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Critical exponentsof a Bosesystemarecalculatedmicroscopicallywithout anexpansionin 1/n ore. As expected,
quantumcorrectionsarefoundto beabsentandthe resultsto agreewith the 1/n expansionresult,for n = 2, to
0(1/n).

The purposeof this letteris to discussthe critical behaviorof a quantumsystem,which exhibitsa phasetransi-
tion, without thecommonlyemployedtechniquesof 1/n or � expansions[1] (n is the numberof componentsof
theorder parameterand� = 4—d,whered is the spatialdimensionof the system).Ourmotivationsfor suchanin-
vestigationarethree-fold: First, topresentan alternativecalculationof critical indicesnot basedon an expansion
inn or d, in orderto breakawayfrom thea priori assumptionof “universal” significancegiven to thesequanti-
ties;second,to treata quantummechanicalsystemstrictly within a quantumstatistical formulationto testthe
universalityassumptionthat thecritical exponentsare independentof quantumeffects;third, to establisha closer
connectionbetweenthe standardmicroscopicapproachesto many-bodytheory 121 andthe newly developed1/n
and� expansions[11.

As our model,we considera systemof spinlessbosonsof massm at temperatureTaboveTc andat a fixed
densityin a unit volume.In order to avoid arbitraryassumptionsaboutthe strengthof thepotentialand introduc-
tion of cutoffs [3, 4], we consideronly a specific potential and assumethat the particlesare interactingwith the
Coulombpotential,V(q)= 4ire2/q2andthesystemis placedin a rigid backgroundof oppositechargeto ensure
overall chargeneutrality.

Certainstaticcritical exponentsare definedby theasymptoticform of the relevantcorrelationfunctionsfor
small k at Tc. Forexample,the orderparametercorrelationfunction G(k) and(in a chargedsystem)131 the irre-
ducibledensitycorrelationfunction 11(k) for small k at Tc behavelike G(k) ‘-~k2~and 11(k) -~ k1~if X <0, de-
fining theexponents~ andX ~‘hichwe now proceedto calculatefor our model.

We employtheusualdiagrammaticperturbationtheory techniques[21andseekthe lowest order correctionto
the propertiesof the non-interactingsystem(i.e., idealBose gas).Thesimplestself-consistentapproximationis
the well-known Hartree-Fockapproximation,which for a chargedBose gas in thestatic limit takesthe form [2]

G(k)—�(k)—~(k)+~(O)—r, (rOatTc) (1)

where

~(k) = [V(p)/1 - V(p)11(p)] n(p+k), (2)
(2ir)~

11(k)f~~_!?_[n(p+k)-n(p)] [e(p+k)-e(p)]~, (3)
(2ir)~

�(k)= h 2k2/2m,andn(k) is theBose-Einsteindistribution function.Eq. (3) representsthecontribution of the
simpleRPA polarizationbubble,which usingcontourintegration is found to be
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~ l/~

[1(k) = (~)(4iri3kY~jarctan(.~1.)~i/2 ~ k F( i/2~c(1/2)1 (4)

Note that at T~(i.e.whenr = 0), fl(k) divergesask —* 0, andin this limit we recoverthe classicalfield approxima-
lion result [3,4], 11(k) = (2rn/h2)(8~k)-. Once(4) is substitutedin (2), it is found that thequantumcorrection
term (bracketedin eq. (4)) does not affect the k2ln k term in ~(k) ~(0), andin the limit k -~ 0

~(k) ~(0) e(k)i~lnk+O(k4), where ~i=4/37r2. (_~)

in completeagreementwith the I/n expansionresult [3. 4] with n = 2 for a Bose systemwith a two-component
(real) orderparameter.

In orderto calculatethe exponentX. we note that to zerothorder(i.e. for anon-interactingsystem)X is ob-

tainedfrom eq.(4), whichrepresentsthe density propagatorfor theideal Bose gas[2]. From (4) we havethat
11(k) k~ for an ideal BosegasandasexpectedX = I to zerothorder [31.To find theleadingcorrectionto
this resultwe can makeuseof standarddiagrammaticexpansionfor the density responsefunction andcalculate
the leadingcorrectionto RPA. However,we chooseto consideranotherapproachwhich is considerablysimpler.

