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Abstract

We presenta scaling Ansatz for the distribution function of the shortestpaths connecting
any two points on a percolatingcluster which accountsfor (i) the e ect of the nite size of
the system,and (ii) the dependencef this distribution on the site occupancyprobability p.
We presentevidencesupportingthe scaling Ansatzfor the caseof two-dimensionalpercolation.
Cc 1999 Elsevier ScienceB.V. All rights reserved.
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1. Introduction

The chemical distance or minimal path, ~, betweentwo sites is de ned as the
shortestpath on a percolatingclusterconnectingthe two sites(Fig. 1). The quantity of
interesthereis the conditional probability, P(" jr), that two sitestakenfrom the same
cluster, separatedby geometricaldistancer, are~ chemicaldistanceaway. The main
questionsare (i) to determinethe dependencef this probability P("jr) on the nite
size of the systemL and (ii) the behaviorof P("jr) in the o -critical regime(p 6 p).

The motivation for this study comesfrom the fact that in many realistic problems
where the disorderedmedia controls a transportprocess,dynamic propertiessuch as
conductivity and di usion can be expressedn terms of chemical distance,in case
of looplessaggregatesor for aggregatedor which loops can be neglected[1]. For
example,in oil recoverythe rst passagdime from the injection well to a production
well a distancer away is relatedto P("jr) (see[2]).
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Fig. 1. The minimal path betweentwo sitesis de ned as the shortestpath on a percolatingcluster connectingthe two sites.
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Fig. 2. The cluster of treesgeneratedby the Leath algorithm. The treesare denotedby arrows with the
greenhead, stonesdenotedby the black circles. The starting point is an arrow with the black head.The
forestis generatedwith the probability p = 0:5. Courtesyof E.F. Taylor.

It is known that the averagechemical distanceh' i scalesas rdmn, where various
estimatesof dnmin aredmin 11130 0:005[3] anddmin,  1:1307 0:0004 [4]. There
has been extensivetheoreticaland computerwork done on studying the scaling of
P(C jr) [5{7]. The completescalingform of P("jr) which accountsfor the nite-size
e ect, and o -critical behaviorhasbeenstudiedin detail andreportedin [8]. Herewe
would like (i) to presentthe argumentswhich underlie the proposedAnsatz and (ii)
to describethe algorithm, which we usedto generatepercolatingclusters.

2. Leath algorithm

The Leathalgorithm[9{11] is known to be particularly usefulfor studyingstructural
and physicalpropertiesof single percolationclusters.The single clustersare generated
in the sameway as the forest grow can be imagined (see Fig. 2 ). First, we start
with a single tree, whose seedsare spreadto the nearestsites on the squarelattice.
With someprobability p treesgrow on the nearessites.With the probability 1 p the
site is occupiedby a stone,and thus will be uselessfor growing. The treesfrom the
surroundingthe starting point shell (which we call chemicalshel) spreadtheir seeds
to their nearestneighborsand so on. In eachstep,a new chemicalshell is added.The
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processcontinuesuntil no sitesare availablefor growth or the desirednumberof shells
are generated.

We generateng clustersand calculatethe numberof points n("; r) which are sepa-
ratedfrom the origin by the geometricaldistancer and belongto the certainchemical
shell *. We de ne
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where ny is the total amountof pointsin the ng clusters.
We alsode ne the probabilitiesP%" ) andPYr) of a point to havea certainchemical
and geometricaldistancecorrespondinglyto the starting point
P P
PY) = 7:_:0 n(:r) and PYr)= _xnin)
tot

Nto

: (2)

Since the Leath algorithm correspondsto the processof selectinga random point
on the percolatinglattice, those probabilities P°("; r), P%"), and PYr) are equal to
the probabilitiesthat a pair of randomly selectedpoints has certain geometricaland
chemicaldistancesgiven that they belongto the sameand, not necesseralyn nite 1,
cluster. The conditional probability P jr) = PY; r)=Pr) is of specialinteresthere,
and hasa meaningthat two randomly selectedpoints, connectedoy a percolatingpath
and separatedy geometricaldistancer, have chemicaldistance .

Mot

3. The scaling Ansatz

Next, we describethe Ansatz, proposedn [8], for the conditional probability distri-
bution function P jr), which includesthe e ect of the nite size of the systemand
o -critical behavior.For >r |,

0
1 N o
fa1

o ; )
P jr) P T W fa ; (3)

dmin

r dmin f 2 Ldmin

wherethe scalingfunctionsaref 1(x) = exp( ax 1), f 2(x) = exp( bx 2) andf 3(x)=
exp( cx). Here j p p¢ is the correlationlength.

The rst functionf ; accountdor the lower cut-o dueto the constraint > r, while
f o, and f 3 accountfor the uppercut-o due to the nite-size e ect and due to the
nite-correlation length, respectively(seeFig. 3). Eitherf , andf 3 becomesdrrelevant,
dependingon which of the two valuesL or is greater.ForL< , f , dominatesthe
uppercut-o, otherwisef 3 dominatesWe assumethe independencef the nite-size
e ect and the e ect of the concentrationof the vacantsites, so that Eq. (3) can be
representedas a product of the terms which are responsiblefor the nite-size e ect
(f 2) andthe e ect of the concentration(f 3). Our simulationssupportthis assumption.

