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A general model of co-operativity is developed and solved explicitly ; it combines
the concepts of preferential binding and quaternary constraints (due to Monod,
Wyman & Changeux), nearest-neighbor subunit interactions (due to Koshland),
and changes in subunit aggregation (due to Briehl). For this reason, the general
model can explain systems which previous models cannot—e.g. the model of
Monod, Wyman & Changeux cannot explain negative co-operativity, the model
of Koshland cannot treat situations where quaternary conformation is observed
to be coupled to ligand binding, and the model of Briehl cannot explain co-opera-
tivity when no change in the level of subunit aggregation occurs. This general
model of co-operativity reduces in special limits to these previous models. Still
another limiting case corresponds to the Perutz description of hemoglobin, a
“mixed” system thought to exhibit characteristics of several previous models.

Four distinct types of effector are defined and incorporated in the model. By
calculating binding curves, and explicitly comparing them with experimental data
concerning the inhibition of hemoglobin oxygenation by 2,3-diphosphoglycerate,
one finds: (a) that P,Glyc§ binding not only stabilizes the deoxy quaternary
conformation of hemoglobin but also increases the strength of molecular (i.e.
quaternary) constraints; (b) that the oxygen binding affinity is higher for the «
subunits than for the B subunits but that the « and 8 subunits are practically
equivalent with respect to the P;Glyc binding equilibrium and molecular con-
straints; (c) that the quaternary conformation changes from the deoxy to the oxy
form at about the third oxygenation, depending only slightly on P,Glyc concen-
tration ; (d) that the detailed dependence of the four Adair parameters and of the
apparent free energy of interaction on the free P,Glyc concentration can be easily
calculated ; and (e) that the model describes biphasic oxygenation curves very
well and can explain the dependence of the Hill coefficient, ny, on P3Glyc concen-
tration, on pH, and on ionic strength.

The model is also used to describe the dependence of the oxygen equilibrium on
hemoglobin concentration for very dilute solutions of HbA (normal adult hemo-
globin) and for lamprey hemoglobin. It is found that oxygenated HbA dissociates
more readily than deoxygenated HbA, primarily because the dimer has a very
high oxygen affinity; the fact that the stability of the oxy quaternary confor-
mation of the tetramer is somewhat lower than that of the deoxy quaternary
conformation is relatively unimportant. For lamprey hemoglobin it is found that
there is some tetramer present but one cannot tell whether the tetramer is
co-operative like the HbA tetramer.

The model is finally applied to dimeric mollusc myoglobin, in order to try to
determine the mechanism of co-operativity in this system from the temperature
dependence of the oxygen equilibrium. This attempt proved unsuccessful in the
temperature range of the data available.

1 Present address: Department of Chemistry, Amherst College, Amherst, Mass 01002, U.S.A.

§ Abbreviations used: P,Glye, 2,3-diphosphoglycerate; MWC, Monod-Wyman—Changeux.
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1. Introduction

When co-operativity was first discovered it was thought that the coupling of ligand
binding at different sites on a protein molecule might be due to direct interactions
between the bound ligands. However, it has since been found that the ligand binding
sites are generally too distantly separated for direct interactions to account for the
strength of the coupling observed. It is therefore necessary to hypothesize indirect
interactions between sites in which the protein structure has an active role.

Several mechanisms have been proposed for such an indirect interaction. In all
cases the protein molecule has two or more possible conformational states with dif-
ferent ligand binding affinities. By this process, called preferential binding (Monod
et al., 1965), the ligand binding equilibrium is coupled to the protein conformational
equilibrium. An extreme case, in which the protein is exclusively in one conforma-
tional state when ligand is absent and in another conformational state when ligand
is bound, is called ¢nduced-fit binding (Koshland et al., 1966).

The various proposed mechanisms differ in the types of conformational change
and the types of allosteric interactions attributed to the protein molecule. The con-
formational change(s) involved include: (i) a change in the state of aggregation of
protein subunits (Briehl, 1963); (ii) a change in the quaternary conformation of a
given aggregate of protein subunits (Monod et al., 1965); and/or (iii) a change in the
tertiary conformation of a specific protein subunit (Koshland et al., 1966).

Proposed allosteric interactions may be: (i) between the quaternary equilibrium
of the molecule and the tertiary equilibrium of each individual subunit (Monod et al.,
1965); or (ii) between the tertiary equilibria of neighboring subunits (Koshland ef al.,
1966).

We shall refer to interactions of type (i) as molecular constraints, or quaternary—
tertiary (q-t) interactions. Type (ii) interactions will be called nearest-neighbor
constraints, or tertiary-tertiary (t-t) interactions. For either type, the extreme of
infinitely strong constraints corresponds to concerted change of all subunit confor-
mations.

Both types of allosteric interactions, (i) and (ii), have their strengths and their
weaknesses. Molecular constraints can describe positive but not negative co-opera-
tivity. Ligand binding stabilizes the quaternary state with the higher ligand affinity
and thereby facilitates further ligand binding. Nearest-neighbor constraints, how-
ever, can explain both positive and negative co-operativity. If a pair of neighboring
subunits are more stable when they are in the same conformation, then positive co-
operativity will occur; if they are more stable when in unlike conformations, negative
co-operativity may occur. On the other hand, nearest-neighbor constraints cannot
explain situations where the state of aggregation and the quaternary structure are
observed to depend on ligand binding. This coupling can be explained by molecular
constraints.

The indirect coupling of ligand binding at different sites, due to the combination
described above of preferential binding, conformational change, and allosteric inter-
actions, is illustrated schematically in Figure 1.

Tn the work described here, we have combined all the above concepts, generalized
from earlier models, into a single quantitative model which is applicable to a wide
variety of systems. We illustrate our approach by considering the oxygenation of
hemoglobin in some detail. Perutz (1970a,b) has proposed that the behavior of
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Fie. 1. Schematic representation of the indirect coupling of ligand binding at different sites.
The symbols q and t represent the quaternary econformation of the molecule and the tertiary
conformation of a subunit, respectively, while @ represents the occupanecy (i.e. occupied or vacant)
of a ligand binding site. The notations (———-—— yand (....... ) represent molecular constraints
(g-t interactions) and nearest-neighbor constraints (t—t interactions), respectively, while ( )
and (~~~~-) represent preferential ligand binding to different tertiary and quaternary confor-
mations, respectively.

HbA (normal adult hemoglobin) combines aspects of both the MWCt and Koshland
theories. The co-operative mechanism is thought to consist of molecular constraints,
as suggested by MWC, and induced-fit binding, as suggested by Koshland. Our model
provides a quantitative test of this hybrid picture against oxygenation data. We shall
gee that the picture becomes still more complex at very low hemoglobin concen-
trations, where the effect of ligand-dependent disaggregation of the tetramer must be
taken into account. In addition, we consider the action of effectors of oxygenation, in
particular the inhibitor 2,3-diphosphoglycerate.

2. The Model

Following Monod et al. (1965) and Koshland et al. (1966), we suppose that the states
of the protein molecule may be adequately described by the following gross features:

(1) the association of ligands with binding sites,

(2) the tertiary conformations of each of the subunits,

(3) the quaternary arrangement of the subunits, and

(4) the total number, N, of equivalent subunits in the molecule.

All combinations of ocecupancy of sites, tertiary conformations of subunits, quater-
nary conformation, and level of subunit aggregation can conceivably exist, but some
of these states may be much less probable than others. We assume the following
constraints exist (see discussion in the Introduction above): (1) preferential ligand
binding, (2) nearest-neighbor constraints, and (3) molecular constraints.

We shall assume that the ligand of primary interest, called the substrate, has one
or more binding sites on each subunit, and can therefore exhibit homotropic co-oper-
ativity. Other ligands, called effectors, may affect substrate binding in the four
mutually non-exclusive ways illustrated in Figure 2.

1 See footnote § to p. 231 for abbreviations used.
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Fie. 2. A schematic representation of different types of effector action. The symbol <« repre-
sents effector binding which changes the strength of the allosteric and/or preferential binding
interactions that are represented by the symbols used in Fig. 1.

(1) Allosteric effectors are molecules that shift the equilibrium between accessible
conformations by binding preferentially to a particular tertiary or quaternary con-
formation ; these we call tertiary and quaternary effectors, respectively (or, for short,
t-effectors and g-effectors). Since salt bridges are broken when subunits change from
the deoxy to the oxy tertiary conformation (Perutz, 1970a,b), and since hydrogen
ions bind preferentially to the intact salt bridges, hydrogen ions are t-effectors of
hemoglobin oxygenation. Similarly, since P,Glyc binds preferentially to the deoxy
quaternary conformation of hemoglobin (Perutz, 1970a,b), P,Glyc is a g-effector.
Note that by so altering the equilibrium between quaternary conformations, g-
effectors may help us to understand the role which changes in quaternary structure
have in the co-operative mechanism.

(2) Direct effectors are molecules that interact directly with bound substrate mole-
cules, or with the substrate receptors, thereby changing the stability of the bound
complex and the observed binding affinity. In the limiting case of extreme antago-
nistic interactions between substrate and effector, binding of two ligands is mutually
exclusive. For this case, effector binding competes with substrate binding and the
effector is called a competitive effector. (Although they may be physically competing
for occupancy of the same binding sites, it is conceptually convenient to think in
terms of an interaction between two distinet binding events.) Carbon monoxide is
an example of a competitive effector of hemoglobin oxygenation.

(8) Constraint effectors are molecules that bind to the protein molecule in such a
way as to alter the strength of the t—t interactions or the q-t interactions. As we
shall see in section 5 below, P,Glye acts, in part, as a constraint effector of hemo-
globin oxygenation, strengthening the q—t interactions.

