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Firmshavingsimilar businessctivitiesarecorrelatedWe analyzetwo differentcross-correlatiomatricesC
constructedrom ~! 30-min price “uctuations of 1000 US stocksfor the two-year period 1994+95 and !
one-dayprice "uctuationsof 422 US stocksfor the 35-yearperiod 1962+96. We ®ndthat the eigenvectorsf
C correspondingo the largesteigenvaluesllow usto partitionthe setof all stocksinto distinctsubsetsThese
subsetsare similar to businessectors andare stablefor extendedoeriodsof time. We ®ndthat price "uctua-
tions of thesesubsetsare characterizedoy powerlaw decayingtime correlations,reminiscentof strongly

interactingsystems.
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The internal structureof a complex systemmanifestsit-
selfin correlationsamongits constituentsin complexphysi-
cal systemsijnteractionsbetweenconstituentcause " collec-
tive modes' havingspecialstatisticalpropertiesvhich re” ect
the underlyingdynamics.Canwe quantify collective move-
mentof stockpricesin analogougerms?

To addresghis question,we analyzethe equal-timecor
relationmatrix C constructedrom the price "uctuationsof a
large numberof stocks.First, we ®ndthat the “collective
modes' for the stock marketproblempartition the setof all
stocksstudied,into distinct subsetsTypically, thesesubsets
are formed by combinationsof related industries,and in
some cases,they go beyondgrouping by industry Due to
companydiversi®cationthe traditional partitioning of ®ms
into subsetdy productsand servicesis dif®cult and some-
times arbitrary and thus our resultscould be viewed as a
“statisticalalternativeto traditional industry classi®catioh'
@# Furthermorewe ®ndthat the price "uctuations of the
collectivemodesdisplaylong-rangepowetrlaw time correla-
tions, in sharpcontrastto individual stocks @# Collective
modesin physical systemsdisplay time correlationswhich
persiston much larger time scalesthan any individual unit.
Motivated by this analogy we start with an interacting-
stocksframeworkand outline one possiblemechanisnthat
could prove usefulin understandinghe distinct statisticsof
collective price "uctuations.

We ®rstde®nethe cross-correlatiormatrix C with ele-
ments C;;[ @G;G;& "G;&G;&s;s;, where s; is the
standarddeviation of price “uctuations G;(t)[ In S(t1 Dt)
2InS(t) ~eturns, S(t) denotesthe price of stock i
51,...,N,and”...&denotesa time averageover the pe-
riod studied.To investigatecorrelationson different time
scales,we analyze-! 30-min returnsof N5 1000 largest
stocksfor the two-yearperiod1994+95 and+i! daily returns
of N5 422 stocksfor the 35-yearperiod 1962+96 @#

Next, we diagonalizeC andrank-orderits eigenvalues
suchthat! ; ;. | i; the correspondingigenvectorsare de-
notedu®. We thenanalyzethe component®f thosedeviating
eigenvectorswhose eigenvaluesare larger than the upper
boundfor uncorrelatedime series@,5%¢ A direct examina-
tion of theseeigenvectorshowevey doesnotyield a straight-
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forward interpretationof their economicrelevanceTo inter
prettheir meaning,we notethatthe largesteigenvaluds an
order of magnitudelarger than the others,which constrains
theremainingN2 1 eigenvaluesinceTr C5 N. Thus,in or-
derto analyzethe contentsof the deviatingeigenvectorsye
®rstremovethe effect of the largesteigenvalue@#

To analyzethe information containedin the eigenvectors
u®, we partition the 1000 stocks into groups labeled |
51...,75~<omprisingN, stockseach accordingto the ®rst
two digits of their Standardindustrial Classi®cationSIC!
code, which classi®esnajor industry groups.We de®nea
projection matrix P, with elementsP;5 1/N, if stocki be-
longsto group | and P;5 0 otherwise.For eachdeviating
eigenvector uX, we compute the contribution X|k
[ ( i’\'g,lP,i(u!‘)2 of eachindustrygroupl @# The abovepro-
cedureof computingX}‘ is analogougo the analysisof wave
functions in disorderedsystems,where one calculatesthe
probability of ®ndinga particlein a given region.

