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Firmshavingsimilar businessactivitiesarecorrelated.We analyzetwo differentcross-correlationmatricesC
constructedfrom ~i! 30-min price ¯uctuations of 1000 US stocksfor the two-yearperiod 1994±95 and ~ii !
one-dayprice ¯uctuationsof 422 US stocksfor the 35-yearperiod1962±96. We ®ndthat the eigenvectorsof
C correspondingto thelargesteigenvaluesallow usto partitionthesetof all stocksinto distinctsubsets.These
subsetsaresimilar to businesssectors,andarestablefor extendedperiodsof time. We ®ndthat price ¯uctua-
tions of thesesubsetsare characterizedby power-law decayingtime correlations,reminiscentof strongly
interactingsystems.

DOI: 10.1103/PhysRevE.64.035106 PACS number~s!: 89.90.1 n, 05.45.Tp,05.40.Fb

The internal structureof a complexsystemmanifestsit-
self in correlationsamongits constituents.In complexphysi-
cal systems,interactionsbetweenconstituentscausè`collec-
tive modes'' havingspecialstatisticalpropertieswhich re¯ect
the underlyingdynamics.Canwe quantify collectivemove-
mentof stockpricesin analogousterms?

To addressthis question,we analyzethe equal-timecor-
relationmatrix C constructedfrom theprice¯uctuationsof a
large numberof stocks.First, we ®nd that the `̀ collective
modes'' for the stockmarketproblempartition the setof all
stocksstudied,into distinct subsets.Typically, thesesubsets
are formed by combinationsof related industries,and in
somecases,they go beyondgrouping by industry. Due to
companydiversi®cation,the traditionalpartitioningof ®rms
into subsetsby productsand servicesis dif®cult and some-
times arbitrary, and thus our resultscould be viewed as a
`̀ statisticalalternativeto traditional industry classi®cation''
@1#. Furthermore,we ®ndthat the price ¯uctuations of the
collectivemodesdisplaylong-rangepower-law time correla-
tions, in sharpcontrastto individual stocks@2#. Collective
modesin physical systemsdisplay time correlationswhich
persiston much larger time scalesthanany individual unit.
Motivated by this analogy, we start with an interacting-
stocksframeworkand outline one possiblemechanismthat
could proveuseful in understandingthe distinct statisticsof
collectiveprice ¯uctuations.

We ®rst de®nethe cross-correlationmatrix C with ele-
ments Ci j [ @̂GiG j&2 ^Gi& Ĝ j&#/s is j , where s i is the
standarddeviation of price ¯uctuations Gi(t)[ ln Si(t1 Dt)
2 ln Si(t) ~returns!, Si(t) denotes the price of stock i
5 1, . . . ,N, and^ . . . &denotesa time averageover the pe-
riod studied.To investigatecorrelationson different time
scales,we analyze~i! 30-min returns of N5 1000 largest
stocksfor thetwo-yearperiod1994±95 and~ii ! daily returns
of N5 422 stocksfor the 35-yearperiod1962±96 @3#.

Next, we diagonalizeC andrank-orderits eigenvaluesl k
suchthat l k1 1. l k ; the correspondingeigenvectorsarede-
noteduk. We thenanalyzethecomponentsof thosedeviating
eigenvectorswhose eigenvaluesare larger than the upper
boundfor uncorrelatedtime series@4,5#. A direct examina-
tion of theseeigenvectors,however, doesnot yield a straight-

forward interpretationof their economicrelevance.To inter-
pret their meaning,we notethat the largesteigenvalueis an
order of magnitudelarger than the others,which constrains
the remainingN2 1 eigenvaluessinceTr C5 N. Thus,in or-
der to analyzethecontentsof thedeviatingeigenvectors,we
®rstremovethe effect of the largesteigenvalue@6#.

To analyzethe informationcontainedin the eigenvectors
uk, we partition the 1000 stocks into groups labeled l
5 1 . . . ,75 ~comprisingNl stockseach! accordingto the®rst
two digits of their StandardIndustrial Classi®cation~SIC!
code, which classi®esmajor industry groups.We de®nea
projectionmatrix P, with elementsPl i 5 1/Nl if stock i be-
longs to group l and Pl i 5 0 otherwise.For eachdeviating
eigenvector uk, we compute the contribution Xl

k

[ ( i 5 1
N Pl i (ui

k)2 of eachindustrygroupl @7#. Theabovepro-
cedureof computingXl

k is analogousto theanalysisof wave
functions in disorderedsystems,where one calculatesthe
probability of ®ndinga particle in a given region.