(4) Second-order effectors shift the equilibrium between accessible conformations
indirectly, by interacting with bound effectors, or with their receptors. This alters
the binding affinities of the effectors and therefore their effect on substrate binding.



GENERAL APPROACH TO CO-OPERATIVITY 236

Since hydrogen ions affect P,Glye binding to hemoglobin (Benesch et al., 1969),
hydrogen ions are second-order quaternary effectors of hemoglobin oxygenation, as
well as t-effectors (as described above).

In this paper we make the assumption that each subunit interacts with exactly
two neighboring subunits (the “square model”). An alternative assumption, that
each subunit interacts equivalently with all other subunits (the “tetrahedral model”),
is not discussed here (although the mathematics involved is simpler than for the
square model) because it is less relevant for our applications to hemoglobin.

Our goal is to calculate the substrate binding curves for the above model. The
fraction of substrate binding sites occupied by substrate, ¥, is given by the simple
expression

Y, =2
s z N f .
Here the summations are over all possible states of the protein molecule (see the
first paragraph of this section). n = n(state) is the number of substrate sites occupied
in that state, N = N(state) is the total number of substrate sites available in that
state (one site per subunit) and f = f(state) is the fraction of molecules which is in
a given state.

According to the standard statistical assumption, the fraction f of & large number
of molecules which is in a given state is equal to the probability P that a single
molecule will be in that state. Thus in the absence of effector binding,

oxp(nys,/kT) exp(Np,/kT) exp(—E[kT) _ exp(—&[kT)

(1)

f . @
where p, is the chemical potential of substrate, u, is the chemical potential of unlig-
anded subunits, £ = E(state) is the energy of a given state, & = — npu, — Np, + E,

and Z is the normalization constant, determined by the condition that the sum of
probabilities of all states add to unity,
Z = 3 exp(nuy/kT) exp(Nu,/kT) exp(—E/[kT) = > exp(—&/kT). (3)

all all
states states

{The symbol Z is used because Z is the partition function of statistical mechanics;
see, for example, Davidson (1962). Z is related to the binding potential, I7, introduced
by Wyman (1965,1967,1968) by the equation Z = exp(I7/RT').) Combining eqns (1)
and (3), we can express the fraction of occupied substrate sites directly in terms of Z,

Y. — oZ oz
= (%/kT)/ <3ﬂp/kT) ' @)

Notice that if the zero of energy is shifted by a constant (i.e. Z is multiplied by a
constant) eqn (4) remains valid.

3. Substrate Binding Curves

To obtain Y, as shown in section 2 above, it suffices to calculate Z, where Z is a
function of the energies of the possible states of the protein molecule. In order to
calculate Z, it is first necessary to specify the states of the protein molecule. These
can be represented by a set of siate variables, each describing an important feature of
the molecule.
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(1) The occupancy of the substrate site on ¢th subunit is given by 0;, where 0, takes
on the values 0, 1 according to whether the site is vacant or occupied.

(2) The tertiary conformation of the ith subunit is given by ¢,, where ¢, = k indicates
that the ith subunit is in the tertiary conformation k£ (k =1,2...).

(3) The quaternary conformation is given by g, where ¢ = % indicates that the protein
molecule is in the quaternary conformation k (k = 1,2, ...).

(4) The level of aggregation is specified by N, the total number of subunits.

Using this notation, eqn (3) can be rewritten in the form

Z = Z DD z zexp —&[kT), (ba)

01 Oy L

or in the abbreviated form

= > > 2exp(—&[kT). (5b)
{o:} {1} ¢

Z is caloulated explicitly for the general case in the Appendix. However, for hemo-
globin tetramer (N = 4), it suffices to assume that there are only two possible quater-
nary conformations for the molecule (the deoxy and oxy conformations, correspond-
ing to ¢ = 1 and 2, respectively) and only two possible tertiary conformations for
each subunit (the deoxy and oxy conformations of the subunit, corresponding to
t;, =1 and ¢, = 2, respectively). Then for a particular state of the molecule, the
quantity & that appears in eqn (3) is given by the expression

4
¢=Ug+ .Zl{Uttt + [— tog + Up + (—1)"U g0, — U,y(g)(—1)"* 42
=D (6)

where U, is the difference in energy between the two quaternary conformations of
the molecule, U, is the difference in energy between the two tertiary conformations
of a given subunit, U, 4 (—1)%U,, is the energy of substrate binding to a subunit
in the ¢; tertiary conformation, — U,(—1)% * %+1 is the emergy of interaction
between neighboring subunits in the tertiary conformations ¢, and ¢, , ;, and
— U, (—1)' +a is the energy of the constraint on a subunit in the ¢; tertiary
conformation when the molecule is in the ¢ quaternary conformation. (Note that the
zero of energy has been shifted by the amount —4p,.)
Combining eqns (5) and (6) results in the expression

Z = Zexp(— Ug/kT) “z} Hexp (—[Us — Uzt({l)(_l)“HHl - th("l)t‘”]/kT)
g 5} =1
X {1 + exp(—[— po, + Ug + (—1)"Ugll/kT)}. ™M
Applying the methods of the Appendix, we arrive at the result
Z = {[x+(1* + [x-()]*} + exp(— U /kT){lx+(2)]* + [x-(2)I*}, (8)
where

X (@) = exp(Un(q)/kT) {$(1lg) + $(2|9)}/2
+ [exp2U(@)/kT) {$(1l9) — $(2lg) )4 + exp(—2Un/kT){$(Lla)p2l0 1. (9)
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The quantities ¢(f|g) appearing in eqn (9) are defined through the relations (cf.
Appendix),
$(1lg) = (1 + K,po,) exp[—(—1)U,/kT] (10a)
and
#(2|9) = exp(— U /kT)(1 + Kapo,) exp((—1)2U,[kT). (10b)

K, and K; are the binding constants for oxygen binding to subunits in the deoxy
and oxy fertiary conformations respectively,

Po K1 = exp(po,/kT) exp(— [Uy — U, ]/kT) (11a)
and
Po, Ky = exp(po,[kT) exp(— [Ug + Ug,)/kT). (11b)

The fraction of oxygenated sites is then given directly in terms of Z by means of
eqn (4), which becomes

oZ oinZ
Y,, = W/(4Z) = (1/4)

(12)

The behavior of a protein molecule is specified by the values of the parameters U,
Ugi, Uy, Uyilg) and U, for the particular system. Some special cases are the following:

(A) If Ugylg) =~ 0 (i.e. Uylg) < kT so expl U,,(q)/kT] ~ 1), then we can neglect
nearest-neighbor constraints and co-operativity is entirely due to molecular con-
straints.

(B) If U, ~ 0 (i.e. U, < kT), then we can neglect molecular constraints and
co-operativity is entirely due to nearest-neighbor constraints.

(C) If Ug, = 0 (ie. Uy, < kT) the substrate binding affinity is essentially inde-

pendent of the tertiary structure of the subunit (i.e. substrate binding is not preferen-
tial) and substrate binding to sites on different subunits is always independent.

D) If Uy, > 0 (i6. Uy > kT so exp(— U, fkT) = 0), then &, = ¢, for all ¢,
because all other conformational states have infinite interaction energies and there-
fore have zero probability. Thus when U,, - co, the molecule undergoes a concerted
change of tertiary and quaternary conformation; there are no hybrid states. U,, - oo
is known as the ‘“‘symmetry”’ assumption (Monod et al., 1965).

(E) If Uylq) — oo (i.e. Uylg) > kT) then, when the oligomer is in the g quaternary
conformation, ¢, =t for all ¢, j, because any pair of nearest-neighbor subunits in
unlike conformations has an infinite interaction energy and, therefore, zero proba-
bility. Thus, when U,(g) — oo, there is a concerted change of all tertiary conforma.-
tions within the g-quaternary structure. Thus, U,,(q) — 0 is similar, but not identical,
to the symmetry assumption (U, — o).

(F)If U, >n oo and Uy, - — 7 00 with n = 41 (i.e. |Ug| > kT and |U,| > kT,
but (U, + U,) is finite), then ¢, = (3 — 5)/2 in the absence of substrate and ¢, =
(3 4- )/2 when substrate is bound because all other states have infinitely greater
energy and zero probability. Thus, substrate binding determines, or induces, the
tertiary conformation. This is known as the *“induced-fit”’ assumption (Koshland
et al., 1966).
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We next show how the models of hemoglobin oxygenation proposed by Monod et al.
(1965), Koshland ef al. (1966), and Perutz (1970a,b) correspond to particular cases
of the general model described in this work. In the MWC model, it is assumed that
there are no nearest-neighbor constraints (case A above) but that molecular con-
straints are infinite (case D). The reader will note that eqns (8) to (12) give the MWC
equations for the oxygen equilibrium of hemoglobin when U,,(g) - 0 and U,, - co.

The Koshland model assumes that there are no molecular constraints (case B) and
that induced-fit binding occurs (case F). Thus eqns (8) to (12) give the Koshland—
and, equivalently, the Pauling (1935) and Thompson (1968)-equations for hemo-
globin oxygenation when U, — 0, U; — oo, and Uy, — — o0 (with Uy, - U, finite).