Figure 1 showsX,k for the ten largesteigenvectorsafter
excludingthe in"uence of the largesteigenvalueThe contri-
bution X/*° showsseveraindustries We examinethe signi®-
cant contributorsand ®nd mainly stockswith large market
capitalization-Fig. 2!. We analyzeX}‘ for the remainderof
the deviating eigenvectorsand ®nd a signi®cant peak' at
distinct valuesof the SIC code,suggestinghat theseeigen-
vectorscorrespondo distinctindustry groups @4

One deviating eigenvectoru®®® displayslarge values of
XK for the heavyconstructionand telecommunicationndus-
tries. An examinationof these®rmsshowssigni®cantusi-
nessactivity in Latin America @% Another interestingcase
correspondgo eigenvectorsu®® and u®’, both of which
containa mixture of stocksof gold-mining®rmsandbanking
®rms,which separatevhenwe computethe symmetricand
antisymmetriccombinationsl/A2 (u%%% u®%’). Theotherde-
viating eigenvectorglisplaytechnology metalmining, bank-
ing, petroleumre®ning,auto manufacturingdrug manufac-
turing, and papermanufacturing®rms~ig. 1!.

We next focus on the interpretationof the largesteigen-

valuel 1009. Usingthe eigenvectou®® we construcia time

series GUOO(t)[ ( 129U1%,(t). We then compare

k
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FIG. 1. Contributionxr to industrysector of eigenvectouX for
the deviatingeigenvectorshowsmarkedpeaksat distinct valuesof
SIC code,for all but u®®® which containsstockswith large capitali-
zationsas signi®cantontributors.
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FIG. 2. All 10° eigenvectorcomponentof u®®® plotted against
marketcapitalizationin units of US Dollard showsthatlarge ®ms
contributemore than small ®ms.The straightline, which showsa
logarithmic®t,is a guideto the eye.
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FIG. 3. S&P 500 returnsGgp(t) regressedagainstthe return
G(10%0)t) of the portfolio de®nedby the eigenvectoru®® Both
axesare scaledby their respectivestandarddeviations.A linear
regressionyields a slope 0.85% 0.09, showing a large degreeof
correlation.

G(1000) t) with the returnsGgp(t) of the S&P 500 index, a
benchmarkfor gaugingthe performanceof the entire US
stock market. Regressingz(1%%(t) againstGgp(t) showsa
scatterarounda linear ®t with slope 0.8% 0.09 Fig. 3!.
Thus, we interpretthe eigenvectoru'®® as the in"uence of
the entire marketthatis commonfor all stocks@,5%

Next, we examine whether the eigenvectorsu® corre-
spondingto businessectorsremainstablein time @0# Par
titioning the year1994into two six-monthperiods,A andB,
we calculatethe correspondingeigenvectorsu, and ug of
the cross-correlatiomatricesand quantify the time stability
by calculating the magnitude of the scalar products O;;
[ wjulufor the 20 largesteigenvaluesPerfecttime stability
would meanQ;;5 4f;. Fori5 1000,we ®ndO;;5 0.93,indi-
cating almostperfectstability We ®ndthat O;; decreaseas
i decreasedrom 1000 ~Fig. 4!. Extendingthis analysisto

FIG. 4. Comparisorof eigenvectordor differenttime periodsA
~®rsthalf of 1994 andB ~secondhalf of 1994 by meansof their
scalarproductO;; , representedn a greyscalewherezero-black
correspondso no overlap,andwhite ~ond to perfectoverlap.Note
that the eigenvectorsorrespondingo the four largesteigenvalues
havea large degreeof time stability.
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daily returnsusing databaseii! showsthat the eigenvectors
correspondingdo the largestthreeeigenvaluesare stablefor
asmanyasten years.

How canwe understanctorrelationsbetweenstocks?In
physical systems,one startsfrom the interactionsbetween
the constituents,and then relatesinteractionsto correlated
“modes’ of the systemHere,we askif ananalogousnecha-
nisminvolving “interactions' cangive rise to the correlated
behaviorthatwe ®nd.Interactionsarisewhentwo companies
aredoing businesgogethey competefor the samemarket,or
whenthey are perceivedby investorsto be linked.

