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We study the late stages of spinodal decomposition in a Ginzburg-Landau mean field model with
quenched disorder. Random spatial dependence in the coupling constants is introduced to model
the quenched disorder. The effect of the disorder on the scaling of the structure factor and on the
domain growth is investigated in both the zero temperature limit and at finite temperature. In
particular, we find that at zero temperature the domain size R(t) scales with the amplitude A of the
quenched disorder as R(t) = A" f(t/A™") with 8 ~ 1.0 and v ~ 3.0 in two dimensions. We show
that 3/v = a, where a is the Lifshitz-Slyosov exponent. At finite temperature, this simple scaling
is not observed and we suggest that the scaling also depends on temperature and A. Comparisons
of the scaled structure factors for all values of A at both zero and finite temperature indicate only
one universality class for domain growth. We discuss these results in the context of Monte Carlo
and cell dynamical models for phase separation in systems with quenched disorder and propose that

in a Monte Carlo simulation the concentration of impurities c is related to A by A ~ ¢

PACS number(s): 64.60.Ak

L. INTRODUCTION

Spinodal decomposition has received a great deal of
attention in recent years since it is relevant to many ma-
terials processing problems and is one of the unsolved
problems in statistical mechanics. Much progress has oc-
curred over the past decade in understanding both the
early and late time behavior of spinodal decomposition
in the simplest systems with no disorder and a single
order parameter [1-4], but there is more to learn con-
cerning the important process of spinodal decomposition
in disordered systems. Systems with quenched disorder,
for example, are interesting because the kinetics of spin-
odal decomposition differs markedly from the behavior of
pure systems. In particular, the usual power law growth
of the characteristic domain size R ~ t* is thought to
change over to a logarithmic growth [5]

R ~ (Int)®. (1.1)

The earliest computational studies of phase separa-
tion in systems with quenched disorder were Monte Carlo
(MC) simulations performed nearly a decade ago [6-8].
MC simulations are generally inefficient for studying do-
main growth since diffusion of particles through the sys-
tem at late stages requires many updates. However, MC
simulations have the distinct advantage of introducing
the quenched disorder in a very natural way. Using MC
simulations, Grest and Srolovitz [6] found evidence of a
scaling function relating R to the concentration of im-
purities in a two-dimensional Ising model with a non-
conserved order parameter, but were unable to confirm
the prediction [5] of logarithmically slow domain growth
Eq. (1.1). Similar behavior was seen in MC simulations of
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a model for simultaneous phase separation and gelation
in an Ising-type model with a conserved order parameter

[9]-

Further progress has recently been made [10,11] us-
ing more efficient cell dynamical methods [12]. These
cell dynamical simulations were able to probe the late
stage behavior for cases of both conserved and noncon-
served order parameter by introducing the disorder as
a phenomenological parameter in the Ginzburg-Landau
free energy [13]. Using cell dynamical methods, Puri et
al. [10,11] were able to observe the logarithmically slow
domain growth [5] for both conserved and nonconserved
order parameter, although the exponent € in the pre-
dicted behavior Eq. (1.1) for the case of a conserved or-
der parameter appeared to vary with the amplitude of
the quenched disorder. This could be due in part to the
systems not having reached their asymptotic behavior;
even using the cell dynamical approach, simulation of
disordered systems is computationally demanding due to
the logarithmically slow growth.

Here we study a time-dependent Ginzburg-Landau
(TDGL) model and consider scaling of the domain size as
a function of the quenched disorder both in the zero tem-
perature limit and for ' > 0. For T' = 0, we expect that
domain growth will effectively stop as various parts of the
system fall into metastable states from which they cannot
escape. Although the T' = 0 limit is clearly unphysical,
domain growth pinning is seen in experimental systems
with quenched disorder [14]. Studying the TDGL model
in this limit gives us the opportunity to study the effect
of a single parameter, the quenched disorder A, on the
dynamics of domain growth. We find scaling that relates
the characteristic domain size R to the phenomenologi-
cal parameter A that describes the disorder in the model.
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We also examine the behavior of this model at finite tem-
perature. We find that this simple scaling does not hold
and propose a form for the exponent 6 in Eq. (1.1).