Perutz has recently suggested that for HbA there are no nearest-neighbor con-
straints, as in the MWC model, but that molecular constraints are finite, unlike the
MWC model. Perutz has also suggested that oxygen binding is induced fit. Thus,
the Perutz picture corresponds to the limit U,, -0, U, > 00, and U, - —o0
(with U,, + U, finite), and eqns (8) to (10) reduce to

Z ( + Kdeoxypoz) + exp U /kT) l + Koxypoz) ’ (138’)

where Uy is the difference in the total conformational energy (quaternary energy
and constraint energy) between the deoxy and oxy quaternary conformations of
the molecule in the absence of oxygen

U; = U, + 8U,,. (13Db)
According to eqn (12),

Y. — [Kdeoxy( + I{deoxypoz)3 + exp U*/kT)Koxy( + Koxypoz)a
%27 (1 + Kdeoxypoz) + exp U*/kT) + -Koxypoz)4
Here Kgo0xy and K, are the binding constants for induced-fit oxygen binding to

subunits consirained by the deoxy and oxy quaternary conformations respectively,
and are given by

]poz- (14)

K geoxy = exp(—2U,/kT)K (15a)
and
Koxy = exp(2U,/kT)K, (15b)

where K is the binding constant for induced-fit oxygen binding to a subunit in the
absence of molecular constraints,

Po,K = exp(uo,/kT) exp(—(Uq + Uy + U,)[kT). (15¢)

(The reader should note the distinction between these induced-fit binding constants
and the binding constants K, and K, defined in eqn (11).)

It is significant that eqn (14) is of the same form as the oxygenation equation
ariging from the MWC model. This is to be expected, since the MWC and Perutz
pictures are equivalent with respect to oxygenation—i.e. substrate binding at dif-
ferent sites is interrelated in the same way in the two models. This fact may be
verified by examining the relationships between the boxes in the diagram of Figure 3.
The only difference between the MWC and Perutz models is that for the MWC model
the tertiary conformation is determined by the quaternary conformation (due to
the symmetry assumption) and for the Perutz model the tertiary conformation is
determined by substrate binding (due to the induced-fit binding assumption). Thus
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Koshland
ef al

Perutz

Fia. 3. Various allosteric mechanisms for homotropic co-operativity in a tetramer are shown
as special cases of the general model. The notation 0, t, q corresponds respectively to substrate
binding, tertiary conformation, and quaternary conformation. A solid line indicates an interaction,
while a double line, together with an enclosing box, indicates an infinitely strong interastion.

the two models give the same oxygenation equations, although the parameters of
the equations have different microscopic meanings for each model. Thus, if these
parameters are regarded as ‘“‘adjustable parameters” to be determined by a best fit
to the observed data, then the two models should be capable of describing data with
equal “accuracy’’. This explains why the MWC model provides a good fit to data
(Monod et al., 1965; Ogata & McConnell, 1972a) even if the underlying mechanism
of co-operativity in hemoglobin is better described by the microscopic details afforded
by the Perutz picture.

4. Effector Action

The expressions developed in the previous section deseribe hemoglobin oxygena-
tion in the absence of effectors. In order to describe effector action, it is necessary
to modify eqns (5) and (6).

Consider first the case in which there is one effector binding site on each subunit.
Let the effector chemical potential be represented by u, and let the state variable @,
represent the occupancy of the effector binding site on the ith subunit (where i =1,2,
..., N). Then the sum over states in eqn (5) must be expanded to include all possible
effector binding states,

Z=3%...53>...3 >...> %exp(—-é’/kT) (16a)

01 ON O oN & tn

= > exp(— &[kT). (16b)
q

The energy &, given in eqn (6), must be modified to include the additional energy,
8&, associated with effector binding. For a tertiary effector, the energy term that
must be added to & is of the form
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N -
8§88 = > [— po + Us + (—1)1U3,10,. (17)
1=1

Combining eqns (16), (6), and (17), we obtain the partition function for the case in
which there exists a tertiary effector,

N
Z = Y exp(— UglkT) {Z} [T exp(—[Us; — Uplg) (=1 4+ — U (— D)H*)kT)
q 2 i=1

i

X {1 + exp(—[— pts + U + (—1)4Ug)/kT)}
X {1 + exp(—[— po + Us + (= 1)1 Ug]/kT)}. (18)
Eqn (18) can be rewritten in the form of eqn (7),
Z = ;_:exp(—- Ug/kT) S ﬁ

{t:;} i=1

exp(— [T — Ulg)(— 1) "4+ — U (—=1)"* YkT)

X {l + exp(—[— pg + Up + (—1)"U/kT)}, (19)
where
1 + exp(—[— o + Us + UgJ/kT)
1 + exp(—[~ po + Us — Ugl[kT)

exp(— U [kT) E< )exp(—— U,[kT). (20)

The influence of a tertiary effector is summarized by eqn (20), which shows the
complex dependence of the effective tertiary conformational energy, U,, on effector
chemical potential and temperature. Since U, is constant if the chemical potential
of the effector and the temperature are held constant during oxygenation, the equa-
tions of section 3 above—developed for oxygenation in the absence of effector—
can describe oxygenation in the presence of tertiary effector at a single chemical
potential and at a single temperature.

Notice in eqn (20) that at very high effector concentrations,

U, > U, + 2Uz, (21a)
and that at very low effector concentrations,
U,~U,. (21b)
If U, is very large, then at intermediate effector concentrations,
U,2Ui—[— e+ Us — Ugil, (21e)
and if — Uy, is very large, then at intermediate effector concentrations,
U, 2 U+ [—pe + Us + Ugil- (21d)

Thus at certain levels of effector concentration, the temperature dependence of U,
may be neglected, and, for a constant effector concentration at any of these levels,
the equations of section 3—developed for oxygenation in the absence of effector—
can describe the temperature dependence of oxygenation in the presence of tertiary
effector.
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A similar analysis may be performed for the case of a direct effector. In this case
N -
8= 3 [—pe+ Us+ 0, Ugl0,. (22)
i=1

The partition function Z may be written in the form of eqn (7), with U, replaced by
U,, where

exp(— Uo/kT) = exp(—-Ua/kT)<1 + oxp(—l—pe + Us 3 Ueollk T’) 23)

1+ exp(— [—p, + Ugl/kT)

Since U, is constant if the effector chemical potential and the temperature are
held constant, the equations of section 3 can describe oxygenation at a single effector
chemical potential and at a single temperature. Since U, is nearly independent of
temperature in certain ranges of u,, the equations of section 3 can describe the tem-
perature dependence of oxygenation at a single effector chemical potential in any
of these ranges.

For a constraint effector,

88 = [—po + Up — (—=1)"*"1 Uz, 10, (24a)
when g-t interactions are changed by the effector (cf. Fig. 2), or
88 = [—po + Ug — (—1)'**'+1 U, ] 0, (24b)

when t-t interactions are involved. When Z is written in the form of eqn (7), U,
(or U,,) is replaced by U,, (or U,,), where

exp(20,/kT) = exp(zU,,,/kT)(l +oxp(— [—pe + Us — Usullk T)> , (25a)

1 + exp(— [—po + Us + Usee/kT)

and

1 [ —pto + Up — Ugyf /T
exp(2U"/kT)Eexp(2U"/kT)( . i:}‘)’g_ {_,’: i T U—:j;kT;)' (25b)
(] 17 [

As before, the equations of section 3 can deseribe oxygenation at constant tempera-
ture and constant effector chemical potential. At certain chemical potentials the
equations of section 3 can also describe the temperature dependence of oxygenation.

Some effectors, such as quaternary effectors, do not bind to each subunit but rather
bind to a single site on the molecule. For a quaternary effector,

38 = [“"F’e + U@ + (—I)GUEG] @l: (26)

where @ = 0,1 according as this single site is empty or occupied. When Z is written
in the form of eqn (7), U, is replaced by U,, where

exp(— U JkT) = exp(— U,,/k:r)(1 + oxp(— [—e + Us + Usyll "T)). 27)

1 + exp(— [—po + Uy — Ug,l/kT)
Once again the equations of section 3 are adequate to describe oxygenation at con-

stant temperature and effector chemical potential; at certain effector chemical poten-
tials, they can also describe the temperature dependence of oxygenation.
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A single effector, such as H*, may bind at many different types of sites. So long as
the effector action at each site is of only one type (e.g. direct effector, constraint
effector, . . . ), then the above analysis and conclusions still hold. However, if bind-
ing of effector at one site has more than one type of effect, the above analysis does
not carry through—i.e. the equations of section 3 cannot describe oxygenation com-
pletely accurately, even at constant temperature and constant effector chemical
potential. In the following section we shall see that P,Glyc is such an effector.

5. 2,3-Diphosphoglycerate
(a) 2,3-Diphosphoglycerate as a quaternary effector

As noted in section 2 above, since P,Glyc binds preferentially to the deoxy quater-
nary conformation of hemoglobin, it is by definition a quaternary effector.

We have shown in section 4 that the equations of section 3 can describe hemo-
globin oxygenation at a constant concentration of quaternary effector and a con-
stant temperature. However, we would like to understand the changes in hemoglobin
oxygenation when the concentration of P,Glyc is varied.

In order to calculate Y in the presence of P,Glye, we add the energy §& =
[— ppgaive + Us + (—1)WWa]0 of eqn (26) to the energy & given by eqn (6).
Then by exactly the same methods that led to eqn (13), we obtain the appropriate
generalization to arbitrary P,Glyc concentration of the partition function,

Z=(1+ Kdeoxy [PaGlycliree) (1 + Kgooxy Poy)*
+ (1 + Koxy [PzGlyc]tree) exP(— U;/kT)(I + Koxy ]702)4- (28)

Here [P,Glycl;,., denotes the concentration of free P,Glyc; Kypon, and K, the
binding constants for P,Glyc binding to the deoxy and oxy quaternary conforma-
tions, respectively, are defined through the relations

[P2G1yc]free Kdeoxy = exp(.u'PgGlyo/kT) exp(_ (UJ - U@q)/kT) (293’)
[PzGch]Iree Koxy = GXP(,U-ch;lyc/kT) eXP(—(Ua + U@q)/kT) (29b)

In eqns (15), {28) and (29), all the energies are dependent upon the chemical potential
of effectors other than P,Glyc and perhaps on temperature (cf. discussion in section 4).

