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Recently considerable interest has focused upon materials which change spatial dimensionality as the
anisotropy parameter R is varied. Here we calculate the high-temperature series of the two-spin correlation
function for the classical Heisenberg (D = 3) and planar (D = 2) models with lattice anisotropy. The

Hamiltonian is
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where —S)‘I.D ) is a classical spin of D dimensions, the first summation is over all nearest-neighbor pairs in the xy
plane, and the second sum is over pairs of spins coupling adjacent planes. The two-spin correlation functions
are used to obtain the susceptibility (x), specific heat (Cy) and spherical moments (k) as double power series
in J,,/kgT and J,/kgT on both the simple-cubic and face-centered-cubic lattices. All series are to tenth order
except for the Heisenberg model on the simple-cubic lattice which is to ninth order. The family of nth
derivatives with respect to R are analyzed for the susceptibility and the spherical moments. By considering
these functions in the limit R = 0, we obtain evidence concerning the possibility of a phase transition for the
two-dimensional (d = 2) lattice. Our evidence rests upon standard methods, as well as on two new sequences
(based on scaling in the parameter R): A, ;=p, | — Pp1,; ~ ¢ T./1TMF and B,,’, =np,_1, —(n—1)p,,;

~(TC/T§'F)[(70—1)/I+1]. Here p, | = @14 n/81+n-1,n)/01,0, Where a;, are the coefficients in

XM =9"%/0R" ZEn Uy JkT). Much of the evidence for the cases considered in this work (D =2,3) is
strengthened by comparison with the exactly known situations D=1 (Ising model) and D =oo (spherical

model). Subject to the assumption that scaling in R holds, we estimate that the susceptibility exponent for the

0.30

classical planar model is vo(D=2)=2.53!0-30. The evidence for the Heisenberg model is not as convincing, but
if a phase transition does exist, then our methods suggest a susceptibility exponent of vy, (D =3)=3.5.

I. INTRODUCTION

Onsager’s! quadratic-lattice Ising model, which
concerns a one-dimensional (D =1) spin space, has
a critical point located at 7,/7%F =0, 5667, where
TYF is the mean-field-theory critical temperature,
Yet the quadratic-lattice spherical model, 22 which
has been shown to be equivalent to an infinite-di-
mensional (D =) spin space,?® exhibits no phase
transition, i.e., T,=0. Hence the natural question
arises: At what value of D does the phase transi-
‘tion disappear ?

Since D> 3 has not been shown to correspond to
any real material, we will concern ourselves only
with the question: Does the phase transition exist
only for D=1or does it persistfor D=2or D=3?3"1
The value of D=3, corresponding to the classical

" Heisenberg model, is of particular interest, since
as isotropic three dimensional spin space has been
used for many years to describe magnetic systems.
Also of importance is the D=2 case, the classical
planar model, which corresponds to helium near
the X point.®

Mermin and Wagner* adopted a technique of Hohen-
berg, ® which uses the Bogoliubov inequality, ® to
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show rigorously that there cannot be any spontane-
ous magnetization for D=2 and D=3 for a two-di-
mensional (d=2) lattice. This naturally leads one
to doubt that the phase transition could occur at all,
But as Stanley and Kaplan’ pointed out, this behav-
ior does not preclude the existence of a phase tran-
sition. Perhaps other physical quantities will show
a singularity at 7 > 0 even though the spontaneous
magnetization does not. After analyzing high-tem-
perature series of the susceptibility of various two-
dimensional lattices for the classical Heisenberg (D
=3)and, later, the planar® (D =2) models, itwas pro-
posed that the susceptibility diverged at a nonzero
critical temperature, Moore® obtained additional
evidence for the plane triangular lattice by extend-
ing the series and by analyzing the spherical mo-
ments

“tEZ |?|tCz(F) ’
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where C,(F) is the spatial two-spin correlation
function. He reasoned that u,, especially for £<0,
might be a better quantity to study than the suscep-
tibility (#=0), since the two-spin correlation func-
tions far from the origin weight the lattice counting
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more strongly than the effects of the Hamiltonian,

