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Abstract. We study a biologically inspired, inherently non-equilibriummodel consistingof
self-propelledparticles. In the model, particlesmove on a planewith a velocity of constant
magnitude;they locally interactwith their neighboursby choosingat eachtimestepa velocity
direction equal to the averagedirection of their neighbours. Thus, in the limit of vanishing
velocities the model becomesanalogousto a Monte Carlo realization of the classicalXY
ferromagnet. We show by large-scalenumerical simulationsthat, unlike in the equilibrium
XY model,a long-rangeorderedphasecharacterizedby non-vanishingnet 
ow, � , emergesin
this systemin a phase-spacedomainborderedby a critical line alongwhich the 
uctuations of
theorderparameterdiverge. Thecorrespondingphasediagramasa functionof two parameters,
the amplitudeof noise� and the averagedensityof the particles%is calculatedand is found
to havethe form � c.%/ � %1=2. We also �nd that � scalesasa function of the externalbiash
(�eld or `wind') accordingto a power law � � h0:9. In the orderedphasethe systemshows
long-rangecorrelated
uctuations and1=f noise.

1. Intr oduction

Recentlytherehasbeenanincreasinginterestin thestudiesof far-from-equilibriumsystems
typical in our natural and social environment. Conceptsoriginatedfrom the physicsof
phasetransitionsin equilibrium systems[1] suchas collective behaviour,scaleinvariance
and renormalizationhave beenshown to be useful in the understandingof various non-
equilibriumsystemsaswell. Simplealgorithmicmodelshavebeenhelpful in theextraction
of the basicpropertiesof various far-from-equilibriumphenomena,like diffusion limited
growth [2], self-organizedcriticality [3] or surfaceroughening[4]. Motion and related
transportphenomenarepresenta further characteristicaspectof non-equilibriumprocesses.
Indeed,thetransportin variousdrivensystems,suchastraf�c models[5], molecularmotors
[6] andotherself-propelledsystems[7{12] havebeenthe subjectof recentstudies.

Self-propulsionis an essentialfeatureof most living systems.Moreover,the motion of
theorganismsis usuallycontrollednot only by someexternal�elds, but alsoby interactions
with otherorganismsin theirneighbourhood.In [7] asimplemodelwasintroducedcapturing
thesefeatureswith a view towards modelling the collective motion of large groups of
organisms[13{16] suchasschoolsof �sh, herdsof quadrupeds,
ocks of birds, or groups
of migrating bacteria[17{21]. The aim of this paperis to further investigatethe various
interestingphenomenaexhibitedby this novel non-equilibriummodel.

Themodelconsistsof particlesmovingon a planeandcharacterizedby their (off-lattice)
locationx i andvelocity v i pointingin thedirection#i D 2. v i / , wherethefunction2 gives
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the anglebetweenits argumentvector and a selecteddirection (e.g. horizontalcoordinate
axis). The magnitudeof the velocity is �xed to v0 to accountfor the self-propelled nature
of theparticles.A simplelocal interactionis de�ned in themodel: at eachtime stepa given
particleassumesthe averagedirectionof motion of the particlesin its local neighbourhood
S.i/ , with someuncertainty,asdescribedby

#i .t C 1t / D h#. t/ i S.i/ C � (1)

where the noise, � , is a random variable with a uniform distribution in the interval
[� �= 2; � =2] andthe local averagedirectionof motion h# i S.i/ is de�ned as

h# i S.i/ D 2
� X

j
xj 2S.i/

vj

�
: (2)

The local surroundingof the i th particleS.i/ will be speci�ed in section2. The locations
of the particlesareupdatedin eachtime stepas

x i .t C 1t / D x i .t / C v i .t /1t : (3)

Thismodelis a transportrelated,non-equilibriumanalogueof theferromagneticmodels,
with the important differencethat it is inherently dynamic: the elementaryevent is the
motion of a particleat eachtimestepanda changein the directionof motion. The analogy
is asfollows. The Hamiltoniantendingto align the spinsin the samedirection in the case
of equilibrium ferromagnetsis replacedby the rule of aligning the direction of motion of
particles. The amplitudeof the randomperturbationsis in analogywith the temperature
[7]. Indeed,if v0 D 0, the model is similar to the Monte Carlo simulationsof diluted XY
ferromagnets[22].