Onegenericmodelfor interactingphysicalsystemss the
soft spinmodel @1# which we applyto describethe dynam-
ics of “instantaneousteturnsg;(t)[ d/dtIn S(t); we write a
stochastidifferential equationfor g;(t),

1
(o)
~1!

wherej ;(t) are Gaussiarrandomvariableswith correlation
function % ;(t)/ ;(t8 & dijt,a(t2 t§, and ¢, setsthe time

scaleof the problem.In the contextof a soft spin model,the
®rsttwo termson the right-handside of Eq. ~1! arisefrom

the derivativeof a double-wellpotential,enforcingthe soft-

spin constraint.The interactionamongsoft spinsis given by

the couplings J;; . In the absenceof the cubic term, and
without interactions, t,/r; are relaxation times of the
g;i(t)gi(t1 t)& correlation function. A similar differential
equation,without the couplings,was derivedin a ®nancial
contextto describethe dynamicsof returns,usinga quadratic
insteadof a cubic term @24

As the coupling strengthsincrease the soft-spin system
undegoesa transitionto an orderedstatewith permanent
local magnetizationsg@1# At the transition point, the spin
dynamicsarevery “slow" as re ectedin a powerlaw decay
of the spin autocorrelatiorfunction in time. To testwhether
this signatureof stronginteractionsis presentfor the stock
market problem, we analyzethe autocorrelationfunctions
cM(N) "GRM)GM(t1 £)& where GR M) ( FIUFGi(1)
is the time seriesde®nedy eigenvectouX. Insteadof ana-
lyzing c®W(¢) directly, we apply the detrended uctuation
analysis-DFA! method@3# Figure 5 showsthat the corre-
lation functionsc®(¢) indeeddecayas powerlaws for the
deviating eigenvectorau®, which is in sharpcontrastto the
behaviorof c¥(¢) for the restof the eigenvectorsand the
autocorrelationfunctions of individual stocks,which show
only short-rangecorrelations.We interpretthis as evidence
for stronginteractions.

In the absencef the cubicterm,we obtainonly exponen-
tially decayingcorrelationfunctionsfor the “modes' corre-
spondingto the large eigenvalueswhich is inconsistentvith
our ®ndingof powerlaw correlations.

In summarygivenonly thechangen price of a stock,and
no additionalinformation aboutthat stock, we can partition
the setof all 10° stocksstudiedinto subsetsvhoseidentities
correspondwell to conventionallyidenti®edsectorsof eco-
nomic activity. Motivated by the conceptof critical slowing
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FIG. 5. ~al Autocorrelationfunction c¥(¢) of the time series
de®nedby the eigenvectoru®® The solid line showsa @ to a
powerlaw functional form ¢2 9%, whereby we obtain values gy
5 0.616 0.06 for k5 999. -b! To quantify the exponentsg, for all
k5 1, ...,1000 eigenvectorswe usethe methodof DFA analysis
@3# often usedto obtain accurateestimatesof powerlaw correla-
tions. We plot the detrendeductuation function F(¢) as a function
of the time scalet for eachof the 1000 time series.Absenceof
long-range correlationswould imply F(t); t°° whereasF(t)
; t" with 0.5, n< 1 implies powerlaw decayof the correlation
function with exponentg5 22 2n. We plot the exponentsn as a
function of the eigenvalueand®ndvaluesexponentsi signi®cantly
largerthan0.5for all the deviatingeigenvectorsln contrastfor the
remainderof the eigenvectorsyve obtain the meanvalue n5 0.44
6 0.04,comparableo the value n5 0.5 for the uncorrelateccase.

down in correlatedphysical systems,we analyzethe time
evolutionof “collectivemodes' correspondingo thesesec-
tors, and ®ndthat they are characterizedy powerlaw de-
caying correlation functions, which is consistentwith the
possibility that cross-correlationsn the stock market arise
not just from common in uences such as relevant news-
breaks-the commonview!, but also from interactionsbe-
tweenstockprice uctuations.
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