From the expression of eqn (28) for the partition function Z we can calculate,
using eqn (4), the fraction of heme groups that are oxygenated,

1 oz
°2 " 4 olnp,,

(30)

Similarly, we can calculate from Z the fraction of hemoglobin molecules with
P,Glyc bound,
onZz

_—, 1
aln[PZG'Iye]free (3 )

YPzG lyc —

Using eqn (31), we can obtain the free P,Glyc concentration,
[P3Glyclires = [PyGlyolsoas — ¥ poaiye [Hb]. (32)
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Fic. 4. Experimental measurements (Heustis & Raftery, 1972a) of carbon monoxide binding,
Yco, and P;Glye binding, szc,m, under the conditions of 32°C and pH 7-40 (0-1 m-bis-Tris
buffer). The concentration of Hb is 2x 102 M (by tetramer), and the concentration of P,Glye is
3x 1072 4. Open symbols denote Yo, while closed symbols denote 4¥p,q1y,, Where A4%5,6150
(Pco) = [ngexyo (Poo) — YPgGlyc (A)]/[YPgGlyo (B) — szmye (4)]. The solid curves represent the
best fit of the theoretical expressions developed in the text (see eqns (15) and (28) to (32)). The
five parameters used are U; = 28kT,K = 1'9x102mm Hg~%, Uy, = 2:-5 kT, Ka,ox, = 5§46 X 10°®
u~1, and Ky = 7-93x 10-% M~1, where k is the Boltzmann constant and 7T is the temperature
tn degrees Kelvin (kT = 0-0263 eV at 32°C). The broken line represents the theoretical values of
szmyo, from which AYPRGM was caleulated.

Figure 4 displays data of Heustis & Raftery (1972a) for ¥ ¢, and Ypamyo as a func-
tion of pg, at a single value of [PyGlyc],ya;. The solid curves represent the theoretical
equilibrium curves obtained from the set of simultaneous equations (15) and (28) to
(32) (where O is replaced by CO in all expressions). The five parameters U}, U,,,
K, Rypony» and K, of these equations were chosen to achieve a least-squares fit.

Figure 5(a) displays a family of curves, one for each of five discrete values of
[P2Glyclitar, of Yo, as a function of p,,. The data are from Benesch et al. (1969)
and Benesch & Benesch (1971, personal communication). The solid curves show the
fit of the same five-parameter set of simultaneous equations, (15) and (28) to (32),
as was used in fitting the data of Figure 4.

Figure 6(a) represents a family of oxygenation curves analogous to that of Figure
5(a), but for a different set of experimental conditions. These data are from Bunn
(1971, unpublished results). The solid curves are obtained by fitting the same five-
parameter set of simultaneous equations, (15) and (28) to (32), as was used in Figures
4 and 5(a).

Notice that, for the data in Figures 5 and 6, although K. is much smaller than
K go0yy» it is significantly greater than zero. It is impossible to achieve a satisfactory
fit in the full range of the oxygenation data if we assume that K, is zero, as is often
done (e.g. Ogata & McConnell, 19725).

The fits of the theoretical expressions to the data of Figures 5(a) and 6(a) are good
except at low oxygenation levels when [P,Glycl;,, = 0. Thus, it would appear that
while most of the effect of P,Glyc is explained by the assumption that P,Glye is
a simple quaternary effector, this description may not be entirely complete.
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F1a. 5. Experimental oxygenation data at pH 7-3 and 0-1 M-Cl~, compared with the theoretiocal
equilibrium curves. Data points taken at 20°C with 6 x 10~® M-hemoglobin (by tetramer) and
0-05 M-bis-Tris buffer (Benesch et al., 1989; Benesch & Benesch, personal communication). Total
P,Glyc: (A) none; ([J) 1-3x 1074 m; () 2:5x 1074 u; (O) 40x10~4 »; (W) 1-0x 103 m.

(a) Theoretical equilibrium curves shown for the five parameter values: Uy = 23-0 kT; K =
1-4 mm Hg~1; Uy = 206 kT'; Ryoony = 111105 M5 Iix, = 12x103 M~

(b) Theoretieal equilibrium curves shown for the six parameter values: Uy = 21-0 T; K = 1-5
mm Hg~1; Ug = 1-85 kT'; U’ = 2:05 kT; Ryeoxy = 1'3x 108 M~1; Ky = 4-5x 10! m~1.

(b) Differences between the « and B chains

In the theoretical equations developed thus far, we have assumed that the « and
the B chains of HbA behave identically with respect to substrate binding and mole-
cular constraints. To partially test this hypothesis, we attempted to obtain better
fits to the experimental data by developing theoretical equations allowing for dif.
ferences between the « and § chains.

The data in Figure 7 (Heustis & Raftery, 1972b) show that oxygen binding to the
B chains lags oxygen binding to the « chains. This difference between the « and 8
subunits can be taken into account by deriving the generalization of eqn (28) for
the situation in which the oxygen binding constants K., and K., are different
for the « and 8 subunits. We find, by the same methods used above, that

Z= (1 + Kdeoxy[PzGlyc]free)(l + Kgaoxypoz)z(l + ngoxyp02)2
+ 1+ Koxy[PzGlyc]rreo) exp(— U;/kT) I+ K%xyPOg)z 1+ KgxyPOg)z’ (33a)
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F16. 6. Experimental oxygenation data at pH 7-25 and 0-01 M-Cl-, compared with the theore-
tical equilibrium curves. Data points taken at 20°C with 1-17 x 10~ * M-hemoglobin (by tetramer)
and bis-Tris buffer (Bunn, unpublished results). Total P,Glyc: (A) none; (O) 8-62x10-5 M;

(V) 116X 10-3 m.

(a) Theoretical equilibrium curves shown for the five parameter values: Uy = 6-2 kT'; K = 0-30

mm Hg1; Uy = 126 kT'; Kapoxy = 12X 107 -1 Bpy — 39 10%; M1,

(b) Theoretical equilibrium curves shown for the six parameter values: Uy = 7-8 kT; K = 0-81
mm Hg~1; Uy = 1-0 kT; U’y = 1-75 kT'; Raeoxy = 1'6x 107 M-1; B0 = 1-2x 101 M- 12,

where here
U; = U, + 4U% + 4UB.
Here we have defined
Qooxy = €xp(—2U%,[kT) x K*
K., = exp(2U%,/kT) X K*
K%,y = exp(—2U®,/kT) x K*
K5, . = exp(2UP,[kT) x KP,

(33b)

(34a)
(34Db)
(34c)
(34d)

where K* and KP* are straightforward generalizations for the « and B chains of the

quantity K defined in eqn (15¢),

PosK*= exp(uo,/kT) exp(—(U%y + U%, + U%)[kT)
Po K = 0XP (o, kT) exp(—(UBy + UBy, + UB,)[kT).

(34e)
(34f)
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Applying eqn (30), we find the expected result that the fraction of heme groups oxy-
genated is equal to the average of the fraction of « chains oxygenated and the fraction
of the B chains oxygenated,

1[éomz]| 1[émZ omz] 1 __,
Yoﬁz[ ] [ " ]=‘[Y02+Y"02] (358)

Pinpo, |  4[7mK* " ZKB| 2
where
1énZ
Y* = —— K% 35b
% 28InkK (35b)
and
1onZ
09 = EM KB. (350)

The curves in Figure 7 are obtained from the theoretical equations (15) and (29)
to (35), where the seven parameters U",, K*, KB, U%,, UB,, Riexy» and K, have
been varied to obtain a least-squares fit. We find that the strength of the molecular

TaBLE 1

Summary of the parameter values used to obtain the solid
(theoretical) curves in Figures 4, 5(a), 6(a) and 7

Fig. 4 Fig. 5(a) Fig. 7 Fig. 6(a)
pH 7-40 7-30 7-256 7-25
C1- (M) 01 0-1 0-1 0-01
Temperature (°C) 32 20 156 20
kT (eV) 0-0263 0-0244 0-0240 0-0244
Hb (a) 2x10-3 6x10-5 2x10-3 1:.17x10-%
bis-Tris (M) 0-05 0-05 01 -

x B
K 1-9 % 102 per 1-4 per 0-324 per 0-0158 per 0-30 per
mm Hgof CO mm Hg of O3 mm Hg of 0, mm Hg of O, mm Hg of O,

Ug (T 2-5 21 1-45 1-61 1-3
Ul (xT) 28 23 83 62
Rygony (MY 5-46 x 10° 1-1x 108 3-83x10° 1-2x 107
R,y (m7Y) (7-93x10-*) (1-2x109) (1-12 x 10%) (3:9x103)

Decreasing pH seems to shift the tertiary equilibrium toward the deoxy conformation (i.e.
decrease K), weaken the molecular constraints (i.e. decrease U,,), and shift the quaternary equili-
brium toward the oxy conformation (i.e. decrease Uj). Thus hydrogen ion appears to act as a
tertiary effector, & constraint effector, and a quaternary effector. This multiplicity of effects is
not surprising in view of the fact that there are a very large number of possible H* binding sites
on a large protein molecule.

Binding of PyGlye to the deoxy quaternary structure is weakened (i.e. Kyeoxy is decreased) by
higher C1- concentrations and higher values of pH, as was observed by Benesch ef al. (1969).
Thus C1- and H* are second-order quaternary effectors. C1~ may be a quaternary effector com-
peting with P;Glye. H*, by protonating acid groups, facilitates P,Glyc binding.

