4 TWO-MAGNON BOUND STATE IN fcc FERROMAGNETS

This is in sharp contrast to the sc and bcce ferro-
magnets where no such state exists. It would be
interesting to investigate the behavior of this bound
state for an arbitrary wave vector.

It is interesting to compare the present calcula-
tion of the two-magnon optical spectrum with a
similar calculation in a Heisenberg antiferromag-
net.!* In that case, the attractive interactions
caused a resonant peak to develop just below the
top of the band. The position of this peak was
rather insensitive to the crystal structure and de-
termined by a square-root divergence in the density
of states at the zone boundary. This divergence
occured as a result of the form of the antiferromag-
netic spin waves rather than the structure of the
lattice. By contrast, in the present case, we find
that the repulsive force may lead to a bound state,
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but the geometry of the lattice is a very important
aspect.
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APPENDIX

The Green’s function I,.(¢) is calculated near to
the zone boundary. The imaginary part is obtained
from (5. 2) and the real part from the Kramers-
Kronig relation (5. 3) using the computations of
Frikkee® for ImI,.(¢) for —0.96< ¢ <3 and the
asymptotic form (5.2) for —1<e<~-0.96. We esti-
mate that, due to the difficulties of the numerical
integration, the real part is correct to about 5%.
See Table 1.

IM. Wortis, Phys. Rev. 132, 85 (1963).

’N. D. Mermin and H. Wagner, Phys. Rev. Letters
17, 1133 (1966).

3See, for example, P. A. Fleury and R. Loudon, Phys.
Rev. 166, 514 (1968).

4T, Moriya, J. Phys. Soc. Japan 29, 117 (1970).

SR. J. Elliott and R. Loudon, Phys. Letters 3, 189
(1963).

®R. silberglitt and A. B. Harris, Phys. Rev. 174,
640 (1968).

'T. Wolfram and J. Callaway, Phys. Rev. 130, 2207
(1963).

8F. J. Dyson, Phys. Rev. 102, 1217 (1956); 102, 1230
(1956).

PHYSICAL REVIEW B

VOLUME 4,

9E. Frikkee, J. Phys. C 2, 345 (1969).

p, T. Teaney, in Critical Phenomena, edited by
M. S. Green and J. V. Sengers, Natl. Bur. Std. (U. S.)
Misc. Publ. No. 273 (U. S. GPO, Washington, D. C.,
1966), p. 50.

G, S. Rushbrooke and P. J. Wood, Mol. Phys. 1,
257 (1958).

27, R. McGuire, B. E. Argyle, M. W. Shafer, and
J. S. Smart, J. Appl. Phys. 34, 1345 (1963).

13N, Menyuk, K. Dwight, and T. B. Reed, Phys. Rev.
B3, 1689 (1971).

YR, J. Elliott and M. F. Thorpe, J. Phys. C 2, 1630
(1969).

NUMBER 5 1 SEPTEMBER 1971

Spin-} Heisenberg Ferromagnet on Cubic Lattices: Analysis
of Critical Properties by a Transformation Method™

M. Howard Lee and H. Eugene Stanley
Physics Department and Center for Matevials Science and Engineering,
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139
(Received 5 November 1969; revised manuscript received 19 April 1971)

The high-temperature series expansions for the spin-4 Heisenberg ferromagnetic model on
cubic lattices are analyzed by a transformation method. Evidence is presented suggesting
that the susceptibility critical exponent (y) and the gap parameter (2A) are both smaller than
the original estimates obtained by Padé approximant techniques. Specifically, we find that
v=1.36+0.04 and 2A=3.50+0.20. The error limits are to be taken as a reasonable confidence

level rather than as a strict bound.

I. INTRODUCTION

Critical properties of all realistic three-dimen-
sional models of magnetism are determined by the
method of exact series expansions. It is generally
accepted that critical values of the Ising model are,
on the whole, reliably established.! Critical values
of other models, such as the spin-4 XY model? and

the spin- Heisenberg model, ® have been deter-
mined only recently and with an uncertainty general-
ly greater than in the Ising counterparts. In these
extreme quantum models, the noncommutativity of
spin operators complicates the evaluation of expan-
sion coefficients enormously; moreover, there is
an irregularity in the resulting series, apparently
related to the noncommutativity in some way not yet
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understood, making the job of analysis difficult (and
consequently the estimated values not entirely reli-
able).