The reportedlong-rangeorder in the above[7] and the closely relatedmodels[10,11]
is surprising,becausein the caseof equilibrium systemspossessingcontinuousrotational
symmetrythe orderedphaseis destroyedat �nite temperatures[23]. A recentdynamic
renormalizationgroup treatmentof the problemby Toner and Tu [9] hasalso led to the
conclusionof the existenceof an orderedphasein two dimensions. Thus, the question
of how the orderedphaseemerges due to the non-equilibriumnatureof the model is of
considerabletheoreticalinterestaswell. In section2 we study the kinetic phasetransition
leadingto the symmetry-brokenstate,which is characterizedin section3. In section4 we
investigatethe effect of an external�eld appliedto the system.

2. Kinetic phasetransition

We studiedthe behaviourof the model de�ned throughequations(1){(3) by performing
large-scaleMonte Carlo simulationsas a function of two control parameters:the density
of particles,%, and amplitudeof the noise � . We applied randominitial conditionsand
periodicboundaryconditions. The calculationswereperformedon a ConnectionMachine
5 parallelcomputer,with typically N D 104{105 particles.

The interactionrangeof S.i/ wasde�ned in two differentways: (i) asa circle of radius
R, or (ii) by consideringa squarelatticeon theplanebuilt up from latticecellsof lengthR,
andassumingthat a given particleinteractswith all the particleslocatedin the samelattice
cell and in the eight neighbouringcells (see�gure 1). The existenceof the long-range
order,andthe critical exponents,turnedout to be robustagainstchangingthesedetails((i)
or (ii)) of the interaction. Herewe presentresultsobtainedby de�nition (ii), as this latter
choiceof S.i/ increasesthe speedof the simulationsby a considerableamount.
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Figure 1. Schematicillustration of the model. The particlesmove off-lattice on a planeand
interactwith otherparticleslocatedin the local surrounding,which canbe eithera circle or 9
neighbouringcells in an underlyinglattice. We plot theseinteractionareasfor particleA with
a full andbrokenline, respectively.

A naturaldimensionlessparameteris C � v01t =R, andthe behaviourof the modelon
v0, 1t andR dependsonly throughtheir combinationgiven in this expressionfor C. Thus,
we canwork with 1t D 1 andR D 1. Theresultspresentedin the following wereobtained
usingv0 D 0:1, the role of this velocity is discussedin section5.

For the statisticalcharacterizationof the model, a well suited order parameteris the
magnitudeof the averagemomentumof the system

� �
1
N

�
�
�
�
X

j

vj

�
�
�
�: (4)

This measureof the net 
ow is non-zeroin the orderedphase,andvanishes(for an in�nite
system)in the disorderedphase.

We start the simulationsfrom a disorderedsystem(randompositionsandorientations),
thus�. t D 0/ � 0. After somerelaxationtime a steadystateemergesindicated,e.g.by the
convergenceof the cumulativeaverage.1=� /

R�
0 � . t / dt. Here we focus on the statistical

propertiesof thesteadystateonly, anddo not dealwith theentirerelaxationprocess.In the
vicinity of the critical regimeto reachthe stationarybehaviourtakesmorethan104 Monte
Carlostepsfor a typical simulationwith 105 particlesin a 100� 100system.In suchcases
we run the simulationsfor � 105 timesteps,which takesabout 4 h CPU time on the CM5.

The stationaryvaluesof � that we obtainedasa time averageareplottedin �gure 2(a)
versus� for %D 2 and varioussystemsizes. In agreementwith [7], for weak noisesthe
modeldisplayslong-rangeorderedmotion (up to the actualsystemsizeL ), that disappears
in a continuousmannerby increasing� .

As L ! 1 , the numericalresultsindicate the presenceof a kinetic phasetransition
describedby

�. � / �

8
><

>:

�
� c.%; L / � �

� c.%; L /

� �

for � < � c.%; L /

0 for � > � c.%; L /

(5)

where � c.%; L / is the critical noise amplitude that separatesthe orderedand disordered
phases.For a givensetof � . � / , theexponent� and� c.%; L / is determinedby selectingthe
valuesproviding thebest�t to theansatz(5), i.e. yielding themaximalscalingregime.The
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Figure 2. (a) The averagemomentumof the systemin the steadystate versusthe noise
amplitude� for %D 2 and four differentsystemsizes((� ) N D 800, L D 20; (C) N D 3200,
L D 40; (� ) N D 20000, L D 100 and (� ) N D 105, L D 223). (b) The order present
at small � disappearsin a continuousmannerreminiscentof second-orderphasetransitions:
� � [.� c.L/ � � /=� c.L/ ]� � .1� =� c/ � , with � D 0:42, different from the mean-�eld value
1
2 (full line). (c) The estimated� c.L/ valuesconverge to a non-zero� c.1 / limit as L � 1=2,
indicatingthepresenceof theorderedphaseevenasN ! 1 . Thedatarepresenttime averages
of long (> 105 MCS) simulations.