The binding of P;Glye to the oxy quaternary structure is very weak (i.e. K, is very small).
Since very little of the hemoglobin in the oxy quaternary conformation has P,Glye bound, the
fit of the theoretical curves to the oxygenation data is not very sensitive to the value of KO,, 80
that the values of K,,,, shown in the Table are not very accurate. (For this reason we enclose them
in parentheses.)
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constraints on the « and 8 chains appear to be approximately equal (i.e. U%, =~ UB,,).
However, the oxygen binding affinity is higher for the « subunits than for the g8
subunits (i.e. K* > KB). (The parameters of the theoretical curves shown in Figs 4,
5(a), 6(a), and 7 are summarized and discussed further in Table 1.)

Notice that in eqn (33) (as in eqn (28)) the strength of P,Glyc binding depends
only on the quaternary structure of the hemoglobin molecule. Although P,Glye is
thought to bind to acid groups of the 8 chains (Bunn & Briehl, 1970; Bauer, 1970;
Tomita & Riggs, 1971 ; Caldwell et al., 1971), the positions of these particular groups—
and hence the P,Glyc binding affinity—seem to depend primarily on the quaternary
conformation of the molecule rather than on the tertiary conformations of the
individual B chains.

We find that the expression for Z given by eqn (33), which results in a theoretical
expression for Y, with seven adjustable parameters, does not produce better agree-
ment with the data of Figures 5 and 6 than the earlier expression for Z, given by
eqn (28), which involves only five adjustable parameters. Thus, we infer that the
difference between the oxygen affinities of the « and 8 subunits is not important in
the effect of P,Glyc on the oxygen equilibrium of HbA.

(¢) 2,3-Diphosphoglycerate as a constraint effector

In eqns (28) and (33), we have assumed that P,Glyc is purely a quaternary effector.
However, P,Glyc may also change the strength of the molecular constraints. In fact,
if we consider P,Glyc as a constraint effector as well as a quaternary effector, we
can fit the data of Figures 5 and 6 very well. Instead of the five parameters of eqn (28),
or the seven parameters of eqn (33), we have the six-parameter equation

Z == {(1 + -KdeoxypOz)4 + exp(——U;/kT)(l + Koxyp02)4}

+ [PzGlyc]froe {Kdeoxy(l + -K,deoxypO;‘))4 + Koxy exP(— U;/kT)(l + K'oxyp02)4} (36)
where

K gonny = 0xp(—2U"/kT) X K (37a)
and

K, =expU',/kT) x K. (37b)
The added parameter, U’,,, is the strength of the g-t interaction when P,Glye is
bound, while U, is the strength of the g-t interaction in the absence of P,Glyc:

Up="Usu+ Ugg (37¢)

Note that the strength of P,Glyc binding to each conformation now depends on the
level of oxygenation. K gy and K, represent the constants for P,Glyc binding to
the deoxy and oxy quaternary conformations, respectively, when no oxygen is
present.

The six-parameter set of simultaneous equations (29) to (32), (36), (37) and (15)
described the data nicely, as shown in Figures 5(b) and 6(b), indicating that P,Glyc
binding not only shifts the quaternary equilibrium (R so0xy > Roxy) but also increases
molecular constraints (U’,, > U,,). This second effect may be related to the distor-
tion of HbA by P,Glye binding which has been observed by Arnone (1972).

Notice that with six adjustable parameters, three of the six degrees of freedom
are determined by one curve at one P,Glyc concentration and the other three by
another curve at a second P Glyc concentration. Thus, from just two curves we
can get enough information to predict any number of additional curves at any other
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P,Glyc concentrations. However, by fitting a large number of curves at once, we
obtained more accurate values for the theoretical parameters.

Notice also that p,; is fit as well in Figures 5(a) and 6(a) as in Figures 5(b) and
6(b). It is necessary to consider the P,Glyc dependence of the full oxygenation curve
in order to detect the constraint effect of P,Glyc.

(d) The quaternary equilibrium

The foregoing analysis is based on the Perutz picture. This assumes that the tertiary
conformation of a subunit changes when oxygen binds (induced-fit binding). How-
ever, no assumption is made about the change in quaternary conformation. By fitting
oxygenation data, we have obtained parameter values which fully describe the
system and allow us to calculate the probability of each microscopic state of the
system. In particular, we can calculate the probability that a hemoglobin molecule
with n heme sites oxygenated will be in one or the other of the two quaternary
conformations (Herzfeld & Stanley, 1972a,b). The results of such calculations, using
the parameter values found for the data of Figures 5 and 6, are shown in Figure 8(a)
and 8(b) respectively. The predictions that the switch from the deoxy to the oxy
quaternary conformation ocours at about the third oxygenation and that it is not
very sensitive to P,Glyc concentration are in rough agreement with the observations
of Hopfield ef al. (1972), Gibson & Parkhurst (1968), and Salhany et al. (1972).
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F1a. 8. Theoretical caleulation of the relative probabilities of the oxy and deoxy quaternary
conformations in & hemoglobin molecule with n hemes oxygenated (P(oxy|n) and P(deoxy|n),
respectively). (a) Caloulations based on the theoretical parameters of Fig. 5(b), for the conditions
of pH 7:3, 0-1 M-Cl~ and 20°C. (b) Calculations based on the theoretical parameters of Fig. 6(b),
for the conditions of pH 7-25, 0-01 m-Cl1~ and 20°C.

Since the quaternary conformation switches from deoxy to oxy approximately
when the third oxygen molecule binds to hemoglobin, and since P,Glyc binds very
strongly to the deoxy quaternary conformation but only very weakly to the oxy
conformation, it follows that P,Glyc is released at about the third oxygenation.
This conclusion is consistent with the observation of Heustis & Raftery (1972a)
that the fraction of HbA molecules without P,Glyc bound is roughly equal to the

17



250 J. HERZFELD AND H. E. STANLEY

fraction of molecules with four hemes liganded plus about half of the fraction with
three hemes liganded. Heustis & Raftery have interpreted this data as supporting
the theory that the o chains are oxygenated first and that P,Glyc is released when
the 8 chains are oxygenated. However, we have shown here that these data can be
explained even if the « and B chains are assumed to be equivalent, and if P,Glyc is
only released when the quaternary conformation changes from deoxy to oxy.

(e) 2,3-Diphosphoglycerate dependence of the Adair parameters
and apparent free energy of interaction

Eqn (36)—or any other partition function for HbA—can be rewritten in the Adair
form (Adair, 1925a,b)

Z =1 + 4k; po, + 6k, k2]7(2)2 + 4k, 703702]%2 + k1k2k3k47’62- (38)
Thus we can obtain explicit expressions for the dependence of the Adair constants,
ky-k,, and the apparent free energy of interaction 4F = RT In (k,/k,) (Whitehead,
1970), upon the free P,Glyc concentration. The results of such calculations are
shown in Figure 9. In Figure 9(a), we see that, in general, increasing the free P,Glyc
concentration decreases the four Adair constants; however, at low ionic strength
(0-01 m-CL-), k, is nearly independent of P,Glyc. Tyuma ef al. (1971) have calculated
k, to k, for only two P,Glyc concentrations in 0-01 M-Cl~. They found that at this
low ionic strength the values of k,to k; decrease when the P,Glyc concentration is
increased, while the value of k, is apparently unaffected by the change in P,Glye
concentration. Thus their results are entirely consistent with ours. The effect of
P,Glyc on k, is particularly significant. If P,Glyc were not a constraint effector,
k, would be unaffected by P,Glyc concentration. The fact that k, is observed to
decrease with increasing P,Glyc concentration is proof that P,Glyc is not exclusively
a quaternary effector.
Roughton & Lyster (1965) have measured 4F at pH 7-0 and high ionic strength.
Their value of 2-71 keal/mol is in good agreement with our calculated values.

(f) Biphasic oxygenation curves

Biphasic-shaped oxygenation curves (such as the one shown in Fig. 6) are easily
understood in the light of the P,Glyc-dependence of the Adair constants. As oxygen
binds, the hemoglobin quaternary equilibrium shifts toward the oxy conformation
and, since P,Glyc has less affinity for the oxy conformation, bound P,Glye is released.
Therefore, only when. the total P,Glyc concentration is either zero or much larger
than the hemoglobin concentration can the free P,Glyc concentration be considered
to remain constant during oxygenation. On the other hand, when the total P,Glyc
concentration is comparable to the hemoglobin concentration, the free P,Glyc con-
centration increases significantly during oxygenation. If this P,Glyc increase occurs
within certain ranges of P,Glyc concentrations, it will cause a sharp decrease in
one (or more) of the Adair constants, as shown in Figure 9. A plateau will appear in
the oxygenation curve where this sharp decrease in binding affinity occurred, giving
rise to the characteristic biphasic shape.

