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Using an exact-enumeration approach, we study the multifractal spectrum of diffusion-limited ag-
gregation. The enormous number of possible configurations is reduced by many orders of magni-
tude using symmetry considerations. The most interesting result is that we find evidence which
strongly suggests the existence of a phase transition in the multifractal spectrum: specifically, the
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“free energy,

energy,” and “‘specific heat”” develop singularities near a critical “temperature” ..

Moreover, the energy shows large fluctuations near .. We also find that for 8 < 3., the free energy

is dominated by the maximum energy

Emax(L))

which increases with system size L:

E .«(L)~L?*/InL. The implications of this phase transition are that the free energy is not defined
for B <., and that the large energy part of the “entropy” function is a straight line of slope B.. We
provide a phenomenological explanation for the origin of this phase transition.

I. INTRODUCTION

The diffusion-limited aggregation' (DLA) model has
been found to describe a remarkably large number of in-
teresting physical systems such as fluid flow in porous
media, colloidal aggregation, and electrodeposition.?™!7
Although DLA is one of the most important models of
fractal growth phenomena, and is described by a quite
simple set of rules, there has been surprisingly little un-
derstanding of this model. For example, even the ex-
istence of the fractal dimension in the large-cluster limit
is not clear. The situation becomes more complicated,
since the fractal dimension alone is not sufficient to
characterize the growth process.* ¢ Furthermore, in or-
der to fully characterize the growth process, one needs an
infinite number of independent exponents, which is usual-
ly called the multifractal spectrum.’~°

There have been enormous efforts to calculate the mul-
tifractal spectrum of DLA using various techniques such
as real-space renormalization,'® numerical simula-
tions,»®!* phenomenological arguments,'"'* conformal
mapping, !>~ !¢ fixed-scale transformation,!” and a field-
theoretical method.'> Owing to these efforts, valuable in-
formation for some part of the spectrum has been ob-
tained. Especially for the region corresponding to the
“tip” of the cluster, most of the methods seem to give
similar results. However, the exact solution for the mul-
tifractal spectrum has not been determined at present.

In particular, there has been essentially no reliable in-
formation for the part of the spectrum corresponding to
the “fjord” of the DLA cluster. The origin of this
difficulty is the fact that this region is characterized by
extremely small growth probabilities. Therefore, numeri-
cal simulation cannot give reliable results due to numeri-
cal accuracy (the smallest growth probability for a large
DLA cluster is much smaller than the numerical accura-
cy). Furthermore, different methods seem to give
different results and also disagree with the experiments, a
fact that has plagued investigators in this field. '®

In this paper, we study the multifractal spectrum of
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DLA based on an exact enumeration approach, which
means we must consider every possible cluster
configuration up to a certain size. This exact enumera-
tion follows the general procedure outlined by Nagatani'®
in connection with a position-space renormalization-
group formulation for DLA. Since we find the minimum
growth probability to a high numerical accuracy, we can
determine the fjord part of the multifractal spectrum.

We consider clusters of size L, where L=2,3,4,5. We
find out that we have to consider 3.0X 10'7 different clus-
ter configurations for L =5. By finding symmetries in
the system, we are able to reduce them to 9361
configurations, which indicates there are enormous num-
bers of symmetries in the system.

Furthermore, we find evidence suggesting the existence
of a phase transition’>?! in the multifractal spectrum. In
other words, the “free energy” of the system develops a
singularity near a certain critical “temperature.” We also
find that this transition has several interesting conse-
quences. For example, the free energy is not defined
below the critical temperature 3., the large energy part of
the “entropy” function is a straight line of slope 3., and
there are large fluctuations of energy near the critical
temperature. We also give a phenomenological explana-
tion for the origin of this phase transition. ??

This paper is organized as follows. In Sec. II, we de-
scribe the exact enumeration method used here to obtain
the multifractal spectrum. The method which reduces
the number of independent configurations based on sym-
metry considerations is given in Sec. III. In Sec. IV, we
describe the evidence of a phase transition and its conse-
quences. The origin of a phase transition is explained us-
ing a phenomenological argument in Sec. V. The sum-
mary and open questions can be found in Sec. VI.

