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Abstract. We study a biologically inspired, inherently non-equilibriummodel consistingof
self-propelledparticles. In the model, particlesmove on a planewith a velocity of constant
magnitude;they locally interactwith their neighboursby choosingat eachtimestepa velocity
direction equalto the averagedirection of their neighbours. Thus, in the limit of vanishing
velocities the model becomesanalogousto a Monte Carlo realization of the classical XY
ferromagnet. We show by large-scalenumerical simulationsthat, unlike in the equilibrium
XY model,a long-rangeorderedphasecharacterizedby non-vanishingnet ow, , emegesin
this systemin a phase-spacdomainborderedby a critical line alongwhich the uctuations of
the orderparametediverge. The correspondinghasediagramasa function of two parameters,
the amplitudeof noise andthe averagedensity of the particles%is calculatedandis found
to havetheform ..% 9%72. We also nd that scalesasa function of the externalbiash
(eld or ‘wind") accordingto a power law h%9. In the orderedphasethe systemshows
long-rangecorrelated uctuations and 1=f noise.

1. Intr oduction

Recentlytherehasbeenanincreasingnterestin the studiesof far-from-equilibriumsystems
typical in our natural and social environment. Conceptsoriginatedfrom the physics of
phasetransitionsin equilibrium systemg1] suchas collective behaviour,scaleinvariance
and renormalizationhave beenshownto be useful in the understandingf various non-
equilibrium systemsaswell. Simplealgorithmicmodelshavebeenhelpfulin the extraction
of the basic propertiesof various far-from-equilibrium phenomenalike diffusion limited
growth [2], self-oganizedcriticality [3] or surfaceroughening[4]. Motion and related
transportphenomenaepresent further characteristiaspectof non-equilibriumprocesses.
Indeed thetransportin variousdriven systemssuchastraf ¢ models[5], molecularmotors
[6] and otherself-propelledsystemq7{12] havebeenthe subjectof recentstudies.
Self-propulsionis an essentiafeatureof mostliving systems.Moreover,the motion of
the organismss usuallycontrollednot only by someexternal elds, butalsoby interactions
with otherorganismsn theirneighbourhoodIn [7] asimplemodelwasintroducedcapturing
thesefeatureswith a view towards modelling the collective motion of large groups of
organisms[13{16] suchasschoolsof sh, herdsof quadrupeds,ocks of birds, or groups
of migrating bacteria[17{21]. The aim of this paperis to further investigatethe various
interestingphenomenaxhibitedby this novel non-equilibriummodel.
Themodelconsistof particlesmovingon a planeandcharacterizedyy their (off-lattice)
locationx; andvelocity v; pointingin thedirection#; D 2. v;/, wherethefunction2 gives
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the angle betweenits argumentvector and a selecteddirection (e.g. horizontal coordinate
axis). The magnitudeof the velocity is xed to vy to accountfor the self-propelled nature
of the particles. A simplelocal interactionis de ned in the model: at eachtime stepa given
particleassumeshe averagedirection of motion of the particlesin its local neighbourhood
S.i/, with someuncertainty,asdescribedby

#.t C1t/ D ht.tligy C Q)
where the noise, , is a random variable with a uniform distribution in the interval
[ =2; =2] andthe local averagedirectionof motion #isj, is de ned as

X
I’#is_i/ D2 A (2)

i
Xj 28S.il

The local surroundingof the ith particle S.i/ will be speci ed in section2. The locations
of the particlesare updatedin eachtime stepas

Xi.t C1t/ D x;.t/ Cv;.t/1t : 3)

This modelis atransportrelated ,non-equilibriumanalogueof theferromagnetianodels,
with the important differencethat it is inherently dynamic the elementaryeventis the
motion of a particle at eachtimestepanda changein the directionof motion. The analogy
is asfollows. The Hamiltoniantendingto align the spinsin the samedirectionin the case
of equilibrium ferromagnetss replacedby the rule of aligning the direction of motion of
particles. The amplitude of the randomperturbationsis in analogywith the temperature
[7]. Indeed,if vo D 0, the modelis similar to the Monte Carlo simulationsof diluted XY
ferromagnetg22].

