof the numberof differ-
ent basinsV (T,r ) in con®gurationspacesampledby the
systemin equilibrium.We havefoundthat theslowingdown
of the dynamicscorrelateswith the decreaseof con®gura-
tional entropy.

The fact that both V (T,r ) andthe numberof free direc-
tionsarestronglytied to diffusionsuggeststhepossibilityof
a direct relation betweenthe two quantities.The simplest
possibility is thateachof thesampledbasinsis connectedto
all other V (T,r ) basins,i.e., f esc is proportional to V or
log(fesc); Sconf. This possibility is consistentwith our data

FIG. 12. Densitydependenceof f dw , f dist , and f esc at onese-
lectedtemperatureT5 220 K.

FIG. 13. ~a! T dependenceof thefractionof double-well,escape
anddistinctdirectionsf dw , f esc, and f dist density:r 5 1.05 g/cm3.
~b! f dw2 f esc for all densitiesasa functionof T(s r 5 0.95g/cm3;
h r 5 1.0 g/cm3; L r 5 1.05 g/cm3; n r 5 1.1 g/cm3; v r 5 1.2
g/cm3; ¹ r 5 1.3 g/cm3).

FIG. 14. Locus f dw5 0 and f esc5 0 in the T,r planeand the r
dependenceof the ideal MCT critical temperature,previouslycal-
culatedfor the samepotentialTMCT @12#.
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~Fig. 15!. Note that the samerelationhasbeenrecentlyde-
rived in theframeworkof a randomenergy model~REM! for
supercooledliquids @52#.

V. CONCLUSIONS

Thecalculationspresentedhereprovideevidencethat two
differentdynamicalmechanismsaffect the slowing down of
the dynamicsin supercooledstates.

~i! In theweaklysupercooledregion,theslowingdownof
the dynamicsarisesfrom the progressivereduction in the
numberof directionswherefreeexplorationof con®guration
spaceis possible.The systemis always locatedclose to a
multidimensional ridge betweendifferent basins, and the
time scaleof the long-time dynamicsis set by the time re-
quiredto probeoneof the freedirections.In this rangeof T,
thediffusionis not limited by thepresenceof energy barriers
that mustbe overcomeby thermallyactivatedprocesses,but

is controlledby the limited numberof directionsleadingto
differentbasinsalongalmostconstantpotentialenergy paths
@21#. As shownin Fig. 8, independentfrom the density, the
numberof freedirectionscompletelydeterminesthevalueof
D.

~ii ! Close to the MCT critical temperature,the system
startsto sampleregionsof con®gurationspacethat haveno
freedirections.Thechangein thedynamicsaboveandbelow
TMCT canbeviewedasa changein thepropertiesof thePES
sampledin equilibrium, from con®gurationsalwayscloseto
a ridge of progressivelylower dimensionto con®gurations
far from anyridge@29,21#. Below TMCT , thesystemmustgo
close to the ridge and then select the right direction. The
searchfor the ridge below TMCT , i.e., the searchfor a rare
event, can be probably describedas an activatedprocess.
More work is requiredin this direction @53#. Currentcom-
puter facilities are beginning to explore the region below
TMCT , anddetailedinformationon thedynamics,andon the
propertiesof thePESsampledbelowTMCT in simplemodels,
will be hopefully available.

Finally, the relationbetweenconnectivityandnumberof
local minima in the PES~Fig. 15!Ðwhich canbe calculated
in theoreticalmodelsasrecentlydonefor therandomenergy
model ~REM! @52#Ðmay help build on the existing ideas
bridging thermodynamicsanddynamics@54#. It will be im-
portantto verify if the samerelationholdsalsofor different
modelsof liquids and, in particular, to study the validity of
this relationaboveandbelow TMCT .
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