II. EXACT ENUMERATION METHOD

In this section, we will describe the method used here
to obtain the multifractal spectrum. Consider the dielec-
tric breakdown model?* (DBM), which has the same
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mathematical structure as DLA. For DBM, one solves
the Laplace equation for the electrical potential ¢, with
boundary conditions ¢=1 on the cluster and ¢=0 at
infinity. In this paper, we will consider DBM in the strip
geometry; here one replaces the point seed with a line of
seed particles, and one chooses ¢ =1 for all particles con-
nected to this line and ¢ =0 for points an infinite distance
above the cluster. It is believed that the fractal proper-
ties of the original DBM problem with circular geometry
are the same as those for the DBM in the strip geometry.
Furthermore, we shall take periodic boundary conditions
in the horizontal direction, so that our strip is effectively
wrapped onto a cylinder.

The first step is to consider a finite lattice of edge L.
Every bond can be considered to be a resistor. If we as-
sign an infinite conductance to the bonds belonging to the
cluster, and unit conductance for the other bonds, with
the boundary conditions ¢ =1 on the cluster and ¢=0
along the top of the lattice, then this resistor network
problem becomes equivalent to DBM in the L — oo limit.
Since the resistor network is more convenient than DBM
for small-cell exact enumeration, we will mostly consider
the resistor network problems henceforth.

We use a finite-cell exact-enumeration method to study
the scaling structure of DLA. This means we must con-
sider every possible configuration for a given cell size.
Furthermore, we use a renormalization method
developed by Nagatani.!® The basic idea of his method is
as follows. In a coarse-graining process, there is a length
scale a defined as a lattice constant. The structures
whose length scale is less than a are usually ignored in
the process of coarse graining. For example, consider a
coarse graining of a 4 X4 cell configuration to a 2X2 cell,
shown in Fig. 1. The solid lines are “‘cluster”” bonds with
infinite conductance. Notice that cluster bonds whose
size is less than a are ignored in process 1 (marked as 2
and 4). On the other hand, cluster bonds whose size is
larger than a are preserved (marked as 1).
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FIG. 1. Comparison of two coarse-graining processes. (a)
Process 1: small structures, whose size is less than a, are ig-
nored. (b) Process 2: small structures are replaced by bonds of
effective conductance o *.
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Instead of ignoring these small structures, one can as-
sign an effective conductance o* for the bonds containing
the small structures like 2,4 (process 2). Since those types
of bonds are always at the tip of cluster bonds, we call
them ‘“‘surface” bonds. One way to calculate o * has been
developed by Nagatani using an approximate renormal-
ization method (see Appendix A).

Based on the above remarks, we can exactly specify the
system to be studied. We cover the space with a L XL
square resistor network. The conductances of the bonds
(resistors) are defined as follows.

(1) If a bond is a part of the cluster, we call it a cluster
bond. Since the potential on the cluster remains the same
(¢=1), we assign an infinite conductance to cluster
bonds.

(2) If a bond is not a cluster bond, but one of its two
ends is touching a cluster bond, it is a surface bond. The
conductance o* assigned to surface bonds is calculated
using a renormalization method (see Appendix A).

(3) All the other bonds are designated as empty bonds
and assigned to a conductance of 1. Finally, we assign
boundary conditions, which are ¢ =0 at the top of the
cell and ¢=1 at the bottom of the cell. We also apply
periodic boundary conditions in a horizontal direction.
A typical configuration with boundary conditions is
shown in Fig. 2.

The next question to be answered is ‘“What are the pos-
sible configurations and their weights?” Let C_, be the
weight of configuration a, the probability of getting
configuration a, if we randomly choose one configuration
of the total possible configurations. Obviously not every
combination of the three types of bonds (cluster, surface,
and empty) is possible. The possible configurations and
their weights are determined by the growth rule of DBM.

Consider the 2X2 case as an example. All the possible
configurations and their weights are shown in Fig. 3. We
start with a configuration with no cluster bonds,
configuration 1, shown at the top of Fig. 3. The weight of
this configuration is C,;, which will now be calculated.
Note that only surface bonds can grow to be cluster
bonds, since if empty bonds grow to be cluster bonds, we
would have more than one cluster, and the cluster bonds
cannot grow any more. The growth probability for each
of the N, surface bonds in configuration a is given by

———— Empty bond

<«+»  ~—~~_~Surface bond
Periodic
boundary

condition
s Cluster bond

FIG. 2. A typical configuration (L =2 case), its boundary
conditions, and three types of bonds are shown.

































