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We present a renormalization-group approach for treating the percolation properties of
the nearest-neighbor triangular Ising model. We obtain exponents for the line of percola-
tion transitions T,<T<w, In particular, we find a possibly exact result for the connected-
ness-length exponent v, =1nv3/1n@) in the “pure’ percolation (T'==) limit, which holds for
T, <T<w, AtT=T. we find the connectedness-length exponents of the percolation problem

to be identical to the correlation-length exponents for the thermal problem.

The percolation problem has been an active
area of research for many years. The properties
of clusters formed by sites occupied at random
has been studied extensively. In contrast, there
has been relatively little effort made to under-
stand the more difficult, but physically more in-
teresting, properties of a model where the site
occupation is correlated. Such models are rele-
vant, e.g., in studying temperature effects in
polymer gelation, as well as the effects of
quenched impurities in random magnets in which
the quenching was done at a finite temperature.
We shall also see that the connectivity properties
of such models may be relevant to the understand-
ing of thermal phase transitions.

A correlated percolation problem that has re-
ceived some attention is the study of the connec-
tivity properties of the lattice gas or Ising mod-
el'™. In this model, spins couple via a nearest-
neighbor Ising interaction and with an external
magnetic field. The spin-up state is associated
with an empty site, and the spin-down state with
an occupied site.'™ Little information exists
about the critical exponents® associated with the
percolation transitions of the lattice gas except
at T =, which corresponds to random, or pure,
percolation.

Here we describe a renormalization-group (RG)
procedure for treating the correlated percolation
problem on the triangular lattice. In order to de-
fine our RG, we construct an operator O(s), a
function of the spin variables {s,}, where O(s)
gives the number of clusters for a given configu-
ration of spins. For example, in one dimension,*
O(s) =';:Z)£(1 +S4).

The average number of clusters, which in per-
colation plays the role of the free energy,’ is

Gp(h,K) =(O(s). (1a)
We write (©(s)) as
() - L&) (1)
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where F (2 ,K,w) =1nZ(h,K,w), and

Z(h,K,w)= Z). exp[(s) +wO(s). (1c)

config

Here ¥(s) is the usual nearest-neighbor Ising
Hamiltonian, 3¢(s) =h2 s + K2 4 mSS;, where
and K are the dimensionless magnetic field and
coupling constant.

Equation (1c¢) has the form of a thermal parti-
tion function, since ©(s) can be writtein as the
sum of products of spin variables. The singulari-
ties of the function Gp(#,K) must be contained in
Z({,K,w). Since the singularities of Z(#,K,w)
are associated with an infinite length, we can ap-
ply the RG techniques of thermal critical phenome-
na. In particular, we employ a Kadanoff block-
spin transformation.® Note that ©(s) has the form

»e(s)=EaKusa} (2)

where, in the notation of Ref. 7, K, represents
all possible coupling constants (two-spin, three-
spin,...; nearest-neighbor, next-nearest neigh-
bor,..J), and s, represents the corresponding
spin products. We perform the partial trace

exp[3Cets’ (s7)] = L3P (s, s")explFess(s)], 3)

where P(s,s’) is the RG weight function’ and 3C.¢¢
=¥(s) + wO(s).

An important simplification for the triangular
lattice is that the singular part of G(z,K) is ob-
tained only from 6,(s), the even part of ©(s),
where we write 9 (s) =0,(s) +0 (s) with 6,(-s)
=0,(s) and © (-s)=-O(s). Specifically, itis
straightforward to show, following the argument
of Sykes and Essam,? that ©,(s)=G,(#,K) has a
contribution only from clusters of size smaller
than or equal to 3, and therefore can play no role
in the percolation singularity. Hence, for the
purpose of studying the percolation transitions,
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we need only consider

<]
GalhsK) = @) 2o 0 {5 exlics) + 0,6 . @
ow config w=Q
We now have a “Hamiltonian” that consists of a
nearest-neighbor interaction K [from 3(s)] and in- the form
teractions [from wee(s)] which are even under F,K=0,0)

spin inversion, and have arbitrarily small unre-
normalized coupling constants.

In addition to the usual restrictions’ placed on
the weight function P(s,s’), it must also satisfy
two percolation criteria. First, it must reflect
the connectivity aspects of the problem. We
choose P(s,s’) to be the “connectivity rule’”®: A
block spin is considered to be “down” (i.e., cell
occupied) when there exists a connected path of
“down” spins spanning the cell.!° The second cri-
terion that P(s,s’) must satisfy is that it con-
serve the symmetry of ¥¢(s) and ©,(s). We adopt
this rule because the symmetry of both 3(s) and
O,(s) could play an important role in the form of
the percolation singularity.

It is not at all obvious that a weight function can
be chosen that satisfies both criteria. Thus far
we have found one, and only one, such weight
function. It is for the triangular lattice with a
three-spin cell [Fig. 1(a)], and is given by

P(s,s’) =2[1+38'(s, +S, +S;3 = $,5,5;), (5)

which is identical to the majority rule of Niemei-
jer and van Leeuwen.'" This P(s,s’) is the con-
nectivity rule and clearly conserves the spin in-
version symmetry of ©,(s) and 3¢(s). Therefore
the P(s,s’) chosen above satisfies both criteria.

We note that with this Hamiltonian and weight
function, our RG is identical to a d =2 Ising ther-
mal problem. Hence we can use all of the results
that have been obtained for such models.'®

We consider three cases: K=0, 0<K<K_, and
K =K .. We begin with K =0, which describes pure
percolation. For this case, our “Hamiltonian” re-
duces to k) ;s; +wO(s). Since w is arbitrarily
small, we know from extensive work of others’
that the fixed point that controls the physics of
this “Hamiltonian” is (w =0, & =0). Moreover,
we know from the same work that all eigenvalues
in the even direction [ i.e., thos that are associat-
ed with ©,(s)| are irrelevant. At this fixed point,
there is one relevant eigenvalue associated with
the field” &,

A, =bT =%, (6)
We expect that the free energy F (2,K =0,w) has
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=AQ,w)F #,K =0,0) +B(,w), (7

where A and B are analytic functions of 2 and w,
and F; is the singular part of F. The function F
has the usual scaling form in the neighborhood
of h =w =0,

Fyh,K=0,0) = k% f(wn¥). (8)

Since the eigenvalues associated with ©,(s) are
irrelevant, it follows thatx>0. From Egs. (4),
(7), and (8), we have

G(h,K =0)~A'h 5 (9

where G is the singular part of G,, and A’ ,
=[0A(h,w)/8wly= »=o. With the assumption that
A’#0, together with the relation p —3 =3 tanh
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FIG. 1. (a) Triangular lattice with three-spin cells.
(b) Phase diagram indicating the percolation transi-
tions on a two-dimensional triangular lattice. The line
0sK <K, is a line of percolation points. The arrows
indicate the paths along which the percolation points
are approached. (c) Schematic diagram illustrating RG
flow lines in the #-K plane. Ath =0, for K <K;, the
flow is to the K=0 fixed point, while for K >K,, the
flow is to the K=« fixed point, and at K=K, the flow,
in the higher-dimensional coupling-constant space (not
shown), is to the Ising fixed point.









