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The following rigorousrelationsareestablishedfor the Ising modelwith interactionstrengthsJ in somelattice
directionsandRJin otherdirections:y = 2y, ~2 ~ 3’y, and ‘ 4~’,where~

0
t0~= (a’~xIaR~)R~~~ and y

0
is thesusceptibilityexponentfor thelatticewhen R0. Theseresultsdisagreewith recently-reportednumericalesti-
matesof certainof the y~.

Therehasrecentlybeenconsiderableinterest I 1 10]
in systemswith “lattice anisotropy”(different cou- x,, (R=0)~(a”x IT T~(0)! 1?

pling strengthsin different lattice directions).Consid-
er, e.g.,thed-dimensionalnearest-neighbor(nn) Ising Here x is the reducedzero-fieldmagneticsusceptihil-

system ity andy0 =y is the susceptibilityexponentof the
d-dimensionalsystem.

1{=--- J s --RJ The exponentsy,1 cannotbe calculatedexactlybut
~ ~ ‘ I they cart be estimatedby extrapolationsbasedupon

high-temperatureseriesexpansions.Therepresently

= ~f i-Rd-C (I) existsa dispute 11.3 5J in the literatureconcerning0 1 ‘ numericalvaluesof ~y,1,andthe most recentwork

claims that for sq sc lsing model,
wherer~~(x1,x2,. . . x~)~(u1, u~)whereU~~(x1.

,xd)and V~(Xd÷1... . ,x~).For example,very = 3.5 . = SO ±0.1
recentlytherehavebeenextensivecalculationsEl, 21 con-
cerningthe cased~3,d2, correspondingto a “square 73 = 0.5 ±0.2 , = X•O ±0.3 (4)

to simplecubic crossover”.Henceforthwe shall consid-
er this systemfor thepurposeof specificity andclan- In this notewe shall reportthe following rigorous
ty; thusr~E(x~,y1,z1)~(ut,z~)andR EJ.,/J\~,.Our ap- results:

proachis, however,more general.
According to the generalizedscalinghypothesis, 2y t5a)

for which the parameterR is scaled(aswell ase, H,
• . • ), the “crossover”exponent~ is the only exponent ~2 ~ 3y iSh)
that oneneedsto describethecrossoverbehavior 18].
In particular, 73 ~ 4y • (Sc)

= y+n~ , (2) Sincey= 1.75 for a sq Ising model,the numericalesti-

matesof (4)violate(5). Ourresultsalso lend support
wherethe newexponent7~,is definedby for thepredictions(2)and7~ (n+ I)y.

As a demonstration,we shall hereoutline theproof
* Supportedby NSF Grant GP-15428. of(5b). Details of the analysiswill be publishedelse-

where.
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i ) ___~ k where( >0 denotesa thermalaveragefor R0.

Theexpressions(7a)— (7d)areweightedby factors
4(N—l),N(N—1),2N, and 2N resçectively,arising
from thefact that we canmakeinterchangesof the

n formi~ms~jetc.in fig. 1.
(ii) The secondtermin (6)hastwo factors,

E (siS,>R_O= (N+ 1)M2x
0 (0) (8)

(iii) ii~iii~i:~iiiii;~:iii:~>J
2NM2�~(s~s~. (9)

(iv) Thus (6)becomes

Fig. 1. Conformationsof latticesiteswhichcorrespondto non- (13~J)—2(N+ 1)M2x (o)= 4(N—l)M2 [x (0)] ~
zero contributionsto (s~s

1~f1)atR0. Sitesin thesameplane 2 0
arejoinedby ahorizontalline. A heavyverticalline indicates

thatthesitesarecoupledwith strengthRJ. — 2NM
2x

0 (O)M
2 ~II~<s

0s)~2

For a latticeofN+ 1 layerswithM
2 spinsin each + 2NM2 �I~((~~)2 ~ ~

layer, we have: U u, i 0 u
10 0 u 0

+2Js1M
2 ~ ~ (~s.))2. (10)

~—2(N+ l)M2 x
2 (0) ~ [(s1s1~1C~) U \ U 1

The Griffiths inequality [11],
_<SjSj>(~C~>]R=O- (6)

(s~s~s0s~>~ (s0s,)(s~s~)

At R0, we observethatspinson different layers(with
differentzk’s) arenotcoupled.Since~C1consistsonly permitsusto “cancel” the secondand third termson
of productsof skslwith zk �z1, thereare in fact only the right-handside of eq.(10), and notingthat the
four possibletopologicalconformations(cf. fig. 1)of fourth term is positive,we have

the lattice-sitesi,/,k,l,m,nwhich makea non-zero
contributionto the six-spin thermalaverage x2 (0)~>4(~3J)

2{x
0 (O)}~ (11)

(SiSISkSISmSn>R=0. The contributionof conformations
(i)—(iv)of fig. 1 are respectively, wherewe haveneglectedO(1IJV)with respectto unity,

inequality (5b) follows from (11).
(SiSk>0 (SISm>O (SjSn)O , (7a) In conclusion,we haveshownrigorouslythat

= 2’y,’y~~ 3’y, and 73~ 4y. If the scalinghypothe-
<S~S1>0(SkSm> 0 (s1s~>0 (7b) sis is valid (sothat y~,= y +nØ), our work furnishesa

simplebut rigorousproofof 4~’y.Moreover,our re-
(SiSJSkSm>O(s1s~>0 (7c) suIts (Sb)and(Sc)indicatethatreportedvaluesof ~2

and 73 are unreliable[1—3].A detailedstudyof these
(SiSkSm>O (s~S1s,~>0, (7d) (andother [12]) high-temperatureseriesfor thelattice

anisotropyproblemis now underway,andpreliminary
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