Figure 1 showsXl
k for the ten largesteigenvectorsafter

excludingthe in¯uenceof the largesteigenvalue.Thecontri-
butionXl

999 showsseveralindustries.We examinethesigni®-
cant contributorsand ®ndmainly stockswith large market
capitalization~Fig. 2!. We analyzeXl

k for the remainderof
the deviating eigenvectorsand ®nd a signi®cant̀ peak' at
distinct valuesof the SIC code,suggestingthat theseeigen-
vectorscorrespondto distinct industrygroups@8#.

One deviating eigenvectoru995 displayslarge valuesof
Xl

k for the heavyconstructionandtelecommunicationindus-
tries.An examinationof these®rmsshowssigni®cantbusi-
nessactivity in Latin America @9#. Another interestingcase
correspondsto eigenvectorsu996 and u997, both of which
containa mixtureof stocksof gold-mining®rmsandbanking
®rms,which separatewhen we computethe symmetricand
antisymmetriccombinations1/A2(u9966 u997). Theotherde-
viating eigenvectorsdisplaytechnology, metalmining, bank-
ing, petroleumre®ning,auto manufacturing,drug manufac-
turing, andpapermanufacturing®rms~Fig. 1!.

We next focus on the interpretationof the largesteigen-
valuel 1000. Usingtheeigenvectoru1000, we constructa time
series G(1000)(t)[ ( i 5 1

1000ui
1000Gi(t). We then compare
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G(1000)(t) with the returnsGSP(t) of the S&P 500 index, a
benchmarkfor gauging the performanceof the entire US
stockmarket.RegressingG(1000)(t) againstGSP(t) showsa
scatteraround a linear ®t with slope 0.856 0.09 ~Fig. 3!.
Thus,we interpretthe eigenvectoru1000 as the in¯uence of
the entiremarketthat is commonfor all stocks@4,5#.

Next, we examine whether the eigenvectorsuk corre-
spondingto businesssectorsremainstablein time @10#. Par-
titioning theyear1994into two six-monthperiods,A andB,
we calculatethe correspondingeigenvectorsuA and uB of
the cross-correlationmatricesandquantify the time stability
by calculating the magnitudeof the scalar products Oi j
[ uuA

i uB
j ufor the20 largesteigenvalues.Perfecttime stability

would meanOi j 5 di j . For i 5 1000,we ®ndOi i 5 0.93,indi-
catingalmostperfectstability. We ®ndthat Oi i decreasesas
i decreasesfrom 1000 ~Fig. 4!. Extendingthis analysisto

FIG. 1. ContributionXl
k to industrysectorl of eigenvectoruk for

thedeviatingeigenvectorsshowsmarkedpeaksat distinctvaluesof
SIC code,for all but u999 which containsstockswith largecapitali-
zationsassigni®cantcontributors.

FIG. 2. All 103 eigenvectorcomponentsof u999 plottedagainst
marketcapitalization~in unitsof US Dollars! showsthat large®rms
contributemorethansmall ®rms.The straightline, which showsa
logarithmic®t, is a guideto the eye.

FIG. 3. S&P 500 returnsGSP(t) regressedagainstthe return
G(1000)(t) of the portfolio de®nedby the eigenvectoru1000. Both
axes are scaledby their respectivestandarddeviations.A linear
regressionyields a slope 0.856 0.09, showing a large degreeof
correlation.

FIG. 4. Comparisonof eigenvectorsfor differenttime periodsA
~®rsthalf of 1994! andB ~secondhalf of 1994! by meansof their
scalarproductOi j , representedon a greyscale,wherezero~black!
correspondsto no overlap,andwhite ~one! to perfectoverlap.Note
that the eigenvectorscorrespondingto the four largesteigenvalues
havea large degreeof time stability.

RAPID COMMUNICA TIONS

GOPIKRISHNAN,ROSENOW, PLEROU,AND STANLEY PHYSICAL REVIEW E 64 035106~R!

035106-2



daily returnsusingdatabase~ii ! showsthat the eigenvectors
correspondingto the largestthreeeigenvaluesarestablefor
asmanyasten years.

How can we understandcorrelationsbetweenstocks?In
physical systems,one starts from the interactionsbetween
the constituents,and then relatesinteractionsto correlated
`̀ modes'' of thesystem.Here,we askif ananalogousmecha-
nism involving `̀ interactions'' cangive rise to the correlated
behaviorthatwe ®nd.Interactionsarisewhentwo companies
aredoingbusinesstogether, competefor thesamemarket,or
whenthey areperceivedby investorsto be linked.