Tomita & Riggs (1971) have observed that for mouse hemoglobin the Hill coeffi-
cient, ny, varies as the ratio of P,Glyc to Hb increases; ny decreases to a minimum
when the ratio is one, and gradually returns to normal as the ratio becomes large.
This dip in #g probably corresponds to the flattening of the middle part of the biphasic
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Fi1a. 9. The dependence of (a) the Adair parameters and (b) the apparent free energy of inter-
action on the free P,Glyc concentration. The solid curve represents calculations based on the
theoretical parameters of Fig. 5(b), for the conditions of pH 7-3, 0-1 M-C1-, and 20°C. The dotted
curve represents caleulations based on the theoretical parameters of Fig. 6(b), for the conditions
of pH 7-25, 0-01 M-Cl~, and 20°C.

oxygenation curves. Since chloride and other phosphate ions diminish the effect of
P,Glye, it is not surprising that Tomita & Riggs found that the dip in ny is less
pronounced when these ions are present. Since the strength of P,Glyc binding in
the deoxy quaternary conformation is strongly dependent on protonation of acid
groups in the central cavity of Hb (i.e. hydrogen ions are second-order quaternary
effectors), it is also not surprising that Tomita & Riggs found the dips in ny become
smaller as pH increases above 6-0, and that these dips disappear altogether above
pH 8:0. Thus the pH dependence of ny may be the result of the second-order quater-
nary effect of H+, and may be expected to be strongest where the effect of P,Glyc
on ng is strongest (i.e. at low ionic strengths, with a P,Glyc:Hb ratio of about
unity).
17*
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6. Dissociation of Hemoglobin
(a) Hb4
The analysis of sections 3 to 5 has assumed that the HbA tetramer does not disso-
ciate. However, at very dilute concentrations, HbA does dissociate, as evidenced by
the dependence of the oxygenation curve on hemoglobin concentration (see the data,

of Thomas & Edelstein, 1972 in Fig. 10). In order to account for dissociation, it is
necessary to add to eqn (5) an energy term of the form

8 = —Nu, + Uy, (39)

where p,, is the chemical potential of unliganded hemoglobin subunits, and U, is the
energy of aggregation of N wunliganded subunits.

60f~ O/A%A
V7
40 P / 7
Py
2

20~
o
fo} 1 1 | 1 | | 1 | I

-0 -88 -86 -84 -82 -80 -78 -76 -74 -72 -70
log[CO]

YCO

Fic. 10. Experimental measurements (Thomas & Edelstein, 1972) of carbon monoxide binding,
Yo, 88 & function of the concentration of CO. Data are taken at pH 7-0 and 24°C, in 2 M-NaCl
and 0-1 m-K;PO, buffer. Three values of hemoglobin concentration (by tetramer) are shown:
($)30x1078 M, ([J) 80x10-8 M, and (A) 1-6x 10~7 M. The solid curves are obtained from a
best fit of eqns (42), (44), (47) and (48) of section 6. They utilize the five parameter values Kajmer =
468x108 M1, K, = 6:72x10° m~1, U] = 2056 kT, K = 3-18x10% m~! and U, = 2-31 kT.
The P,Glye concentration is assumed to be negligible (i.e. much smaller than Ky.oy, ~1, Where
R gooxy in small because of the high Cl~ and PO,~ concentration).

The calculation follows as before, with the result that
Z = 01 ZI + Kn 012 Zu + KIV 014 ZIV (40)

for a tetramer that dissociates into dimers and monomers. Here, C, is the concentra-
tion of unliganded monomer, and Z;, Z;;, and Z;, are the partition functions for the
protein molecules composed of 1, 2, and 4 subunits, respectively. The association
constants K;; and K,y are given by

K1 C)® = exp(2u,/kT) exp(— Uy/kT) (41a)
and

K1y 01* = exp(4p,[kT) oxp(— U,4/kT). (41b)
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For HbA, Z,, is given by the expression

Zry = (1 + Kaeoxy Pog)* + exp(— U [ET)(1 4 Koy Po,)* (42a)
(cf. eqn 13).
For non-co-operative dimers,
Zy = (1 + Kaimer Poy)*s (42b)
and for the monomer, we have simply
Zy = (1 + K nonomer Poy)- (42¢)
The fraction of hemes oxygenated is given by an expression analogous to eqn (30),
o () ) &

For HbA, K;; and Ky are very large so that at hemoglobin concentrations as high
as those used in Figure 10, essentially no monomer is present. Therefore, we have
effectively

Z = Ky 012 ZII + KIV 014 Zyy

(44)
=Cy Zy + K, 02 Zyy.
Here C,, is the concentration of unliganded dimer,
Cy =Ky 02 (45)

and K, is the association constant for aggregation of unliganded dimers into un-
liganded tetramers,
Kiv

=—, 4
Ka=%3 (46)

Instead of eqn (43) for the fraction of hemes oxygenated, we can use eqn (45) to

obtain the equation
onZ olnZ
Yo, = 2 . 47
02 <6lnp02)/ ( Banz) 47

Note that C, is given by the solution of the quadratic equation

0= 202 Zn -+ 4KA 022 ZIV: (48)

where C' represents the total concentration of subunits (liganded or unliganded,
aggregated or not).

The five parameters of the set of simultaneous equations (42), (44), (47) and (48)
have been fit to the carbon monoxide binding data of Figure 10 (one must replace
the symbol po, by [CO] in all the equations). From these five parameters, we can
calculate an apparent dissociation constant, Ky, for the HbA tetramer,

(Cy Zy)? . (I + Kaimer P02)4

K, = = 2 .
P KNC? Zy KA1+ Kgeory Poy)t + exp(— UyfkT)(1 + Koy Poy)%]

(49)
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log[CO]
Fi16. 11. The apparent dissociation constant, Ky, of the HbA tetramer as a function of [CO],

the eoncentration of carbon monoxide. This caleulated curve, based on eqn (49), uses the same
five parameters utilized in generating the solid curves of Fig. 10.

As shown in Figure 11, when the CO concentration increases, the apparent dissocia-
tion constant increases sharply. Similarly, it has been observed that oxygenated
hemoglobin is much more highly dissociated than deoxygenated Hb (Edelstein ef al.,
1970; Kellett & Gutfreund, 1970; Kellett, 1971). We conclude (cf. eqn (49)) that
this sharp increase in dissociation is primarily due to the very high CO affinity of the
dimer (since K gymer is larger than K., or Kg,.y,) rather than the small difference in
the stabilities of the two quaternary conformations of the tetramer (as some have
postulated).

100 W
1 ////j////
s > /; o
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[
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log o,

Fra. 12. Experimental data (Briehl, 1963) of the fraction of oxygenated heme sites as & function
of partial pressure of oxygen for the sea lamprey, P. marnius. The date are taken at 25°C and
pH 6-8, in 0-1 M-K;PO, buffer. The values of heme concentration (expressed as a multiple of the
concentration, , of a standard solution—ocf. Briehl, 1963) are the following: (Q) 2:22x, ({)) 4-44x,
(A) 15:6z, (W) 29-0z, (@) 73-0z, (@) 151-0x, ([]) 2000z, and ( A) 535-0x. The solid curves were
all obtained from the following set of parameter values: Kponomer = 276 10~! mm Hg-!
K =622x10"* 27!, Kamer = 2:956X107°% mm Hg~?, Kjy = 383X10°2 279, K, pamer =
2:08 x10~% mnm Hg~2.
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(b) Lamprey hemoglobin
Dissociation is also important in the oxygenation of lamprey hemoglobin; the data
of Yo, versus po, of Briehl (1963) are shown in Figure 12. Here the monomer con-

centration is significant and the concentration of unliganded monomer, C, is given
by the solution of the equation

C=0,Z; + 2Ky C\* Zyy + 4Ky C1* Zyy. (50)

The seven parameters of the set of simultaneous equations (40), (42), (43) and (50)
were fit to the data of Briehl. An equally good fit was obtained with just five para-
meters by assuming that the tetramer is non-co-operative, so that eqn (42) may be
replaced by

ZIV =(1+ Ktetra.mer p02)4' (1)

The theoretical curves for this five-parameter fit to the Briehl data are shown in
Figure 12. From this set of parameters, we can determine the fraction F; of the hemo-
globin molecules which are monomers,

6%

F
! Z

(52a)

the fraction Fy; which are dimers,

| 7 ) . ] I
05 10 15 2.0 25
log pog

0-0

F1a. 13. Predicted curves for the fraction of lamprey hemoglobin molecules that are monomers
(curves labeled I), dimers (IT), and tetramers (IV). The calculation, based on eqn (52), uses the
same set of five parameters as was used in Fig. 12. Curves are shown for the following three heme
concentrations (expressed as a multiple of the concentration, «, of a standard solution—of. Briehl,
1963): (a) 290-0x, (b) 29-0x, and (c) 4-44w.
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Ky Cy? Zy
Frp=——0H——,
= (52b)
and the fraction F; which are tetramers,
K,Ct*Z
Fy = _IY__ZL_E{, (52¢)

as functions of the oxygen pressure and the total heme concentration. The results
of such calculations are shown in Figure 13.

7. Temperature Dependence

In eqn (3) temperature dependence is included explicitly through the presence of
the Boltzmann factor, 1/k7". Some additional temperature dependence is also implicit
in the terms comprising the energy & at most effector concentrations (cf. section 4),
unless effector binding has already been explicitly accounted for. For human hemo-
globin, we have considered P,Glyc binding explicitly (cf. section 5). However, there
exist many effectors of oxygenation of human hemoglobin, and so some temperature
dependence in & is difficult to avoid.

On the other hand, the myoglobin of the mollusc Buccinum undatum appears to
have very few effectors (Terwilliger & Read, 1971). The sigmoid oxygenation curve
is essentially independent of pH, P,Glyc, and other phosphates, and it is only weakly
affected by chloride ions. Oxygenation is also independent of the myoglobin concen-
tration in the range 3 x107° M to 1-8x10~* M, indicating that the dimers do not
dissociate or associate appreciably at these concentrations.