For the spin-3 Heisenberg ferromagnet on regular
cubic lattices, which is our main concern, there are
now known a sufficient number of high-temperature
expansion coefficients for several functions, from
which one can make estimates of relevant critical
values. However, the generally irregular nature
of the coefficients (i.e., the magnitudes of these
coefficients change in an irregular fashion) has
taxed the capacity of the existing techniques of anal-
ysis. Although some critical values (notably the
critical points, susceptibility exponent, gap param-
eter) have been estimated, they are in all probabil-
ity not immune from some small but significant
changes as either higher-order expansion coeffi-
cients become known or techniques of analysis be-
come more refined.

Estimates for the critical point and exponent are
usually made from a high-temperature series ex-
pansion by ratio and Padé approximant methods.
Although the two methods are not directly related
and employ different standards of reliability, esti-
mates made by them are often comparable and consis-
tent. When the two methods yield inconsistent values
as they are in some cases known todo, itbecomes dif-
ficult to decide which values are more reliable. If
a series behaves very irregularly, the ratio method
is essentially useless. In such a situation one has
only the Padé approximant method to rely on. Since
any result of series extrapolations (from a finite
number of terms) is not rigorous, it is desirable to
analyze a series by as many different methods as
available to guard against some possible systematic
errors.

The series for the S=4 Heisenberg ferromagnet
are of the irregular kind and have been analyzed
largely by the Padé approximant method. We pro-
vide here an analysis of these series by a transfor-
mation method. While this method is not new, we
believe that it has not been hitherto applied with
advantage to high-temperature series expansions.

A series whose coefficients of expansion change in
an irregular fashion indicates the presence of more
than one singularity. The transformation method
seeks to isolate the physical singularity, so that the
series represents essentially an expansion of the
physical singularity.

II. HEISENBERG MODEL

The Heisenberg model is defined by the Hamil-
tonian

¥o=—2J2,8;+S; - wHY S, 1)
ij i

where S; is the spin operator at site ¢ of a given
cubic lattice, S§is the z component of S; which is
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the same as the direction of the external magnetic
field H, i is the magnetic moment, and J is the ex-
change coupling constant (J> 0 for ferromagnetic
coupling). The first sum in (1) is over pairs of
nearest-neighbor sites only.

The Heisenberg model, which is a natural gen-
eralization of the Ising model, may be realized in
many realistic magnetic systems. Recently, much
effort has been expended in obtaining critical prop-
erties of this model by the method of exact series
expansions as in the three-dimensional Ising model !
For the case of S=3 on the fce, bee, and simple
cubic (sc) lattices, Baker ef al.® have considerably
extended the evaluation of the expansion coefficients
for the susceptibility, specific heat, and some
higher field derivatives of the free energy, all of
which should diverge as the critical point is ap-
proached. The susceptibility series, usually the
best behaved and hence used to determine the criti-
cal point, are markedly less regular than the sus-
ceptibility series of the Ising model. The other
series are even less regular. A thorough analysis
of these series is given by Baker et al. using the
Padé approximant techniques almost exclusively.

Among these estimated critical values, the sus-
ceptibility exponent (y) and the gap parameter (24)
are of special interest to us. The susceptibility ex-
ponentis estimated® to be y=1.43+0.01for all three
cubic lattices, and the gap parameter, less reli-
ably, 2A=3.63x+0.03 for the fcc lattice (evidence
for the other lattices is not satisfactory).

If this estimated value for the susceptibility expo-
nent, ¥~ 1.43, by Baker ef al. is correct (as indeed
their extensive evidence tends to support it), it
raises certain difficult questions. First, the sus-
ceptibility exponent for the S= Heisenberg model
on the same cubic lattice is estimated to be
y=~1.38.* As the series for S=« are on the whole
regular, this value can be accepted with reasonable
confidence. Then the small difference between the
values of ¥ for S=% and S=<, if it really exists,
would suggest that ¥ might be, at least, weakly spin
dependent. However, this sort of spin dependence
is inconsistent with the basic assumptions of scaling
laws.® Second, quite independently, Bowers and
Woolf® have advanced, based on somewhat indirect
but reasonable evidence, thaty =1, 38 for all cubic
lattices and for all spin values.

In order to resolve this apparent discrepancy, it
seemed to us that a reexamination of the series for
S =1 by some other methods of analysis, other than
the Padé approximant method, might be in order.
Baker et al. have made abundantly clear that their
estimates are necessarily subject to the basic pro-
cedural assumption of Padé analysis being tenable.
There are two well-known important shortcomings
inherent in the Padé approximant method. First,
Padé analysis seeks convergence and mutual consis-



















































