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Random-walk approach to the two-component random-conductor mixture:
Perturbing away from the perfect random resistor network and random
superconducting-network limits
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We develop a random-walk approach that permits one to study novel physical phenomena that
occur in the random two-component mixture of good and poor conductors. Our work significantly
generalizes the previous body of knowledge on the random resistor network (pure “ant” limit) in
which the poor-conductor species has infinite resistance, and the random superconductor network
(pure “termite” limit) in which the good-conductor species has zero resistance. We find that for any
fixed value of the concentration p of good conductors, we can map a system that is nearer the ant
limit to one that is nearer the termite limit. Specifically, we find R*(1,h,t/h)=R*(h~',1,t) where
R*0,4,04,t) is the mean-square displacement of the walker, and h =0, /0, is the ratio of the con-
ductivity of the poor and good components. This exact transformation permits one to develop a
scaling theory for the general two-component case, which reduces to the known results for the ant
limit and predicts dramatically new behavior for the termite limit. We test the scaling predictions
extensively by Monte Carlo simulation methods. Finally, we develop an analogy with a simple mag-

1 APRIL 1986

netic system, in which the role of the magnetic field is played by the conductivity ratio h.

I. INTRODUCTION

How are the fundamental laws of diffusion and trans-
port modified when the medium in question is a random
AB mixture of good and poor conducting regions [Fig.
1(a)]? This question has received a considerable degree of
recent attention for two limiting cases:'~7 (i) The random
resistor network (RRN), or pure “ant” limit, for which B,
the poor-conducting species, has zero conductance,"8~!2
and (ii) The random superconducting network (RSN), or
pure “termite” limit,’~7 for which 4, the good-
conducting species, has infinite conductance.

The terms ant and termite arise from the fact that one
can replace the conductivity problem with a diffusion
problem using the Nernst-Einstein relation.!*> For the
RRN limit, no diffusion can occur on the component with
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FIG. 1. (a) Schematic illustration of a random two-
component composite material before coarse graining. (b) Re-
placement by equivalent random network with two conduc-
tances a =0, (probability p) and b =0, (probability 1 —p).

zero conductance, so the constrained diffusion problem is
rather like an “ant in a labyrinth.”1 For the RSN limit,
the diffusion can occur everywhere since both components
conduct, but the fact that the good conductor species has
zero resistance means that the diffusion is remarkably dif-
ferent in this region than elsewhere. Some years ago de
Gennes invented the term “termite diffusion” to describe
this subtle phenomenon.? However, to date there has been
no clear statement of exactly how to properly define or
measure this phenomenon,>~> in contrast to the ant limit
where the diffusion is simply constrained to one com-
ponent.>~> There are many reasons for the current up-
surge of interest in this problem.

(i) One reason is that there are many experimental sys-
tems that are random and inhomogeneous.” For example,
a rock is composed of tiny grains of different conductivi-
ties (to heat, to fluid flow, to electricity, etc.). To the ex-
tent that such inhomogeneous materials are also random,
we may think of using a site-random description of this
material “lattice-gas” description. One first coarse grains
the material and then assigns to each cell one of two con-
ductivities o, and o,. Calculations based upon such a
straightforward approach have been usefully compared
with a wide range of experiments,®”!*~%° from conduc-
tivities of thin films of lead depositions on an insulating
substrate’ (roughly the RRN limit) to thin films of super-
conducting material vacuum deposited on a normal sub-
strate® (roughly the RSN limit). Moreover, ionic conduc-
tors mixed with a dispersed insulating phase represent
random heterogeneous materials, where both limits seem
to play an important role.!*

(ii) A second reason is related, perhaps, to the reason
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why the Ising model has always been of great interest: It
is an extremely simple model that captures the essential
physics of a realistic system in nature. The analog of the
Ising model for random inhomogeneous materials is a
mixture of sites (or bonds) randomly distributed on a
lattice—see, e.g., Fig. 1(b). The sites (or bonds) are as-
sumed for simplicity to have only two possible values of
the conductance,

o, (probability p) ,
(L.
o, (probability 1—p) .

By convention, we choose- o, >0}, so that the ratio
h =0y /0, is always less than unity.

Conventionally, one wants to know the macroscopic
magnetization of an Ising ferromagnet composed of ele-
ments (spins) whose microscopic property is a two-valued
variable. Similarly, we now want to know the macroscopic
conductivity which depends on all possible configurations
of the microscopic elements (conductors) whose property is
again a two-valued quantity (o, and o,).

The two limiting cases mentioned above can now be
discussed more precisely (Fig. 2): (a) In the RRN limit,
the large conductance is set to unity and the small con-
ductance is set to zero. As the percolation threshold p, is
approached from above, the macroscopic conductivity 3
approaches zero with a critical exponent p,”?!

S~(p—pW.

(b) In the RSN limit, the small conductance is set to uni-
ty, and the large conductance is infinite. As the percola-
tion threshold is approached from below, the conductivity
diverges to infinity with an exponent 542223
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FIG. 2. Schematic dependence on p of the macroscopic con-
ductivity 2 for two limiting cases of the present model: (a) the
random resistor network (RRN) or ant limit, and (b) the random
superconductor network (RSN) or termite limit. The corre-
sponding exponents y and s are equal for d=2.
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Z~(p.—p)*°. (1.2b)

The traditional approach to the RRN limit has been to
replace Kirchhoff’s laws by an equivalent diffusion prob-
lem, where the macroscopic conductivity is related to the
diffusion constant D by the Nernst-Einstein relation,

2~nD, (1.3)

where n is the density of the charge carriers.?*

II. RANDOM-WALK MODEL
FOR THE CONDUCTIVITY OF A TWO-COMPONENT
RANDOM MIXTURE

In this section, we briefly explain the model we have
been developing to describe—using random walks—the
conductivity of a general two-component random mix-
ture.>> Perhaps the best starting point is the pure ant
limit in which the conductance of the poor conducting
species tends to zero (o, =0). In this case, the Nernst-
Einstein theorem applied to this case tells us that the mac-
roscopic conductivity 2 (measured, e.g., by a pair of bus
bars—see Fig. 1) is proportional to the diffusion constant
D.

It is convenient to imagine a randomly diffusing parti-
cle which jumps from site to site over potential barriers.
Each barrier has the same height if the bond has conduc-
tance o,, while the barrier is infinite in height if the bond
has conductance o, (see Fig. 3). Thus, when the particle
is at a boundary between two bonds with conductivities
o,=1 and o, =0, it will be “reflected” with probability
unity by the zero conductivity bond. We could say that
its jump frequency into the high-conductivity region is
fa=1, while its jump frequency into the low-conductivity
region is f, =0. Similar remarks apply to the termite or
RSN limit, except that now f,— « and f, =1. For the
case of a general inhomogeneous material, f, and f;, are
both finite constants, different from zero or infinity. The
ratio h =f}, /f, is zero for both the RRN and RSN limits,
but for the general inhomogeneous material / is a number
between zero and one. Note that since f,~o, and
fp ~0p, his also given by
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FIG. 3. Schematic illustration of our random-walk model for
a one-dimensional lattice, showing the presence of a boundary
between a good-conductor cluster of conductors o, and a poor-
conductor cluster of conductors o,. The corresponding jump
frequencies f, and f, determine, through Eq. (2.2), the probabil-
ity of a particle being reflected at the boundary.



