If co-operativity in molluse myoglobin dimer follows the MWC or Perutz model,
then, by analogy with eqn (13), we have

ZMWC/Perutz - [1 + pOQKdeoxy] + eXP q/kT [1 + Poz oxy]2 (53)

The binding constants K., and K., are products of a temperature-dependent
factor and a temperature-independent constant,

Eaoory = 0 0xp(— Usooxy [KT) (54a)
Koy = C oxp(— Uy [RT). (54b)

However, if the co-operativity is described by the Koshland model, then
Zigosniana = 1 4 2[exp(—2U/kT)K]po, + K? po,?, (55)

where the binding constant K is the product of a temperature-dependent factor and
a temperature-independent constant

K = C exp(—U/kT). (56)

Eqn (53) can be written in the same form as eqn (55) by dividing through by the
factor (1 + exp(— U,/kT)), with the result

Kdeoxy + exp q/kT) Koxy
1 + exp( —U,/kT) 02

K? deoxy + exp /kT oxy 2
. 57
+ ( 1+ exp(— U /kT) )p oz (67)

ZMWC/Perutz =14+ 2(
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The fraction of hemes oxygenated is calculated from the partition function of eqn
(63), (55) or (57) using the relation

7. — 1/ onZ (58)
2 2\ dlnp,, )

Notice that at a single temperature, the p,, dependence of oxygenation of a dimer
is of the same form for the two models described by eqns (55) and (57). However,
the variation with temperature is different in the two cases. Thus by observing the
temperature dependence of oxygenation one should, in principle, be able to determine
which model best describes co-operativity in the dimer. For molluse myoglobin, the
best fit using the four parameters of the set of simultaneous equations (53), (54) and

100 %
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Fi¢. 14. Oxygenation data of Terwilliger & Read (1971) for the myoglobin of the mollusc
Buccinum undatum, and comparison with theoretical equilibrium curves. Data are taken at
pH 7-4, with 7-5 x 10~° M-myoglobin (by dimer) in 0-1 M-Na,PO,/NaCl buffer. The temperatures
shown are identified by the following symbols: (A) 10°C, () 15°C, ({) 20°C, (O) 25°C, and
(M) 30°C. (a) Theoretical equilibrium curves shown for the parameter values C = 1-89x 10-7
mm Hg-3, U;= 0-038 6V, Ugeexy = 0:028 6V, and U,y = — 0-146 eV. (b) Theoretical equilibrium
curves using the parameter values C = 1:42x 10 mm Hg~*, Uy, = 0-011 eV, and U = —0-322 eV.

(568) is shown in Figure 14(a). The best fit using the three parameters of eqns (55),
(66) and (58) is shown in Figure 14(b). The two sets of theoretical curves are almost
identical for the temperatures shown. This is because within this limited range of
temperatures, eqn (57) can be approximated by the expression



258 J. HERZFELD AND H. E. STANLEY

. K,
Zuwofporus = 1 + 2 exp(— Uq/ kT)( 1-1y>p02

. Koxy )2
- exp(—Uq/kT)< 1?1") P, (59)
§ince Kgeoxy € Kogy (1. Ugeoxy > Uoxy) and exp(— Uy/kT) <1. Eqn (59) has the
same temperature dependence as eqn (55). Thus in order to determine which co-
operative model describes this system best, data over a wider range of temperature
are required.

8. Concluding Discussion

In the preceding sections, equations developed for a general model of co-operativity
have been utilized to describe a wide variety of ligand binding data.

In section 5 we fit data for oxygenation of HbA, data for oxygenation of the B
chains of HbA, and data for P,Glye binding to HbA. In contrast to the very recent
work of Szabo & Karplus (1972) which describes only the dependence of p,/; on
P,Glyc concentration, we have fit the full oxygenation curves and thus our approach
describes not only the P,Glye dependence of p,/, but also the P,Glyc dependence of
the Hill coefficient, ny, and the phenomenon of biphasic oxygenation.

Whereas Tyuma et al. (1971) use an Adair approach that requires a different set
of four Adair parameters to describe oxygenation data at each P,Glyc concentration,
our approach describes oxygenation at an arbitrarily large number of P,Glyc con-
centrations using a fotal of only five to seven parameters (depending on the details
in which we are interested). (For example, according to the Tyuma approach, 20
parameters would be varied to fit five curves, while with our approach the same five
curves can be fit with just five parameters if desired.) Unlike the parameters that
appear in the Adair approach, the parameters in our model are chosen to represent
microscopic features of the protein molecule. This allows one to predict the behavior
of hemoglobin under a wide range of conditions from data taken in a limited range
of conditions. The agreement we found in this fashion is clearly one reason to prefer
our approach over any approach using Adair parameters, for which this test is in
principle impossible.

We conclude (cf. section 5) that inhibition by P,Glyec is due primarily to its pref-
erential binding to the deoxy quaternary conformation (a statement few would
disagree with today); we also conclude that P,Glyc further inhibits oxygenation by
strengthening molecular constraints. Moreover, we conclude that differences between
the « and B chains do not have a significant role in P,Glye binding or inhibition
(contrary to the common view).

The result, predicted by our model, that the change from the deoxy to the oxy
quaternary conformation occurs at about the third oxygenation is borne out by the
experimental observations of Gibson & Parkhurst (1968), Hopfield et al. (1972), and
Heustis & Raftery (1972a).

In addition, our model allows one to calculate the P,Glyc dependence of the Adair
parameters and also the P,Glyc dependence of the apparent free energy of interaction,
4F.

In section 5 the model explained in some detail the relation between the pheno-
menon. of biphasic oxygenation and the dependence of the Hill coefficient, ny, on
P,Glyc concentration, pH, and ionic strength. This effect of pH on ny is a result of
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the effect of H* on P,Glyc binding; the separate influence of pH on ng, due to the
stabilizing effect of H* on the deoxy tertiary conformation of each subunit, has
recently been discussed by Szabo & Karplus (1972).

We considered in section 6 the effect of changes in the level of subunit aggregation
on the oxygen binding equilibrium for HbA and for lamprey hemoglobin. By fitting
oxygenation data for HbA at a number of concentrations, we find that the great
increase in dissociation of the tetramer on oxygenation is due primarily to the high
oxygen affinity of the dimer, rather than to the relatively small difference in stability
between the oxy and the deoxy quaternary conformations of the tetramer. For
lamprey hemoglobin we find that in addition to monomeric and dimeric molecules,
tetrameric hemoglobin is present. However, since the tetramer is present only in
small quantities, we are not able to tell whether it is co-operative or not.

Finally, we showed the utility of temperature-dependent data in distinguishing
between different co-operative mechanisms for certain systems. However, we find
that in order to apply this method, very accurate oxygenation data are required
over a rather wide range of temperature.

In summary, then, the fact that the general model proposed (and solved explicitly
in the Appendix) can, by varying only a few microscopic parameters, fit a wide range
of different types of experimental data gives one some confidence in the values of
the parameters and lends weight to the results obtained.

APPENDIX

Calculation of the Partition Function for a General System

In the text it was made clear that from the partition function Z one can calculate
experimentally measurable quantities such as Y,,, and ¥ pgaiyer Although most of
the applications in the text were to the specific system of adult human hemoglobin,
it is important to emphasize that our calculational method is applicable to any system
composed of subunits and displaying co-operativity. Accordingly, we derive here the
general expression for the partition function of an arbitrary co-operative system.

(a) State variables

In order to calculate the partition function of eqn (3), we need to know the energies
of all the microscopically distinguishable states of the system. In order to write an
expression for these energies, we need a notation for specifying the states of the
system. For example, for the case of HbA teframer in the absence of effectors, the
2% X 2% X 2=2°=512 possible states, were represented by the notation

St&te: (017 023 03’ 04; tl: tz’ t37 t4; Q)

= ({0i}’ {tl}: ) (7/ =1.., N)

where @; = 0,1 when the substrate binding site on the ith subunit is empty or occu-
pied, respectively, t; = 1,2 when the sth subunit is in the deoxy or oxy tertiary
conformation, and g = 1,2 when the tetramer is in the deoxy or oxy quaternary
conformation.
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Here we generalize this notation to include an arbitrary protein molecule com-
posed of N subunits. Each subunit can have M ligand binding sites; some of these
sites are for substrate and some are for effectors. In addition, there may be M addi-
tional effector binding sites which are not associated with individual subunits, but
rather are associated with the molecule as a whole. Thus we allow for a total of
M N + M binding sites.

(b) Notation for binding
Let the state variables describing the occupancy of these M N 4 M binding sites
be denoted by the symbols @, and @,, where @, == 0,1 when the jth binding site
on the ith subunit is empty or occupied, respectively (¢ =1,2,... , Nandj=1,...,
M) and 0, = 0,1 when the kth effector binding site of the molecule is empty or
occupied (k= 1,..., M). Clearly the occupancy of all N + M binding sites is
specified by a knowledge of all the N - M state variables 0, and {,.

(¢) Notation for tertiary structure

We use the notation ¢, to denote the state variable deseribing the tertiary confor-
mation of the ¢th subunit. In general, {; = 1,2, . . ., 7, corresponding to the fact that
each subunit can have 7 possible tertiary conformations. The set of N variables
{t1, - . . , ty} completely specifies the tertiary conformations of all N subunits of the
protein molecule.

(d) Notation for quaternary structure

We use the notation ¢ to denote the state variable describing the quaternary
conformation of the molecule. We allow for an arbitrary number # of possible
quaternary conformations and these are represented by ¢ = 1,2,..., #. For each
of the 7 quaternary conformations, N specifies the number of subunits in the

oligomer.