The reportedlong-rangeorderin the above[7] andthe closely relatedmodels[10,11]
is surprising,becausén the caseof equilibrium systemspossessingontinuousrotational
symmetrythe orderedphaseis destroyedat nite temperature§23]. A recentdynamic
renormalizationgroup treatmentof the problemby Tonerand Tu [9] hasalso led to the
conclusionof the existenceof an orderedphasein two dimensions. Thus, the question
of how the orderedphaseemepes due to the non-equilibriumnature of the model is of
considerablgheoreticalinterestaswell. In section2 we studythe kinetic phasetransition
leadingto the symmetry-brokerstate,which is characterizedn section3. In section4 we
investigatethe effect of an external eld appliedto the system.

2. Kinetic phasetransition

We studiedthe behaviourof the model de ned through equations(1){(3) by performing
large-scaleMonte Carlo simulationsas a function of two control parametersithe density
of particles,% and amplitudeof the noise . We applied randominitial conditionsand
periodic boundaryconditions. The calculationswere performedon a ConnectionMachine
5 parallelcomputer,with typically N D 10*{10° particles.

Theinteractionrangeof S.i/ wasde ned in two differentways: (i) asa circle of radius
R, or (ii) by consideringa squareattice on the planebuilt up from lattice cells of lengthR,
andassuminghat a given particleinteractswith all the particleslocatedin the samelattice
cell andin the eight neighbouringcells (see gure 1). The existenceof the long-range
order,andthe critical exponentsturnedout to be robust againstchangingthesedetails((i)
or (ii)) of theinteraction. Here we presentresultsobtainedby de nition (ii), asthis latter
choiceof S.i/ increaseghe speedof the simulationsby a considerablemount.
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Figure 1. Schematidllustration of the model. The particlesmove off-lattice on a planeand
interactwith other particleslocatedin the local surrounding,which canbe eithera circle or 9
neighbouringcells in an underlyinglattice. We plot theseinteractionareasfor particle A with
afull andbrokenline, respectively.

A naturaldimensionlesparameteis C  vglt =R, andthe behaviourof the modelon
Vo, 1t andR dependnly throughtheir combinationgivenin this expressiorfor C. Thus,
we canwork with 1t D 1 andR D 1. Theresultspresentedn the following wereobtained
usingvg D 0:1, the role of this velocity is discussedn section5.

For the statisticalcharacterizatiorof the model, a well suited order parametelis the
magnitudeof the averagemomentumof the system

1 X
N A A (4)
j
This measureof the net ow is non-zeroin the orderedphaseandvanishegqfor anin nite
system)in the disorderedphase.

We startthe simulationsfrom a disorderedsystem(randompositionsand orientations),
thus . t D O/ 0. After somerelaxationtimeg steadystateemepgesindicated,e.g. by the
convegenceof the cumulativeaverage.1= / , . t/dt. Herewe focuson the statistical
propertiesof the steadystateonly, anddo not dealwith the entirerelaxationprocess.In the
vicinity of the critical regimeto reachthe stationarybehaviourtakesmorethan10* Monte
Carlo stepsfor a typical simulationwith 10° particlesin a100 100 system.In suchcases
we run the simulationsfor ~ 10° timestepswhich takesabou 4 h CPU time on the CM5.

The stationaryvaluesof thatwe obtainedasatime averageareplottedin gure 2(a)
versus for %D 2 andvarioussystemsizes. In agreementvith [7], for weak noisesthe
modeldisplayslong-rangeorderedmotion (up to the actualsystemsizel ), that disappears
in a continuousmannerby increasing .