Further evidence for the existence of a phase
transition was put forth by Mubayi and Lange. %%
Developing a Green’s-function decoupling to de-
scribe the thermodynamic behavior of the spin-3
Heisenberg model, they found that not only did the
static susceptibility diverge [as 1/(T - T,), where
T.=2J/kg], but that the spontaneous magnetization
remained zero for all 7> 0 (consistent with Mermin
and Wagner?), Still one might have doubts that the
transition actually occurs, especially in light of
how much the divergence looks like mean-field be-
havior. (In mean-field theory a transition exists

-for all spatial dimensions.) To overcome the fact
that some decouplings appear to give a transition
and others do not, Oguchi'® has recently applied
a variational technique to the antiferromagnet and
reproduced analogs of the Mubayi-Lange results.
Additional support of a phase transition has been
put forth by Berezinskii'! by considering low-tem-
perature expansions with an external field.

In the present study we investigate the planar
(D=2) and the classical Heisenberg (D =3) models
using high-temperature series for the two-spin
correlation functions. We employ the concepts of
“scaling”!? and “crossover”!® when a system with
lattice anisotropy (different coupling strengths
in different lattice directions) changes universality
classes. In Sec. II we describe the Hamiltonian
which is used to study the two-dimensional behav-
ior. Also discussed are the predictions of scaling
and the consequences they have on this problem,
In Sec. III we describe the series expansions and
comment on their accuracy. Contained in Sec. IV
is a discussion of the methods of analysis used to
study the high-temperature series presented in the
Appendix, Here we propose two new methods of
obtaining the critical indices. Included with the
methods of analysis are discussions pertinent to
the results of each method. Finally, in Sec. V we
present our conclusions.

II. MODELS AND SCALING PREDICTIONS

We define the Hamiltonian for a d=3 lattice with
anisotropy as
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where § is the D-dimensional classical spin
(D=1, 2, 3, and = are the Ising, classical planar,
classical Heisenberg, and spherical models, re-
spectively) located at the sth site of the lattice.
The first summation is restricted to nearest-neigh-
bor (nn) pairs of spins which lie in a common xy
plane while the second summation is over nn pairs
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of spins whose relative displacement vector has a
z component. The quantity R=J,/J,, is the ratio
of interplanar to intraplanar coupling strengths and
is referred to as the anisotropy parameter.

As R—0 in the Hamiltonian (2,1), the critical be-
havior crosses over from that of a three-dimen-
sional lattice to that of a two-dimensional lattice.
Scaling theory'?:!3 predicts that the critical tem-
perature T,(R) varies with R for small R as

T,(R) - T,(0)~RY*® | (2.2)

where ¢ is the crossover exponent and 7,(0) is the
critical temperature for the two-dimensional lat-
tice. Furthermore, physical quantities such as
the susceptibility

X=2_GC,@ (2.3)
can be expanded as a power series in R

X~ SR (2.4)

n=0
where the coefficients f, are given by
-7

f,,~<1 -—TEP) " 2.5)
and

7"=70+7I¢ ) (2.6)

where v, is the two-dimensional sﬁsceptibility ex-
ponent. Hence by differentiating X with respect
to R and allowing R to goto zero, we obtain

R=0 ) <1 —&S_()—))-,n
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This functional form is easily derived using

the generalized homogeneous function approach to
scaling.!®!* It is important to point out that other
quantities (such as p, and specific heat) show simi-
lar crossover behavior when derivatives with re-
spect to R are taken. Of particular interest for
this paper are the spherical moments, Eq. (1.1),
for which

" T (0 vy (2)

——181‘;" ) (1 ——r—T( )) , (2.8)
where

v,(t) =tvg+vg+nd (2.9)

and where v, is the two-dimensional correlation-
length exponent.

For the spin-3 Ising model (D=1), where 7,(0)
is known exactly, ! various other studies!*-!" have
been performed on X, u,, and the reduced specific
heat Cy. After some initial disagreement, '¢'!7 it
is now believed that scaling with a parameter holds
for lattice dimensionality crossover.!* Further-
more, it is believed that the crossover exponent ¢




