numericalresultsareconsistentwith (5), sincethe scalingregimeis increasedfor larger N
(�gure 2(b)) andtheestimatedvaluesof � c.%; L / converge to a non-zero� c.%; 1 / valueas

� c.%; L / � � c.%; 1 / � N � � (6)

where� is approximatelyequal to 0:25 (�gure 2(c)). This calculationyields (for %D 2)
� D 0:42� 0:03,which is de�nitely differentfrom thethemean-�eldvalue 1

2, andconsistent
with the valuereportedin [7] obtainedfor smallersystemsusingde�nition (i) for S.i/ .

Next we discussthe role of density. In �gure 3(a), � . � / is plotted for L D 100 and
variousvaluesof %. Onecanobservethat thelong-rangeorderedphaseis presentfor any%,
but for a �xed valueof � , � vanisheswith decreasing%. These�. � / functionsparametrized
by various%collapseto a `universal' function Q�. x/ by rescaling� with � c.%/,

� . � ; %/ D Q�. � =� c.%// (7)

where Q�. x/ � .1 � x/ � for x < 1, and Q�. x/ � 0 for x > 1, and� c.%/ is determinedasthe
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Figure 3. (a) The averagemomentumof the systemin the steadystateversus� for L D 100
and threedifferentdensities((� ) %D 4, (� ) %D 2 and(C) %D 0:5). (b) The �. � / functions
parametrizedby various%canbe collapsedonto a singlecurve Q� [�= � c.%/] � � . � ; %/. (c) The
critical line in the � � %phasespaceis a power-lawin the examinedregime: � c.%/ � %� with
� � 0:45 (full line) for a systemof sizeL D 100.

valuewhich minimizes

1.z / D
� Z A

0
dx .� .xz; %/ � Q�. x/ /

� 2

: (8)

HeretheA < 1 cut-off is chosento excludethenoisyandrounded(dueto �nite-size effects)
regionaround� c. In our calculationswe usedthe valueA D 0:9, andwe determinedQ�. x/
in a self-consistentmannerby averagingover the alreadyrescaled�. � =� c.%// functions.
We showthe resultof the datacollapsein �gure 3(b).

This procedure(togetherwith the �nite-size analysisfor a given %) also yields the
positionof the`critical line' � c.%/ in the� � %parameterspace.Accordingto our numerical
results,

� c.%/ � %� (9)

holdswith � D 0:45� 0:05 (see�gure 3(c)). Apart from thenumericaluncertainties,� D 1
2,

in agreementwith recenttheoreticalresults[24].
Thecritical line (9) is qualitativelydifferentfrom thatof thedilutedferromagnets,since

herethe critical densityat � ! 0 (correspondingto the percolationthresholdfor diluted
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Figure 4. (a) The rms deviationof the orderparameter� in the steadystate,for L D 100,and
two independentdatasets(� ; C), eachaveragedover runs with %D 0:3; 0:6; 0:9; 1:2; 1:5 and
2. (b) The divergenceis symmetricandits tail decaysas� . x/ � j 1 � xj � 2 (full line), wherex
denotesthe rescalednoiseamplitude�= � c.%/.

ferromagnets,see,for example,[22]) is vanishing,

lim
� ! 0

%c.� / D 0: (10)

To seethis, let us imaginea systemof sizeL consistingof two particlesonly. Due to the
�nite sizeof S.i/ , for almostall initial conditionsthe trajectoriesof theseparticleswill get
closeenoughto eachother to establishinteraction. As the noise is negligible in (1), the
clusterformedby the particleswill not breakapart,resultingin � � 1 for any �nite %as
� ! 0.

The behaviourof the model in the % ! 1 limit is still not clear. By de�nition
� < 2� holds,so (9) obviouslycannotdescribethe systemin this limit. Thus,� c.%/ either
approaches2� or a non-trivial � c.1 / < 2� value.

Finally, we note that equation (7) also implies that the exponent � 0, de�ned as
� � .%� %c/ � 0

for % >%c (see[7]), mustbe equalto � , since

�. � ; %c.� / C �/ D Q�
�

�
� c[%c.� / C � ]

�
� Q�

�
1 �

1
�

@�c
@%

�
�

� � � (11)

where� c.%/ denotesthe inversefunction of %c.� / as � � � c[%c.� / ]. Indeed,the resultsof
the simulationsperformedwith � D constantand variousL and � yield � 0 D 0:4 � 0:05,
which is consistentwith � D � 0. In this casethe larger uncertaintyis dueto the increased
noiseat low densities.

