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times in a superconductor such as electron-elec-
tron, electron-phonon, and branch mixing'® must
be considerably shorter. In addition, the behav-
ior of the energy gap of an illuminated supercon-
ductor can be used to measure the quasiparticle
recombination time in superconductors.
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A magnetic system with intraplanar and interplanar interaction strengths J and RJ is
is treated. Rigorous relations are established concerning the first few derivatives with
respect to R of the susceptibility x(R). Considering x(R) =by+bR +bsk?+-++, we find by
and the order of magnitude of b,. Hence we can predict when the system “crosses over”
from d-dimensional to d~dimensional behavior (e.g., for quasi~two-dimensional sys-
tems, d=2, d =3, while for quasi~one-dimensional systems, d=1, d =3). These re-
sults also support scaling with respect to the anisotropy parameter R.

There has recently been considerable interest!-3
in systems with “lattice anisotropy” (different
coupling strengths in different lattice directions).
Consider, e.g., the d-dimensional nearest-neigh-
bor (nn) Ising system with Hamiltonian

nn nn
W==J 2} s;85;~RJ ), s;8,23C,+R¥,, (1)
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where ;= (x,,x,, ***,x7) =@, ¥;) with ;= (v, * -,
%4), and V;=(x,,,, -+, x7). For example, very
recently there have been extensive calculations!
concerning the case d=2, d=3, corresponding to
a “square to simple-cubic crossover.” Hence-
forth we shall consider this system for the pur-
pose of specificity and clarity; thus ¥;= (v, vy,,
z;)=@,,2,;), J=J,,, RJ=J,. In the last para-
graph we treat briefly the case d=1, d=3.

The system described by (1) is interesting be-
cause critical-point exponents, according to the
universality hypothesis,? should depend only
upon lattice dimensionality; and hence when R —~ 0
(and the lattice “crosses over” from d dimen-

sions), we expect anomalous behavior. This
crossover behavior would be observable if we
could vary R continuously to zero.

Another interesting property of the weakly
coupled layers is that even for R #0 the system
is essentially two-dimensional at high tempera-
ture. Yet when it is sufficiently close to the crit-
ical temperature T, (R), it is three-dimensional.
Hence there is a crossover region T,(R)>T
>T 5(R) where the system transits from d=2 to
d=3 (cf. Fig. 1).

The crossover region is only a loosely defined
concept. To be quantitatively precise, we shall
define T, (R) as the solution of x(7,,R)/x(T,, 0)
- 1=p and we arbitrarily choose T ,(R)=T,.,(R),
since this is roughly the temperature for which
the deviation (1%) of the reduced susceptibility
X(R)=x/Xcuse from the two-dimensional value
x(0) becomes experimentally appreciable.*

This crossover behavior is most easily ex-
plained in the context of the scaling hypothesis,?
where we assume that there exist three numbers
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FIG. 1. Schematic diagram of the crossover behavior. T.(R) 473 region
(a) The crossover region (shaded area) is bounded by R @R)
T4(R) and T'gR). L1 4QR) =Ty (R) is the temperature ; fo T°<‘.(R)
at which the system differs appreciably (1%) from being
two dimensional.] 7Tg,(R) is the temperature at which :
Eq. (4) is no longer satisfactory. T, (R) is the critical ; ] ___.”f‘f?b"
temperature. The generalized scaling hypothesis pre-
dicts that all curves should approach 7', (0) via the pow-
er law RY?, (b) Dependence of reduced susceptibility
X upon T for £=0 and for R =R, indicating the defini-
tion of T 4(R). Note that this drawing is not to scale.
(c) Sketch of hypothetical experimental data, plotted
in the conventional log-log plot, for a system which is
described by the Hamiltonian (1) with R =R&,.

a., ay, and ay, such that for all positive A

G(\%T 7, \%HH, \°RR) =\G(T, H, R), @)

0
. . . 0 Tc(0) Te(Ry) TalRy) T
where G is the singular part of the Gibbs poten-

tial, 7=T-T,, and H is the magnetic field. log X ¥3<1.25
From the scaling hypothesis, the situation sketched
in Fig. 1 follows immediately.

In particular, we note that (2) implies that
T,(R) - T,(0)~CRY? and T, (R) - T ,(0)~A,R"/?,
where ¢ =a;/a, is the “crossover exponent.” On (c) I I
differentiating (2) twice with respect to H and n Te(R) Ta(R)) log [T-Tc(R)]
times with respect to R, we have X, (7, H=0,R=0)
~ 171" "n, with v, =y, +ne, where X, = (8"x/dR"), ,.

The exponents y, cannot be calculated exactly, but they can be estimated by extrapolations based upon
high-temperature series expansions. There presently exists a dispute' ™! in the literature concerning
numerical values of y,, and the most recent estimates!® seem to challenge the scaling prediction v,
=Y +NYP.

We shall first derive rigorously the relation

X(0) = 29%*, (3)

where 9=8J. This relation is useful for the following purposes:
(i) Equation (3) is the first-order correction term of the two-dimensional approximation of the three-
dimensional quantity ¥(R). In other words, we have

X[R)=Xo+RX,(0) +2R*X,(0) + - - - =X, + R(24%,%) +O(R?).
To O(R), T, (R) may therefore be found from the solution of 2gR,=p.
(ii) Equation (4) may be used as a checking method for the leading coefficient of the general-R high-
temperature series expansion
00 n
XR)=25 25 a,R9". (5)

n=0j=0

(4)

(iii) If (2) is valid, Eq. (3), which yields y,=2vy,, furnishes a simple but rigorous proof of ¢'=y,, and
hence v, = (2 +1)7,.
We shall now derive the following results:

8%y, > X,(0) >48°X°, (6)
489°%x,* >X;3(0) = 89°X,*. (M

Equations (6) and (7) yield y,=3v,, and yg=4y,, which agree exactly with the scaling predictions v,
=(n+1)y,; thus the reported estimates!® are unreliable. From (6) we have a fairly good estimate of
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