Onegenericmodelfor interactingphysicalsystemsis the
soft spinmodel@11#, which we apply to describethedynam-
ics of `̀ instantaneous'' returnsgi(t)[ d/dt ln Si(t); we write a
stochasticdifferentialequationfor gi(t),

t o] tgi~t !52 r igi~t !2 kgi
3~t !1 (

j
Ji j g j~t !1

1

t o
j i~t ! ,

~1!

wherej i(t) areGaussianrandomvariableswith correlation
function ĵ i(t)j j (t8)&5 di j t od(t2 t8), and t o setsthe time
scaleof theproblem.In thecontextof a soft spinmodel,the
®rsttwo termson the right-handside of Eq. ~1! arisefrom
the derivativeof a double-wellpotential,enforcingthe soft-
spin constraint.The interactionamongsoft spinsis givenby
the couplings Ji j . In the absenceof the cubic term, and
without interactions, t o /r i are relaxation times of the
^gi(t)gi(t1 t )& correlation function. A similar differential
equation,without the couplings,was derived in a ®nancial
contextto describethedynamicsof returns,usinga quadratic
insteadof a cubic term @12#.

As the coupling strengthsincrease,the soft-spin system
undergoesa transition to an orderedstatewith permanent
local magnetizations@11#. At the transition point, the spin
dynamicsarevery `̀ slow'' as re¯ectedin a powerlaw decay
of the spin autocorrelationfunction in time. To testwhether
this signatureof stronginteractionsis presentfor the stock
market problem, we analyzethe autocorrelationfunctions
c(k)(t )[ ^G(k)(t)G(k)(t1 t )&, where G(k)(t)[ ( i 5 1

1000ui
kGi(t)

is the time seriesde®nedby eigenvectoruk. Insteadof ana-
lyzing c(k)(t ) directly, we apply the detrended̄ uctuation
analysis~DFA! method@13#. Figure5 showsthat the corre-
lation functionsc(k)(t ) indeeddecayaspower laws for the
deviatingeigenvectorsuk, which is in sharpcontrastto the
behaviorof c(k)(t ) for the rest of the eigenvectorsand the
autocorrelationfunctions of individual stocks,which show
only short-rangecorrelations.We interpret this as evidence
for stronginteractions.

In theabsenceof thecubicterm,we obtainonly exponen-
tially decayingcorrelationfunctionsfor the `̀ modes'' corre-
spondingto the largeeigenvalues,which is inconsistentwith
our ®ndingof power-law correlations.

In summary, givenonly thechangein priceof astock,and
no additionalinformationaboutthat stock,we canpartition
thesetof all 103 stocksstudiedinto subsetswhoseidentities
correspondwell to conventionallyidenti®edsectorsof eco-
nomic activity. Motivatedby the conceptof critical slowing

down in correlatedphysical systems,we analyzethe time
evolutionof `̀ collectivemodes'' correspondingto thesesec-
tors, and ®ndthat they are characterizedby power-law de-
caying correlation functions, which is consistentwith the
possibility that cross-correlationsin the stock market arise
not just from common in¯uences such as relevant news-
breaks~the commonview!, but also from interactionsbe-
tweenstockprice ¯uctuations.
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stimulatingdiscussions.B.R. is supportedby Forschungssti-
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FIG. 5. ~a! Autocorrelationfunction c(k)(t ) of the time series
de®nedby the eigenvectoru999. The solid line showsa ®t to a
power-law functional form t 2 gk, whereby we obtain values gk

5 0.616 0.06 for k5 999. ~b! To quantify the exponentsgk for all
k5 1, . . . ,1000 eigenvectors,we usethe methodof DFA analysis
@13#often usedto obtainaccurateestimatesof power-law correla-
tions.We plot thedetrended̄uctuation functionF(t ) as a function
of the time scalet for eachof the 1000 time series.Absenceof
long-range correlations would imply F(t ); t 0.5, whereasF(t )
; t n with 0.5, n< 1 implies power-law decayof the correlation
function with exponentg5 22 2n. We plot the exponentsn as a
functionof theeigenvalueand®ndvaluesexponentsn signi®cantly
largerthan0.5 for all thedeviatingeigenvectors.In contrast,for the
remainderof the eigenvectors,we obtain the meanvalue n5 0.44
6 0.04,comparableto the valuen5 0.5 for the uncorrelatedcase.
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