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A function f(xy, x9, ..., x,) is a generalized homogeneous function (GHF) if we canfind
numbers ay, ag, ..., a, such that for all values of the positive number A, f(\*lxy, A\%2x9, « . o,
Anx,) =2%f(x1, X9, « o+, X,). We organize the properties of GHFs in four theorems. These
are used to systematically examine the consequences of various scaling hypotheses. An ad-
vantage of this approach is that the same formalism may be used to treat thermodynamic
functions, static correlation functions, dynamic correlation functions, and “universality.”
The simple case of thermodynamic scaling (two independent variables) is first generalized to
static and dynamic correlation functions (three and four variables), and then to scaling with
a parameter (for which the critical subspace becomes higher dimensional). In this last case,
where a second GHF hypothesis is made, the necessity of crossover lines is demonstrated.
The assumption of homogeneity is clearly separated from any extra assumptions that may
also be called scaling (or ‘“strong scaling”), but are independent of and different from that of
homogeneity. One practical insight gained from the present approach is that all experimen-
tally measured exponents ave expressible as the vatio of two scaling powers, ay (which refers
to the function) and a; (which refers to the path of approach to the critical point). A second
practical advantage is that, since a GHF can be scaled with respect to any of its arguments,
one can immediately write a variety of scaling functions for each type of scaling hypothesis.
The GHF approach thereby permits data to be plotted in a variety of convenient fashions, and
is found to facilitate computation of the relevant scaling functions (in particular, the GHF
approach led directly to the recent calculation of the Heisenberg model scaling function by
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Milogevié and Stanley).

I. INTRODUCTION AND OUTLINE OF PRESENT WORK

Scaling hypotheses have been made in a wide
variety of situations, and have been applied near
the critical point successively to thermodynamic
functions, 1~® static correlation functions, *3:%-%
and dynamic correlation functions. %2 In some
cases the full consequences of the scaling hypoth-
esis made may not have been appreciated, while
in other cases the scaling hypothesis has been
formulated in such a fashion that it led to relations
that are not in accord with calculations on model
systems. 3

In this work we state the scaling hypotheses for
static and dynamic correlation functions, as well
as for thermodynamic functions, in terms of very
simple statements involving the use of generalized
homogeneous functions. Generalized homogeneous
functions (GHFs) have appeared before in con-
nection with scaling, 13131832 pyt their systematic
investigation in order to consider all consequences
of the scaling hypothesis is, we believe, new and
worthwhile. Accordingly, we concern ourselves

with the properties of GHFs and with their ap-
plication to systems of physical interest. We shall
see not only that a certain “unity” among the
various previous approaches is obtained, but also
that we can make certain additional predictions,
some of which (such as ways of plotting experi-
mental data) are relatively trivial, while others
(such as a method of actually calculating the scal-
ing function directly from an interaction Hamil-
tonian using high-temperature series expansions)
lead to altogether new and useful information.

In Sec. II we define a GHF and systematically
assemble the properties of GHFs that are useful
in the context here considered.3® These properties
are stated for functions of only two variables,
while the generalization to functions of # variables
and the detailed proofs of these properties are
relegated to Appendix A, which we encourage the
serious reader not to skip.

In Sec. III the scaling hypothesis is formulated
in terms of GHF's for the case of thermodynamic
functions. We show how every critical-point ex-
ponent can be simply and directly expressed in
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terms of two unknown quantities and how these
unknown quantities can be eliminated among groups
of three exponents to yield the three-exponent re-
lations or thevmodynamic scaling laws. We also
examine the question of scaling functions and show
how the initial GHF assumption leads to the pre-
diction of an arbitrary number of scaling functions,
the most useful of which is, to the best of our
knowledge, hitherto unpublished. We also show
that one could have equally well assumed the ex-
istence of a scaling function and derived as a con-
sequence the GHF property, so that the GHF ap-
proach is fully equivalent to the scaling-function
approach.