As L !'1 , the numericalresultsindicatethe presenceof a kinetic phasetransition
describedby

9L/
2 AL for < %L/
I L/ ®)
0 for > %L/
where .% L/ is the critical noise amplitude that separateghe orderedand disordered

phasesForagivensetof . /, theexponent and ..% L/ is determinedoy selectingthe
valuesprovidingthebest t to theansatz(5), i.e. yielding the maximalscalingregime. The
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Figure 2. (a) The averagemomentumof the systemin the steadystate versusthe noise
amplitude for %D 2 andfour differentsystemsizes(( ) N D 800,L D 20; (C) N D 3200,
L D 40;( ) N D 20000,L D 100and( ) N D 10°, L D 223). (b) The order present
at small disappearsn a continuousmannerreminiscentof second-ordephasetransitions:

[. L/ /= ¢.L/] 1 = ,with D 042, differentfrom the mean- eld value
% (full line). (c) The estimated .L/ valuesconvepe to a non-zero .1 / limit asL 12,
indicatingthe presencef the orderedphaseevenasN ! 1 . Thedatarepresentime averages
of long (> 10° MCS) simulations.

numericalresultsare consistentwith (5), sincethe scalingregimeis increasedor larger N
(gure 2(b)) andthe estimatedvaluesof .% L/ convegeto anon-zero ..% 1 / valueas

WL/ %1/ N (6)

where is approximatelyequalto 0:25 (gure 2(c)). This calculationyields (for %D 2)
D 0:42 0:03,whichis de nitely differentfrom thethe mean- eIdvaIue%, andconsistent
with the valuereportedin [7] obtainedfor smallersystemausingde nition (i) for S.i/.
Next we discussthe role of density. In gure 3(a), . / is plottedfor L D 100 and
variousvaluesof % Onecanobservehatthelong-rangeorderedphasds presenfor any %
butfor a xed valueof , vanisheswith decreasingo These. [/ functionsparametrized
by various%ocollapseto a ‘universal function Qx/ by rescaling with ¢.%,

(%D Q = % 7

where Qx/ .1 x/ forx< 1,and @x/ O0forx > 1,and ..% is determinedasthe
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Figure 3. (a) The averagemomentumof the systemin the steadystateversus for L D 100

andthreedifferentdensities(( ) %D 4, ( ) %D 2 and(C) %D 0:5). (b) The . / functions

parametrizedy various%canbe collapsedonto a singlecurve Q = .%] . ;%. (c) The

critical line in the %phasespaceis a power-lawin the examinedregime: ¢.% % with
0:45 (full line) for a systemof sizeL D 100.

value which minimizes
z A 2

1.z/D dx. .xz;% Qx// : (8)
0

Herethe A < 1 cut-off ischoserto excludethe noisyandrounded(dueto nite-size effects)
regionaround .. In our calculationswe usedthe value A D 0:9, andwe determined Qx/
in a self-consistenmannerby averagingover the alreadyrescaled. = (.%/ functions.
We showthe resultof the datacollapsein gure 3(b).

This procedure(togetherwith the nite-size analysisfor a given % also yields the
positionof the “critical line' ..% inthe  %parametespace.Accordingto our numerical
results,

U % 9

holdswith D 0:45 0:05(see gure 3(c)). Apartfrom the numericaluncertainties, D %,
in agreementvith recenttheoreticalresults[24].

Thecritical line (9) is qualitativelydifferentfrom that of the diluted ferromagnetssince
herethe critical densityat ! 0 (correspondingo the percolationthresholdfor diluted
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Figure 4. (a) The rmsdeviationof the orderparameter in the steadystate,for L D 100, and
two independentlatasets( ; C), eachaveragedver runswith %D 0:3; 0:6; 0:9; 1:2; 1:5 and
2. (b) The divergenceis symmetricandits tail decaysas . x/ j 1 xj 2 (full line), wherex
denoteshe rescalechoiseamplitude = ¢.%.

ferromagnetssee,for example,[22]) is vanishing,
Ii‘mo%. /DO: (20)

To seethis, let usimaginea systemof size L consistingof two particlesonly. Due to the
nite sizeof S.i/, for almostall initial conditionsthe trajectoriesof theseparticleswill get
closeenoughto eachotherto establishinteraction. As the noiseis negligiblein (1), the
clusterformed by the particleswill not breakapart,resultingin 1 for any nite %as
I 0.
The behaviourof the model in the %! 1 limit is still not clear. By de nition
< 2 holds,so (9) obviously cannotdescribethe systemin this limit. Thus, ..% either
approache2 oranon-trivial ..1 /< 2 value.
Finally, we note that equation (7) also implies that the exponent ° de ned as
% %/ "for % >% (see[7]), mustbe equalto , since

1@
% /C/DQ — Qi1 ==° 11
: L% 1C | @% (11)
where ..% denoteshe inversefunctionof %. / as c[%. /]. Indeed,the resultsof

the simulationsperformedwith D constantandvariousL and yield °D 0:4 0:05,
which is consistenwith D © In this casethe larger uncertaintyis dueto the increased
noiseat low densities.