The rest of this paper is organized as follows. In Sec.
II, we describe the time-dependent Ginzburg-Landau
model with quenched disorder and briefly discuss its nu-
merical implementation. In Sec. III we describe the re-
sults of our simulations and propose a scaling form that
is consistent with these results. Finally, in Sec. IV we
place these results in context with results for the Monte
Carlo and cell dynamical models described above.

II. THE MODEL AND ITS SCALING
PROPERTIES

In this section we briefly review the time-dependent
Ginzburg-Landau equation and the rescaling of the vari-
ables that leads to the Cahn-Hilliard equation [15], the
basis of our simulation model. In addition, we intro-
duce quenched disorder into the Cahn-Hilliard equation
[10,11] via additional random, static coupling constants
taken from a uniform distribution of width A. We present
a scaling hypothesis for the model based on observations
made in previous work [10,11].

Consider a system with two independent species. The
order parameter ¢ is defined [1] to be the difference in
the local concentration of these two species

¢EC1 — C3. (21)
For a conserved order parameter, the local concentration
difference obeys a continuity equation of the form

D 9(e,0) =~V -5(r,1) + C(r,1). (2:2)
Here the current is
i(r,8) = —MVu(r), (2.3)

where M is the mobility (assumed to be constant), u(r)
is the chemical potential (the variational derivative of the
free energy), and ((r,t) is Gaussian-distributed random
noise that satisfies

(C(r,8),C(r), t)) = —2kpTM V2 §(r —1') 5(t — t'),
(2.4)

where the angular brackets represent a thermal average
over many different configurations. This term guaran-
tees that the proper equilibrium state is achieved. In the
TDGL model one usually chooses the Ginzburg-Landau
free energy functional [1]

F= /dr{%n|V¢|2 — 1p¢? + lugt}). (2.5)
Combining the continuity equation Eq. (2.2) with the free
energy Eq. (2.5) yields

9% — MV*{~rV2p — pi + ud} +C.

s (2.6)

The continuity equation Eq. (2.2) guarantees conserva-
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tion of the order parameter ¢; this is known as model B.
Model B is a time-dependent Ginzburg-Landau model or
relaxation model since the time evolution of the order
parameter depends only on the minimization of the free
energy functional Eq. (2.5).

The order parameter ¢ is redefined by scaling the phe-
nomenological parameters M, «, p, and u in Eq. (2.6) as
well as the dynamical variables r and ¢ to obtain a simpli-
fied equation of motion for the rescaled order parameter.
This is known as the Cahn-Hilliard equation [15] and has
the form

0 1,2 3 2
oo = S VA= +4° — VP9) + Ve, (2.7)
The transformation that rescales model B into the Cahn-

Hilliard model, following Grant et al. [16] and Rogers et
al. [17], is

_ (P\/?
= (-’;) r, (2.83.)
;= 2Me, (2.8b)
K
u\ /2
=|- , 2.8
" (p) b (2.80)
_ kpTu /p\9/2
€ = pz (;) . (2.8d)

Hence, from Eq. (2.4),
(€(x,7),€(x, 7))

— _2kpTu/p? (g)l/2 M V2 §(x —x) §(r — 7).

(2.9)

The formulation of model B in these variables clearly
shows that this model involves only a single parameter €
proportional to the temperature.

To incorporate quenched disorder into model B, it is
conventional to introduce a spatial dependence in the pa-
rameters p and u of Eq. (2.5) [13]. Consider couplings
of the form p = po + 6p(x) and u = uo + du(x), where po
and ug are identified with the free energy in the absence
of disorder. After performing the transformation of vari-
ables leading to Eq. (2.7), the time-dependent Ginzburg-
Landau equation with quenched disorder becomes

o, 1 ép(x)
§¢_—2V2[(1+ Po >¢

0

- (1 + ——-—51:5")) ¥+ vzw} +VeE.  (2.10)

We choose for simplicity the factors [13]
op(x)  du(x)

2.11
Po Uo ( )
























