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Localization of growth sites in diffusion-limited-aggregation clusters:
Multifractality and multiscaling
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The growth of a diffusion-limited-aggregation (DLA) cluster with mass M and radius of gyration
R is described by a set of growth probabilities {p; }, where p; is the probability that the perimeter site
i will be the next to grow. We introduce the joint distribution N (o, z, M), where N(a,z, M)dadz
is the number of perimeter sites with a values in the range a < a; < a+ da (a sites) and located in
the annulus z < z; < = + dz around the cluster seed. Here, a; = —Ilnp;/InR if p; > 0, z; = r;/R,
and r; is the distance of site ¢ from the seed of the DLA cluster. We use N(a,xz, M) to relate
multifractal and multiscaling properties of DLA. In particular, we find that for large M the location
of the « sites is peaked around a fixed value Z(a); in contrast, the perimeter sites with p; = 0 are

uniformly distributed over the DLA cluster.

PACS number(s): 68.70.+w, 61.43.Hv, 05.40.+j, 81.10.—h

I. INTRODUCTION

The growth of a diffusion-limited-aggregation (DLA)
[1-14] cluster with mass M is described by the set of
growth probabilities {p;} [15-18] where p; is the proba-
bility that perimeter site 7 will be the next to grow. One
way to analyze the set {p;} is by calculating the “growth-
probability distribution” n(«, M), where n(a, M)da is
the number of perimeter sites with a < a; < a + da,

o; = —Inp;/InR, (1)

and R is the radius of gyration of the cluster [18,19].
We call a sites those sites which are characterized by
the same value of a. The main motivation for studying
the distribution n(a, M) is its relation to the multifractal
spectrum f(a) [17,18,20,21] of the “measure” {p;}. We
define f(a, M) through

n(a, M) = M¥HeM) (2)

where v is the inverse fractal dimension of DLA, R ~ M".
If for large M f(a, M) converges to an M-independent
function f(«), then f(a) is usually called the multi-
fractal spectrum. For two-dimensional (2D) DLA, there
exist several studies [22-24] proposing different conver-
gence behaviors and functional forms of f(a) in the limit
M — oo. However, these considerations will not be es-
sential for our arguments concerning the relation of mul-
tiscaling and multifractality. Henceforth we will only as-
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sume that some f(a) exists.

During the process of calculating n(a, M), the infor-
mation about the location of the « sites is lost. How-
ever, some information about the location of the growth
sites and their associated values p; may be obtained
from the Plischke-Racz probability P(z, M) [25], where
P(z,M)dz is the probability that the next particle will
be deposited at a rescaled distance z < z; < z + dz.
Here z; = r;/R and r; is the distance from the cluster
seed. For DLA, the function P(z, M) displays a peak at
a constant value Z of the deposition radius [25].

A simple form for P(z, M) is the Gaussian function

1 (z— :i)zjl
where £2? denotes the mean-square width of the depo-
sition zone. Plischke and Récz (PR) [25] suggest that
£~ MY '=v 1 < v, where v is the inverse fractal dimen-
sion of DLA, R ~ MV, and v/ an independent exponent.
However, Meakin and Sander [26] find that v’ approaches
v as M increases. They also argue that v = v/ in the limit
M — co.

If (/€)% ~ 2c1ln M [27) with constant ¢, then P(z, M)
takes the form

P(z,M) =

1
/2mE?

where from (3) ¢(z) = ¢(z/Z — 1)2 and Cpr(z) = 1. In

P(z,M) = M~*® Cpg(z), 4)
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general, if Cpr(z) is a generic function of  and ¢(x) is
independent of z we have conventional scaling while if
¢(z) is = dependent we say that we have multiscaling.

Next, we introduce the annular density pa(z, M),
where p4(z, M)dz is the number of particles in an an-
nulus [z, z + dz] and related to the conventional particle
density p(r, M) by pa(z, M)dz = 2nrp(r, M)dr. Since
the change of p4(xz, M) with increasing cluster mass is
given by P(z, M) [25], i.e.,

%pA(m,M) = P(z,M), (5)
it was suggested [28] to write pa(z, M) in the same mul-
tiscaling form as Eq. (4),

pa(z, M) = "'D(E)Cp(m)’ (6)

where D(z) is the fractal dimension for a thin annulus
with average radius z and C,(z) is an amplitude. Note
that if ¢ = ¢(x) in Eq. (4), then also D = D(z) in (6).
Multiscaling in (6) has been supported by simulations
[28]. Whereas multiscaling for clusters with M < 10°
has been confirmed very recently by Ossadnik [29], the
same study analyzes one very large off-lattice cluster of
M = 5 x 107 arriving at an ambiguous result, which is
consistent with both multiscaling and standard scaling of
pa(z, M).

As demonstrated in Ref. [27], multiscaling results if
the « sites are “localized” in space. Here, we study the
nature of the “localization” of the « sites and the non-
localized behavior of the p; = 0 (“dead”) perimeter sites
(Secs. II and III). The consequences for the multiscaling
hypothesis of P(z, M) and p4(z, M) will be discussed in
Sec. IV. Moreover, we introduce the notion of a mul-
tifractal spectrum in an annulus and find an intriguing
combination of multifractal and multiscaling properties
(Sec. V) [30].