3. Fluctuations

As a furtheranalogywith equilibriumphasetransitions,we notethat the 
uctuations of the
order parameteralso increaseon approachingthe critical line. To study this, we calculate
for various control parametersthe standarddeviation of the total momentum,de�ned as
� 2 � h � 2i � h � i 2, wherethe averagesare takenover the stationarydatasetobtainedfrom
the simulations.In �gure 4(a) we plot � versusthe rescalednoiseamplitudex � �= � c.%/
for variousdensitiesand L D 100. The tails of the curvesare symmetric,and decayas
power-lawswith an exponent
 closeto 2 (see�gure 4(b))

� . x/ � j 1 � xj � 
 : (12)



Spontaneouslyorderedmotionof self-propelledparticles 1381

Figure 5. Theexpectedvalueof thestandarddeviationof theorderparameterin a time interval
of length1t on doublelogarithmic(a) andlog{linear (b) plots. For 1t < � � L=v0 thesystem
showslong-rangecorrelationscharacterizedby w� .1t / � 1t � where� � 0:6. For comparison,
the dotted line showsthe uncorrelatedcase(� D 1

2 ). For 1t > � the correlationsare even
stronger:w� .1t / � log.1t / . Thedatadisplayedis anaverageover two independentruns,each
was performedat � D 2:73, %D 2 and N D 105. The durationof the simulationwas 70000
Monte Carlo steps.

In section4 wecomparethis resultwith directsusceptibilitymeasurements,whenanexternal
�eld is alsoapplied.

We studiedthe time correlationsof the 
uctuations by calculatingthe expectedvalue
of the rms deviationin a time interval 1t

w2
� .1t / D hh� 2i 1t � h � i 2

1t i (13)

where the internal and externalbracketsdenoteaveragescalculatedover a time interval
.t ; t C 1t / andtheentirestationarydataset,respectively.A closerelationbetweenw� .1t /
and the power-spectrumS� .! / of the order parameter�. t / can be derivedfrom the self-
af�ne propertiesof thesignal[25]: w� .1t / � .1t / � is equivalentto S� .! / � ! � � , andfor
the exponents� D 1 C 2� holds(for 3 > � > 1).

The numerically obtained results (�gure 5(a)) show that at the critical line the

uctuations of the order parameterare characterizedby the correlation exponent� D
0:6 � 0:05 up to a characteristiccorrelation time � . This behaviourmeansthat in the
steadystatethe `condensation'and `evaporation'processes(when particlesjoin or leave
the dominantcluster,respectively)are correlatedy. For t > � the the systemshowseven
strongercorrelations,as in this regimew� .1t / � log1t (see�gure 5(b)). This behaviour
is probablyrelatedto the periodicboundaryconditions,as � is comparablewith L=v0, the
time neededfor a particle to crossthe entiresystem.

4. External �elds

Thepresenceof thelong-rangecorrelatedphasein two dimensions(i.e. thebreakdownof the
Mermin{Wagnertheorem[23]) is a striking consequenceof the non-equilibriumnatureof
theXY model. As the
uctuation-responsetheoremkT� D N� 2 musthold for Hamiltonian

y In the uncorrelatedcasethe momentumof the dominantclusterwould be the integralof an uncorrelatednoise
yielding � D 0:5.
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Figure 6. � versusthe amplitudeof the applied external�eld h, for %D 2, L D 100 and
� D 0:3; 0:9; 1:5; 2:1; 2:7; 3:3; 3:5 and4:5 (from top to bottom).

systemsonly, it is interestingto checkits applicability whenthe equationof motion cannot
be derivedfrom a Hamiltonian.

A naturalway to introducean external�eld in the model is by changingrule (2) for

h# i S.i/ D 2
� X

j
xj 2S.i/

vj C he
�

(14)

where e is an arbitrary unit vector and the parameterh controls the strength of the
perturbation.

In the numericalstudieswe set the densityof the particlesto %D 2, and study � as
a function of � and h. Typical resultsfor systemsof L D 100 are plotted in �gure 6.
The curvesparametrizedby various � intersectthe h D 0 axis at the samevaluesfound
in section2, so for h D 0 the original model is recovered.In general,� is increasedfor
increasingh, and the resultscan be summarizedby meansof critical exponents� , 
 � , 
 0

�
andsusceptibility� . � / de�ned in a mannersimilar to the caseof classicalmagnets:

� . � / D lim
h! 0

� . � ; h/ � � . � ; h D 0/
h

(15)

� � h1=� for � > � c (16)

and

�. � / �

8
>>><

>>>:

�
� � � c

� c

� � 
 �

for � > � c

�
� c � �

� c

� � 
 0
�

for � < � c .