(e) The partition function for the general system
The partition function may be directly expressed in terms of the state variables
defined above. The partition function involves a summation over all possible micro-

1

states of the system, and in general has a total of > 2% +# ¥ terms. It is given
g=1

by the multiple sum

1

N

Il
i M§x
nM§u

DR IRI R Y
ty=1 = MN=

X exp[— &0y ... Ogw; O, ... Og;ty . .. ty; q)/ET]. (Al)

(2%} 0 am—o

Equation (Al) may be written in the following convenient abbreviated notation

Z=73% % 2 2 expl— E({0}; {0}; {t}; 9/kT]. (A2)

¢ ) {8} {83
In generalization of eqn (3),
E({0}; {0); {t}; 9 = E({0}, {0}, {t}, @) — Ny, — Zl Zl(%/m Zlﬁkﬂk-
i=1 j=
(A3)
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Here p,, is the chemical potential of unliganded, monomeric protein, @, is the chemi-
cal potential of the ligand that binds to the jth site of the sth subunit, and g, is the
chemical potential of the ligand which binds to the kth effector site of the molecule.
Note that since the subunits are assumed equivalent, the same type of ligand binds
to the jth site on all subunits and therefore f,; = @ = ... = f;y = f;. (Also, two
different sites, j and I, on a subunit may bind the same type of ligand (e.g. two dif-
ferent acid groups both bind hydrogen ions), in which case g; = g,.)
We can express the energy, E, of a particular molecular state as the sum

E’(@ll,‘"’@MN;ﬁla'"’@M;tly-"’tb];q)

= Foty,...,ty;q)

+ E 0y, ..., Ony; 0y, ..., @M[t1, sty ), (A4)
where Eg(t,, ..., ty; q) represents the conformational energy of a molecule in the
{t1, - . . , ty; ¢} conformational state in the absence of ligand binding, and Ey(0y,, . . .,
Oun; 0w, ..., Oglty, . . ., ty; g) represents the added energy due to the ligand bind-
ing (014, ..., Oy 0., ..., Oy, to a molecule which is in the conformational state

[t - -5 by 4l
Now E;, may be divided up as follows:

— -_— o~ d N — -
EL(011, reey @MN§ 01, cees 011"1) = ZIET(@M . (OMilti)
=

+ EQ(@ly LI ) @‘ﬂlq)’ (A5)

where E (04, . . ., Ogylt) is the energy due to the ligand binding [y, . . ., Og,] to
the sth subunit when it is in the ¢, tertiary conformation. Similarly, Eo(7, . . .,
@jz]q) is the energy due to the ligand binding [d,, . . ., O] to the molecule when it
is in the ¢ quaternary conformation. Substituting eqns (A2) to (A5) into eqn (Al)
we have

z exp[(_ Ec(tl’ LB ] tN; Q)/kT) + (Nl"p/kT)]

q .EN=1
1 N _ _ O
X 2 B exp[(— Er(O1ss -, Ogilt)[kT) + 2, Opyprs/ kT
@11=0 Opn=0 t=1 k=1
1 1 - - .
X S .S expl(— Eo(@ .., TalokT) + S Guu/kT).  (A6)
=0 F=0 E=1

It is convenient to define two functions, which represent partial sums contributing
to eqn (A6). By analogy with eqns (Al) to (A3), the “partition function” for ligand
binding fo a single subunit in the t, conformation is defined as the multiple sum

1 1 B _
Z(t;) = Z . Z A0y, ..., Ogilty), (AT)
€u=0 opi=0
where

i
ﬁ(@u, cees @Mtltt) = exp(— (Er(Oyss - . . » @mltz) + kzl @kil‘-kt]/kT) (A8)

is the unnormalized probability that a protomer in the ¢; conformational state will
be in the {0y, ..., Ogy;} ligand binding state. Similarly the ‘ partition function”
for ligand binding o a molecule in the q conformation is defined as
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1 1
Zogy= 2, ... 2 B0, ..., 00, (A9)
#i=0 FH=0
where
~ o~y i~ -~ ﬂ o~
PO -, Oale) = oxp(~ (Be@ -, Oale) + 3 unl¥T).  (A10)

Combining eqns (A6) to (A10), we can rewrite the grand partition function as

.00 " 7

N
Z = zl : 21. - > 1exp[(— Eo(ty, ..., ty; @)J6T) + Np.,,/lcT)]l:I_I1 ZT(t,):lZQ(q).
=1 =1 ty= i=
(All)

The conformational energy Ky consists of a number of different components:

N N N
Eots, -5ty 9) = 21 Eyt) + Efg) + z; By, (s 9) + '21 Eulty ty + 119),
i= i= i=
(A12)

where E,(¢,) is the energy of the ¢, tertiary conformation in the absence of constraints,
E,(g) is the energy of the ¢ quaternary conformation in the absence of constraints,
E, (t,, q) is the energy of the g-t interaction between the ¢ quaternary conformation
of the molecule and the £, tertiary conformation of the jth subunit, and E,,(t,, ¢, . 1|g)
is the energy of the t—t interaction between a pair of neighboring subunits, with
tertiary conformations f; and ¢, , ;, when the molecule is in the q quaternary con-
formation. (Note that, for a ring of N protomers, the (N + 1)th protomer is the same
as the first, then E,(ty, ty . {|¢) represents the interaction between the Nth and the
first protomers.)
Substituting eqn (A12) into eqn (All) we get

W " ”
Z = 3 Zgq) exp(—E{q)/kT) exp(Npu,/kT) z el 2
g=1 =1 tx=1
N
X H Z(t;) exp(—[E(t;) + Bulty, @) + Eulty, t5.41|0)1/ET). (A13)

1

]

3

It is convenient to rewrite this partition function in the symmetrized form

Z Zy(q) exp(—E(q)[kT) exp(Npu,[kT) 2(q (Al4)

where

uMi-

Z H Aty tyey) (A15)

1 tN——l j=1

2(g) =

t
and the terms of the 7 X 7 symmetric ““transfer matrix’ A,, are
Aty i) = Agltyis b))
= [Zr (&) Zr(t;.1)]*"2 exp[— {1/2[E,(t;) + Bit;41)]
+ Y2[E (), @) + Eroltys1, @)
+ Bully, b1, 9)3ET 3], (A16)
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This use of the symmetric 7 X 7 transfer matrix to evaluate Z is a generalization
of the 2 x 2 transfer matrix commonly used for Ising models (see, e.g., Stanley, 1971)
and applied by Thompson (1968) to the Koshland model. Using matrix algebra we
obtain

” h
z(g) = Z " z Aty ta) Aglta ts) - - - Aglby -1, ty) Aglln, b1)
= Tl
L 1
= zl . z lAq(tl’ t5) Aglts, ts). - . Aoy -3, tn-1) Al(y-1st1)
= Wi
m
= Z A%ty 8,) = trace (4])
1
= -21 xA9)1", (A17)
j=
where x,(g) is the jth eigenvalue of the transfer matrix A,. The  eigenvalues y,(q)
(j =1,2,...,m) are the roots of the /mth order equation
A, — x(9)I| = 0. (A18)

Combining eqns (Al4) to (A16) we have for the partition function

[ m
Z= 2 Za(q) oxp(—By(q)[kT) exp(Np,[kT) _zl [xs@)I* (A19)
q= =

(£) Partition function for a useful special case

Eqn (A19) applies for any values of 7, %, M and M. However, the single case of
=2, =2 M=1, and M =0, for a non-dissociating protein molecule of N
subunits, is the most readily solved and is sufficient to display both the t—q and the
t-t modes of homotropic allosteric coupling. It is also directly applicable to the
oxygen equilibrium of hemoglobin. For this case there are two quaternary conforma-
tions, represented by ¢ = 1 and ¢ = 2, reversibly accessible to the molecule (/7 = 2);
two tertiary conformations, represented by ¢ = 1 and t = 2, are reversibly accessible
to each subunit (7 — 2); and there is one substrate site on each subunit and no
effectors are present (# = 1 and ¥ = 0).

In this case, the energies defined in eqns (A5) and (Al2) may be expressed, with
a convenient choice of the zero of energy, as

Er(Oy)t) = O,[Uq + (—1) Ug] (A20)

(where the subscript s denotes the substrate binding site of a particular subunit).

We have
E,=0

Eyt) =@ —1) U,
Blg)=(@—-1 U,
Bultyty 2 1l = — (—1)"(=1)7*3T4(g)
Bylt,9) = — (=1)(—=1)"Ug

where the choice of parameters is explained in section 3 of the main paper.
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The functional dependence of Z on the various parameters may be determined
by the method outlined above. From eqn (A16) the elements of the 2 x 2 transfer
matrix for the case m = 2 and 1 = 2 are

A _[GXP(Utt(Q)/kT)¢(1|Q) exp(— Uy(q)/kT)[$(1]g)(2]|g)1 "/ 2

_ ] (A21)
exp(—Uy(g)/eT)[$(1|)(2|9)]*/2  exp(U,,(q)/kT)$(2|q)

The equation for the eigenvalues is

0 = [A; — x(@)1] = [exp(U:q)/kT)$(1l9) — x(9)] [exp(U+(q)/kT)$(2lg) — x(g)]
— exp(—2Uu(q)[kT)$(1|q)$(2|9), (A22)

with solutions
x1.2(9) = exp(Un(@)/kT) [$(1]g) + $(2]9))/2

+ {expRU.(q)/kT) ([$(1]q) — $(2|9)]/2)*
+ exp(—2U (@) [k T)$(1|9)$(2l9) }'/2, (A23)

where
(t|q) = exp(— UgjkT) exp(U,(—1)*9/kT) Zy (t). (A24)

From eqn (A19) we have for the partition function

Z = Zo(1) {1 + Dea(D1¥} + Zo(2) exp(— U kT) {{xa(2)]" + [x2(2)]"}-

(A25)
(Here the zero of energy has been shifted by the constant Npu,.)
From eqns (A7) to (A10) for the case M = 1 and M = 0,
Ziy(t) = exp([ps — (U + (—1)* Ug)]/kT) + 1 (A26)
and
Zolg) =1, (A27)

where pg is the chemical potential of the substrate.
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Note added in proof: It has recently been suggested to the authors that energies would
be more appropriately expressed in units of keal/mole rather than electron volts (eV),
Rather than alter the manuscript in proof, we simply remind the reader that 1eV =
2306 keal/mole.