II. THE JOINT DISTRIBUTION FUNCTION

In this section we introduce the joint distribution func-
tion N(a,z, M), where N (o, z, M)dadz is the number of
perimeter sites with p; > 0 such that a < o; < a + da
and within the annulus [z,z + dx]. The distribution
N(a,z, M) can be related to the three functions dis-
cussed in the introduction.

(a) n(e, M). By integration of N(a,z, M) over z, we
have

n(a,M):/da:N(a,a:,M). (7

(b) P(z,M). If we use Eq. (1) together with the rela-
tion R = MY — which reflects the well-established fractal
structure of DLA — to write the growth probability as
M~"*, then

P(z, M) = /da N(a, o, M)M~—>=. (8)

(c) pa(z, M). One possibility to express pa(z, M) in
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terms of N(a,z, M) is by using Egs. (5) and (8). Inte-
gration of Eq. (5) with respect to M yields

M
pA(gc,M)=/1 dM’/daN(a,x,M')(M’)“’“. (9a)

However, we would like to point out another relation-
ship that does not involve an integration over the growth
history of the cluster. First, note that N(a,z, M) only
describes perimeter sites with growth probability p; > 0
(alive perimeter sites — in contrast to dead sites with
p; = 0; see Fig. 1). We denote the annular density profile

of alive perimeter sites by pf,f) (z, M) and that of dead

perimeter sites by pff)(w,M ), both defined in analogy
to pa(z, M), which describes the density of cluster sites.
The sum pff)(m,M) + pff)(:z:,M) describes all perime-
ter sites of clusters of mass M. Since DLA is a treelike
fractal object [31], we expect the annular density of all
perimeter sites to be proportional to the annular density
of cluster sites p4(z,M). Furthermore, as one can see
from Figs. 2 and 3, the spatial distributions of dead and
alive sites are in good approximation proportional to each
other, i.e., pff)(:c, M) ~ pff) (z, M); a detailed discussion
is given in Appendix A. Consequently, we expect

pa(@, M) ~ /da N(a,z, M). (9b)

III. SIMULATION APPROACH

A calculation of the joint distribution N(a,z, M)
shows that the z dependence is approximately Gaus-
sian, centered around a value £ = (z) with variance

& (a, M) = (z?) — (z)?, i.e.,

N(ayz, M) o exp [-M} . (10)

1
2m&2(a, M) 26%(a, M)

Here, the brackets ( ) indicate an expectation value with
respect to the empirical distribution N(a,z, M), i.e.,
(f(z)) = [dzf(z)N(a,z, M)/ [ deN(a,z, M).

In Fig. 4, we show N(a,z, M) with M = 20 000 for o
values of 1.1, 1.5, 1.9, 2.3, and 2.8 vs +(z — )2, where

L

(a) (b)

L+ &

() (d) (e)

FIG. 1. (a) The lowest-order configuration which contains
a dead site (x). (b)—(e) Examples of higher-order configura-
tions containing dead sites.
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the + sign applies if £ > Z and — otherwise. The Gaus-
sian approximation (10) is justified, since we observe
for positive and negative abscissa values an approximate
straight-line behavior of N(a,z,M). For each «, the
modulus of the slope m(ca) of these lines relates to the
width of the Gaussian function, |m(a)| = 1/2¢2(a, M).
Apparently, £(a, M) increases with a. In other words,
highly screened growth sites are less localized than the

FIG. 2. (a) Dead and (b) alive growth sites of a DLA clus-
ter with M = 20 000, indicating the similar spatial distribu-
tion of both types of perimeter sites. Dead sites are perimeter
sites with p; = 0. Reference [19] finds that the number of dead
perimeter sites in DLA is proportional to the number of all
perimeter sites. In our case, dead sites constitute a fraction
of = 42% of the perimeter sites.
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FIG. 3. Comparison of the two distributions D of dead
sites, pff)(z,M) (broken line), and of alive sites, pff)(a:,M)
(solid line). To demonstrate that both are distributed in a
similar fashion, we have scaled p(:)(:z:, M) by the ratio of the
number of alive to dead perimeter sites (= 1.36).

exposed growth sites in the active region of the cluster
that are characterized by small values of a. The approx-
imation is worse for x < &, where especially for large
values of « the presence of the cluster center distorts the
pure Gaussian behavior [34].

In Fig. 5 we demonstrate that « sites are located in
approximate annuli around the center of the cluster by
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FIG. 4. N(a,z,M) averaged over 18 clusters of mass
M = 20 000. Different symbols denote different values of
a: 1.1 (O), 1.5 (O), 1.9 (A), 2.3 (), and 2.8 (e). To test
whether the z dependence of N(«,z, M) can be represented
by a Gaussian function, we plot +(z — (x))? on the abscissa,
where the + sign applies if £ > (z) and the — sign other-
wise. The ordinate scale is logarithmic. Thus Gaussian be-
havior manifests itself in two straight lines emanating from
z — (z) = 0 with slopes of opposite sign but equal magnitude.
The two solid lines in the plot illustrate this behavior and are
intended as guides to the eye for the case a = 1.1.



