(17)

We distinguish the critical exponents
 � and 
 0
� from the exponent
 de�ned by the

singularityof � . � / , sincein this case
 6D
 � 6D
 0
� (aswill be demonstratedlater).

To determine� , we plot the obtained�. � / curveson a double logarithmic plot (see
�gure 7(a)). We seethat for large valuesof � the systemsaturates(� > � sat � 0:1), while
for low valuesof � the �nite-size noisedominates(� < � noise � 0:03, for L D 100). Thus,
we expectthat the relation

�. � ; h/ D �. � /h1=� (18)
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Figure 7. (a) The � .h/ functions for %D 2, L D 100 and � D 3:9; 4:2; 4:5; 4:8; 5:2 (from
top to bottom) on a double-logarithmicplot. � � h1=� holds for a limited rangeof � only,
as for � > 0:1 the systemsaturates,and for � < 0:02 the �nite-size noise dominates. (b)
For 0:02 < � < 0:1 the curvesfor various � can be collapsedonto a single power-lawwith
an exponent1=� � 0:9. (c) For larger systemsthe �nite-size noiseis reducedand the scaling
regimeis enlarged, in agreementwith the � � h1=� ansatz((� ) %D 2,L D 100, � D 4:2; (C)
%D 2,L D 223, � D 4:2).

holdsfor � � 2 [� noise; � sat] only. As theboundariesof this intervaldo not dependon � until
� > � c, equation(18) canbe veri�ed by collapsingthe rescaled� � .� ; h/=� .� / datapoints
onto a singlepower-law(�gure 7(b)). Similarly to the determinationof � c.%/, � . � / and�
canbe calculatedin a self-consistentmanner.This procedureyields � D 1:1 � 1 and�. � /
decayingwith 
 � � 4. Note, that 
 0

� cannotbe obtainedby this methodas in the ordered
phase� > � sat.

To check the stability of theseresults, we also performedmeasurementson larger
systems,where � noise is reduced. Indeed, the scaling regime for (18) increasesand the
exponentis consistentwith our former estimate(see�gure 7(c)).

We can also calculate � . � / applying its de�nition (17) by sampling a series of
� . � / i � [� . � ; hi / � � . � ; h0

i / ]=.hi � h0
i / for varioushi ; h0

i � 1, and (as � � 1) assuming
�. � / D h� i .� / i i . The result is shownin �gure 8. The � > � c tail is consistentwith our
former estimatefrom applying(18), while for � < � c � . � / decayswith 
 0

� � 1.
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Figure 8. The susceptibilityof the systemobtainedwith two differentmethods:(� with error
bars)applyingde�nition (15), and(� ) from datacollapsein the� sat > � > � noise regime,which
is a more preciseprocedurefor � > � c. The datasuggestthat in this casethe divergenceis
asymmetric: 
 0

� � 1 (full curve)and
 � � 4 (dottedcurve).

Figure9. Snapshotsof thetimedevelopmentof asystemwith N D 4000,L D 40andv0 D 0:01
at 50 (a), 100 (b), 400 (c) and3000(d) Monte Carlo steps.First the behaviouris reminiscent
of the equilibrium XY model,wherethe long rangeorder is missingsincevorticesarepresent
in the system.However,the vorticesareunstable,and�nally a self-organizedlong-rangeorder
develops.

5. Conclusion

We havedemonstratedthat this far-from-equilibriumsystemof self-propelledparticlescan
bedescribedusingtheframeworkof classicalcritical phenomena,but showssurprisingnew
featureswhencomparedwith the analogousequilibrium systems.The velocity v0 provides
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a control parameterwhich switchesbetweenan equilibrium XY-type model (v0 D 0),
andanotheruniversalityclassof dynamic,non-equilibriummodelscharacterizedby a non-
vanishingvalueof v0.

Indeed,for v0 D 0 we can observeKosterlitz{Thoulessvorticesin the system,which
turnedout to beunstablefor anynon-zerov0 we investigated:in �gure 9 we plot snapshots
of thesystem.Thesepicturesdemonstratehow thevorticesdisappearandgive way to long-
rangeorder. We performedcontrolsimulationswith variousv0 in the range[0:01; 0:3], and
the resultspresentedseemto be robustagainstchangingthe valueof v0 in this range.
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