In Sec. IV we proceed to consider the GHF as-
sumption for the static correlation function and we
relate our approach toprevious work. In particular,
we show that the two-exponent relations predicted
by certain other approaches® (but not borne out by
model calculations)!® are, in fact, not predicted
at all by our approach—the correction terms to
these relations are of precisely such a form as to
reduce them to familiar thermodynamic scaling
laws.

In Sec. V we consider the GHF hypothesis for
dynamic correlation functions and we show that
this hypothesis directly implies the dynamic scaling
hypotheses made by previous authors. The GHF
approach has the virtue that it is trivially gen-
eralized to nonzero magnetic field, and that one
can easily see how the scaling hypotheses for the
static correlation functions and thermodynamic
functions are immediate consequences. %

InbothSecs. IV and V critical-point exponents
and scaling functions are derived in a systematic
fashion using the properties of GHFs. Some of
these scaling functions have not appeared in the
literature before.

In Sec. VI we use the GHF formalism to discuss
scaling with a parameter. The shapes of the
critical line and of the crossover line between dif-
ferent regions of scaling are treated. The simul-
taneous validity of two types of scaling behavior is
shown to require the existence of crossover lines,
thereby restricting the region of validity of the
scaling about the critical line.

II. USEFUL PROPERTIES OF GENERALIZED
HOMOGENEOUS FUNCTIONS

In this section we assemble the properties of
GHFs that are of use in the context of this work.
We shall state these properties for functions f(x,,
X,) With fwo independent variables, since in the
most elementary applications (thermodynamic
functions of a simple magnet, for example) the
appropriate functions are functions of only two
variables. These properties are assembled in the
form of “definitions” and “theorems” in order to
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demonstrate most clearly the properties of GHFs
and the power of stating the scaling hypothesis in
terms of them. The proofs of our statements, al-
though not difficult, are relegated to Appendix A,
in order that the reader may pass directly to sub-
sequent sections concerning the applications of
these functions to systems of physical interest.

A. Definitions of Generalized Homogeneous Functions and
Subclass of Scale-Invariant Functions

Definition 1. A function f(x,, x,) is a GHF if
there exist two numbers a4, a, such that for all
positive A,

S\ 1x, A%205) = 2% flxy, %) . (2.1)

We refer to a,, a, as the scaling powers of the
variables x,, x,, respectively, while the number
a; is called the scaling power of the function f(x,
%y); the numbers a,,a,, and a; are not all zero.

There are really only two independent scaling
powers, as all scaling powers in (2.1) can be
changed by an arbitrary factor p (p#0). To
demonstrate this assertion, we set x=X” in Eq.
(2.1), and observe that if (2. 1) is valid for all
positive A, it is valid for A=X? (where X is posi-
tive). Hence we have

FOP1x,, Wo2x,) =X F(xy, x,) (2.2)

The number q; is either zero, in which case we
call the function f(x,, x,) a scale-invariant function
(for reasons that will become clear below) or else
a,#0, in which case we can set p=1/a; in (2. 2)
and express f (x,, x,) as a GHF with scaling power
unity. Thus, a GHF is either a scale-invariant
function

STy, A%20,) = (x4 , X5) (2.3a)
or else we can choose a, and @, such that
FOTxy  A%2x,) =N (%, x5) . (2. 3pb)

For example, the functions x, x§2+xfx;4 and
x2+x,x% are both GHFs. The scaling powers may
be chosen to be a,=3 and a,=% in both cases, but
the first function is scale invariant (¢, =0) and the
second is not (¢;=1).% Additional examples of
GHFs are shown in Table L.

Functions f(x,, x,) which satisfy relations of the
form

FleiM)xy,g20)x,]=g, M) (xq, %)

where the functions g;(A) and g;(\) possess in-
verses, are also GHFs. The proof that the form
(2. 4) implies g;(A\)=2?* and g,(A) =1 is given in
Appendix A. %

The generalization of all the above statements to
functions of more than two variables is obvious
and for functions of » variables there will be »z in-
dependent scaling powers (a;,4a,,...,4a,) and, as

(2.4)

















































