3. Fluctuations

As a further analogywith equilibrium phasetransitions,we notethatthe uctuations of the
order parameteialsoincreaseon approachinghe critical line. To study this, we calculate
for various control parameterghe standarddeviation of the total momentum,de ned as

2 h 2 h i? wherethe averagesaretakenover the stationarydatasetobtainedfrom
the simulations.In gure 4(a) we plot versustherescalechoiseamplitudex = ..%
for variousdensitiesand L D 100. The tails of the curvesare symmetric,and decayas
power-lawswith an exponent closeto 2 (see gure 4(b))

xEjloxjo (12)
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Figure 5. The expectedvalueof the standarddeviationof the orderparametein atime interval
of length1t on doublelogarithmic(a) andlog{linear (b) plots. For 1t < L=vg the system
showslong-rangecorrelationscharacterizedby w .1t / 1t where 0:6. For comparison,
the dotted line showsthe uncorrelatedcase( D %). For 1t > the correlationsare even
stronger:w .1t / log.1t /. Thedatadisplayedis anaverageovertwo independentuns,each
was performedat D 2:73, %D 2 andN D 1C°. The durationof the simulationwas 70000
Monte Carlo steps.

In sectiond we comparethis resultwith directsusceptibilitymeasurementsyhenanexternal
eld is alsoapplied.

We studiedthe time correlationsof the uctuations by calculatingthe expectedvalue
of the rms deviationin a time interval 1t

w21t/ Dhh 2y h 2 (13)

where the internal and external bracketsdenoteaveragescalculatedover a time interval
.t; t C 1t / andthe entirestationarydataset,respectively.A closerelationbetweenw .1t /
and the power-spectruns .! / of the order parameter. t/ canbe derivedfrom the self-
afne propertiesof thesignal[25]: w .1t / .1t/ isequivalentoS.!/ ! , andfor
theexponents D 1C 2 holds(for 3> > 1).

The numerically obtained results (gure 5(a)) show that at the critical line the
uctuations of the order parameterare characterizedby the correlation exponent D
0:6 0:05 up to a characteristiccorrelationtime . This behaviourmeansthat in the
steadystatethe “condensationand “evaporation'processegwhen particlesjoin or leave
the dominantcluster,respectively)are correlateg. Fort >  the the systemshowseven
strongercorrelationsasin this regimew .1t /  log1lt (see gure 5(b)). This behaviour
is probablyrelatedto the periodic boundaryconditions,as is comparablewith L=vg, the
time neededor a particleto crossthe entire system.

4. External elds

Thepresencef thelong-rangecorrelatedohasen two dimensiongi.e. thebreakdowrof the
Mermin{Wagnertheorem[23]) is a striking consequencef the non-equilibriumnatureof
the XY model. As the uctuation-respons¢heoremkT D N 2 musthold for Hamiltonian

y In the uncorrelateccasethe momentumof the dominantclusterwould be the integral of an uncorrelatechoise
yielding D 0:5.
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Figure 6.  versusthe amplitudeof the applied external eld h, for %D 2, L D 100 and
D 0:3;0:9; 1.5; 2:1; 2:7; 3:3; 3:5 and 4:5 (from top to bottom).

systemsonly, it is interestingto checkits applicability whenthe equationof motion cannot
be derivedfrom a Hamiltonian.
A naturalway to introducean external eld in the modelis by changingrule (2) for

X
I’#isli/ D2 Vj C he (14)

i
Xj 2S.i/

where e is an arbitrary unit vector and the parameterh controls the strength of the
perturbation.