We makeuseof Landau’squasiparticlepictureandassumethat ask—~ 0, at Tc, theinteractingBosegascan be
viewedasan ideal gasof particleswith a modified energyspectrumw(k) k2t, where~ is somesmall number
to be determined.It should be pointedout that w(k) is ahighly temperaturedependentquantityandtheLandau
picture can be usedhereonly becausewe needthe long wavelengthform of w(k)at T~.If we were inierestedin
calculatingexponentswhich arenot definedat T~,then our useof the Landaupicturecouldnot havebeenjusti-
fied. As usual,theexcitationspectrumis determinedfrom the pole of thedynamictemperatureGreenfunction
[2]

G(k, w
1) = [iW1 — �(k)—~(k, w1) + ~(0, 0) rj (6)

where = 2irj/~(I = 0, ±1,±2,...), and~(k, w1) is the dynamicHartree-Fockself-energy121. We first let -~

w(k) -— i’y(k) in (6), wherew(k) andy(k) areboth real.From thepoleof (6) we find thereal part of theexcita-
tion spectrum,

w(k)= e(k)÷~(k, e(k))—~ ~(0, 0). (7)

at T~,where~ denotesthe real part of theHartree-Fockself-energy,andto lowest orderwe havelet w(k)—~e(k)
on the rhsof(7). Thek

2 Ink termin (7) is found by expandingthedistribution functionsin the ~ functionsand
investigatingtheindividual terms.We find that only oneterm behavesask2 Ink, so that (7) becomes

w(k)c(k)[1 —~lnk]~k2t, (8)

where~ = I 6/3ir2. In orderto find X to first orderwe replaceall thew(k) in (3) with e(k) andinvestigatethe
long wavelengthform of [1(k). We find

[1(k) k1~2~or X = I + 32/3~2, (9)

in completeagreementwith the 1/n expansionresultfor a Bose system [3, 4].

Other exponentscan be obtainedsimilarly or from i~andX via the scaling laws [31,e.g.y = —-2(2 -—~)/X-d and
—a = Xy/2—i

1. The resultsthusobtainedareexactlythe sameasthe I/n expansionwith ii = 2 to 0(1/n) [3,4].
We havethusfound that for our particularquantummechanicalmodel the critical exponentsareindependentof
quantummechanicsanddo not dependon the detailsof the interaction.Thus theexponentsobtainedapplyuni-
versally to any Bosesystem,aspreviou’~lyarguedby Ma [3].

The significanceof the the presentcalculationis that with standardperturbationtheory, i.e. with an expansion
essentiallyin V(k), we obtainedthe sameresultas the I/n expansionfor ourmodel.Our procedurediffers from

112



Volume 53A, number 2 PHYSICS LETFERS 2 June 1975

boththeclassicalfield andquantumversionsof the 1/n expansion[3, 4] and� expansion[1] in two important
ways: (1) we do notassumean expansionin n or d, and(2) we are not requiredto eitherrenormalizethebare
potential,asdonein the� expansion[1], or to require thescreenedpotentialto be givenby —1/11, as is assumed
in 1/nexpansion[3, 4]. In all previous 1/nexpansiontheories[3,4] it had to be assumedthat the screenedpo-
tential approaches—1/H in order to eliminate thebarepotential~ from thetheorynot by a renormalizationpro-
cedurebutby a screeningapproximationin the limit k—* 0. In the presentmodel calculationwe usedtheunre-
normalizedperturbationtheory,madetheusual screeningapproximationfor the Coulombpotential [21,and did
not assumethat the screenedpotentialis independentof the barepotential.This allowedusto keepthe bare inter-
actionin the formulationto theendof thecalculationandthusdemonstratethat critical exponentsareindepend-
entof the barecoupling constantof the model(in this casee2), aswell asquantummechanics.

We wishto thank ProfessorT.S. Chang,J.F.Nicoll, G.F. Tuthill, andJ. Rogiersfor very useful discussions.

* The barepotential wasalsoassumedto beweak,i.e.,of theorderof 1/n.
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