_— R R

Twe denoteby P(; r), P(C)= P(;r) dr,andP(r)= P(;r) d the probabilitiesthat a pair of randomly
selectedpoints has certain geometricaland chemical distances given that they belongto the samein nite
cluster.
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Fig. 3. Logflog plot of P°Cjr) for p = pc = 0:593 and for the systemsize L = 1024 and the distance
betweenwells r = 64. The straightline regimehasslopeg®=2:14. The crossovef P jr) at x  rdmin is

governedby the function f 1(x) andis due to the constraint' > r. The crossoverof P jr) at *0  L9min

is governedby the function f 5(x) and accountsfor the nite size of the system.

4. Evidencesupportingthe scaling Ansatz
4.1. The caseof L!1 andp = p¢

In thecaseof L!1 andp = p¢, P("jr) canbe obtainedfrom the relation

PCINP(r)= P(rj)P(C)= P(r; ") ; (4)

where the conditional probability P(rj" ) is the probability that two sites, separated
by chemical distance™, are a geometricdistancer away and belong to the same
in nite cluster.For isotropic mediathis probability distribution was studiedextensively
(see[1,5{7,12,13]). In analogywith the theory of self-avoidingrandomwalks (SAWS)
[14], it was proposed[1] that

ro

-« r
P(ri’)= A fo — (5)
whereA  1="", =1=0,,=0:88 0:02,9,=2:2 0:3[15] for d= 2 andthe scaling
function f o(x) = exp( ax) with ~=(1 - L.

The analogywith SAW can be usedalsoto expressg, via other exponentysee[8]
for details):

This value is within the error barsfound numericallyfor g, in d =2 andd = 3 [16].
The scaling Ansatzfor P("jr) hasbeendevelopedin [5{7]. Exactlyatp = p. in the
in nite system(L =1 ), in analogyto (5),

g

PCiN= A f

r dmin r dmin (7)
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wheref 1(X)  exp( ax 1) is the scaling function correspondingto f o and A,
1=rmn js the normalizationfactor. Comparisorof Egs.(7) and (5) leadsto the follow-
ing relationbetweenexponents: 1=1Xdmn 1) and[17]g 1=(g- 1)~+(2 d;)~
The aboverelationis true in the casewhen we restrict the study to the caseof the
in nite cluster.Using Eq. (6) we nd thatg = 2 for all d> 2. Note, that the numerical
value for g 2:04 found in [8] is very closeto this prediction. For the casewhen
two points do not necessarilybelongto the in nite cluster,it hasbeenshownin [8]

o°

PCir) = A

fi

r dmin r dmin (8)

whereg® g =(2 df)~
The latter relation betweenexponentsg® and g has simple probabilistic meaning,
sincea pair of two randomlyselectedpoints separatedy a chemicaldistance’ should
belongto the clusterof chemicalsize o>~ . The probability of this eventscalesas
=2, Once two points belongto such a cluster, the probability that their chemical
distanceis equalto = scalesthe sameway ason anin nite clusterandis proportional
to © 9. Hencethe probability that two randomly selectedpoints are separatecby a
chemicaldistance’ is proportionalto the productof thesetwo probabilities™ 9 =2,
which, by de nition, is ¢ Henceg®= g + =2.

4.2. The caseof nite L andp = p¢

In the caseof nite L andp = p¢, Eq. (3) reducesto

0

1 AN g

PO(\J.") P fq fo L , (P=po): 9)

rdmin

Numericaltestsrevealthat P jr) hasa power-lawbehaviorfor rdmn <> <[ dmn gnd

rapidly vanishedor * < r9mn andfor *> L9, Fig. 3 illustratesthe aboveobservations.

Fitting the tails of the distribution by stretchedexponentialswe nd ;1 7:3 and
2 4.0.

4.3. The caseof L!1 andp 6 p¢

Finally, in the caseof L! 1 andp 6 p., the dependenceof Py jr) on p is
obtained[8] for very large systemsize L and for severalvaluesof p 6 p¢. In this
case,the uppercuto of the distribution Eq. (3) is governedby f 3 and the functional
form of the rescaledprobability is given by

(=rdmn) = fs - (20)
For large ", f 1(x) approachego 1 we are left with an exponentialdecay of
(C=rdmn) exp c—— (11)

dmin

The numericaltestsin Ref. [8] con rm this scalingform of  (*=rdmn).
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The scalingform, Eq. (3), is limited to the casewhen >r . For <r ,the nite-size
e ects can be neglectedthe power-lawregimevanishesand the minimal path can be
divided into r= independenblobs eachof length 9, so that the distribution P jr)
approachessaussiarform with meanr 9 1 andvariancer 2dmn 1,

5. Summary

In summary,we havestudiedthe scalingpropertiesof the shortestpathsdistribution
for xed two points on the percolatingclusterwhich accountsfor the nite-size e ect,
alsoo criticality. We proposea plausiblescalinghypothesidor the distribution, which
is supportedoy theoreticalargumentandtestedby numericalsimulation.The lower and
uppercut-o s of the distribution hasbeennumerically observedand tted successfully
by stretchedexponentialfunction. O the critical point the upper cuto, due to the
nite correlationlength, becomesa pure exponentialform. Finally, we note that when
the presentapproachis extendedto study dynamics,new dynamic scaling exponents
are found to describethe scaling propertiesof the distributions of minimal traveling
time, traveling time, and traveling length of tracer particles[18].
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