In the numericalstudieswe set the density of the particlesto %D 2, andstudy as
a function of and h. Typical resultsfor systemsof L D 100 are plotted in gure 6.
The curvesparametrizeddy various intersectthe h D 0 axis at the samevaluesfound
in section2, sofor h D 0 the original modelis recovered.In general, is increasedor
increasingh, and the resultscan be summarizedoy meansof critical exponents, , ©°
andsusceptibility . / de ned in a mannersimilar to the caseof classicalmagnets:

.. :h . ;hDO
/D lim - (15)
h= for > . (16)
and
8
% ¢ for > .
/ C (17)
2 for < .

We distinguish the critical exponents and © from the exponent de ned by the
singularityof . /, sincein thiscase 6D 6D °(aswill be demonstratedater).

To determine , we plot the obtained . / curveson a double logarithmic plot (see
gure 7(a)). We seethatfor large valuesof the systemsaturate > <5 0:1), while
for low valuesof the nite-size noisedominatey < poise 0:03,for L D 100). Thus,
we expectthat the relation

‘h/D . [h¥ (18)
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Figure 7. (a) The .h/ functionsfor %D 2,L D 100and D 3:9;4:2; 4:5; 4:8;5:2 (from
top to bottom) on a double-logarithmicplot. h¥* holds for a limited rangeof only,

asfor > 0:1 the systemsaturatesandfor < 0:02 the nite-size noise dominates. (b)
For 0:02 < < 0:1 the curvesfor various can be collapsedonto a single power-lawwith
an exponentl= 0:9. (c) For larger systemsthe nite-size noiseis reducedand the scaling
regimeis enlaged,in agreementvith the h¥= ansatz(( ) %D 2L D 100, D 4:2; (C)
%D 2L D 223, D 4:2).

holdsfor 2 [ noise sad ONly. As theboundarief this intervaldo not dependon until
> ¢, equation(18) canbe veri ed by collapsingtherescaled . ;h/= . / datapoints

onto a single power-law( gure 7(b)). Similarly to the determinatiorof ..%, . / and
canbe calculatedin a self-consistenmanner.This procedureyields D 1:1 land . /
decayingwith 4. Note, that ° cannotbe obtainedby this methodasin the ordered
phase > 44

To check the stability of theseresults, we also performed measurementsn larger
systems,where e IS reduced. Indeed, the scaling regime for (18) increasesand the
exponents consistenwith our former estimate(see gure 7(c)).

We can also calculate . / applying its de nition (17) by sampling a series of

li [. ;hm/ . ;h%=h hY for varioush;;h? 1, and(as 1) assuming

/ D hj. /ij. Theresultis shownin gure 8. The > . tail is consistentwith our
former estimatefrom applying (18), while for < . . / decayswith © 1.
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Figure 8. The susceptibilityof the systemobtainedwith two differentmethods:(  with error
bars)applyingde nition (15),and( ) from datacollapsein the sa> > noise fegime,which
is a more preciseprocedurefor > .. The datasuggestthatin this casethe divergenceis
asymmetric © 1 (full curve)and 4 (dottedcurve).

Figure 9. Snapshotsf thetime developmenbf asystemwith N D 4000,L D 40andvg D 0:01
at 50 (a), 100 (b), 400 (c) and 3000 (d) Monte Carlo steps.First the behaviouris reminiscent
of the equilibrium XY model,wherethe long rangeorderis missingsincevorticesare present
in the system.However,the vorticesareunstableand nally a self-oiganizediong-rangeorder
develops.

5. Conclusion

We havedemonstratedhat this far-from-equilibriumsystemof self-propelledparticlescan
be describedisingthe frameworkof classicalkcritical phenomenabut showssurprisingnew
featureswhencomparedwith the analogousequilibrium systems.The velocity vy provides
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a control parameterwhich switchesbetweenan equilibrium XY -type model (vo D 0),
andanotheruniversalityclassof dynamic,non-equilibriummodelscharacterizedby a non-
vanishingvalue of vj.

Indeed,for vo D 0 we can observeKosterlitz{Thoulessvorticesin the system,which
turnedout to be unstablefor any non-zerovy we investigated:in gure 9 we plot snapshots
of the system.Thesepicturesdemonstratéow the vorticesdisappeaandgive way to long-
rangeorder. We performedcontrol simulationswith variousvg in the range[0:01; 0:3], and
the resultspresentedeemto be robustagainstchangingthe value of vq in this range.
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