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A statistical-mechanical model for reversible gelation is developed. This model takes
into account solvent effects, which usually are neglected in the classical theory of gela-
tion. The exact solution of this model is given for the limiting case in which “loops” or
intermolecular interactions may be neglected (Cayley tree). The general phase diagram is
obtained and it is shown that, with a particular choice of a solvent, one can realize the in-
teresting situation in which gelation point and consolute point coincide. This point has
peculiar properties associated with the simultaneous divergence of “connectivity” and
thermal fluctuations. The recent experimental data of Tanaka and collaborators are in
good qualitative agreement with the predictions of the model.

I. INTRODUCTION

Much of the progress of the last decade in sta-
tistical mechanics stems from the fact that rela-
tively simple and therefore tractable models have
proved sufficient to describe extremely subtle
cooperative phenomena. Three examples are
shown schematically in Fig. 1:

(i) A fluid near its critical point. The Ising or
lattice-gas model! has proved remarkably success-
ful in interpreting a wide range of data near the
critical points of fluids.> This stems from the fact
that the “essential physics” of the problem is an
interparticle interaction potential characterized by
a hard-core repulsion and a short-range attraction.

(ii) Dilute and semidilute polymer solutions. The
n =0 limit of the n-vector model has proved capa-
ble of describing polymer solutions in the dilute®
and semidilute* regimes, where the magnetic field
plays the role of concentration.®

(iii) Polymer gelation. The essential physical
feature of a gel is connectivity, and hence one ex-
pects percolation phenomena to be relevant.’ As
we shall see, temperature-dependent effects such as
those due to the presence of solvent are excluded
from simple “pure percolation.”” It is the purpose
of this paper to suitably generalize pure percolation
in order to incorporate such effects.®

In Sec. II we shall describe our approach using
polyfunctional condensation, the simplest example
that illustrates the basic phenomenon of gelation.
In Sec. IIT we derive the equation of state, while in
Sec. IV we describe the connectivity properties.
Then in Sec. V we describe the more general gela-
tion of “vulcanization” phenomena in which poly-
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mers made up of M monomers are permitted to
crosslink. The detailed derivation of the appropri-
ate formula are given in Appendixes A and B.

II. THE MODEL (M =1)

We shall first describe our model for the sim-
plest case of gelation, the polyfunctional condensa-
tion of f-functional monomers. Suppose all the
monomers are identical, and that each has f-
functional groups that can react with one of the f
groups of another monomer. The simplest case,

f =0, produces no reactions at all. The next sim-
plest case, f =1, results in dimers only. If f =2,
we can have unbranched linear polymers. For

f >3, we form branched polymers, as illustrated in

SYSTEM ————— ESSENTIAL PHYSICS — MODEL

Hard core repulsion |

FLUID «2ecenveneseecee '{Short-mnge unrucnon} > n=t
(near critical point)

DILUTE POLYMER *» Excluded volume «=+ss«sesseeese > n=0

GEL wosevsrresesonenonne > Connectivity +resereemsesnerens > s=1
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FIG. 1. Schematic illustration of the application of
specific model Hamiltonians to capture the essential
physics embodied by various physical systems near their
respective critical points. The symbol n refers to the
number of components of the order parameter in an n-
vector model (isotropically interacting n-dimensional
classical spins), while the symbol s refers to the number
of discrete states in a s-state Potts model. The “critical
point” of a dilute polymer solution corresponds to the
limit N — o0, where N is the polymerization index.
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FIG. 2. Illustration of the simplest gelation phenomenon, polyfunctional condensation of f-functional monomers.
The f-functional monomer shown in (a) is trimethoyl benzene; it has three “functional” groups which can react to form
ether linkages. If f were 2, then the most complex structures possible would be chains and rings. However, since f >2
here, there exists the possibility of forming branched networks. In (b) and (c) are shown beakers at successive stages of
reaction. This figure is from Gordon and Ross-Murphy (Ref. 9).

Fig. 2 for a particular example with f =3,
trimethoyl benzene.” Each benzene ring has three T

; L - ' r i xr
groups that can react to form an ester linkage. 0T L J_l_i I i 1 T’l
This process is characterized by a single parameter - — /"4 3 | l
a, termed the conversion, which is the fraction of - T

reacted groups. Clearly if a=0, only monomers
are present. If 0 <a < 1, there exists a distribution
of finite polymers of all possible sizes. However,
the probability of an infinite polymer or “gel” is
zero for all values of less than a critical value ..
For a > a,, there is a nonzero probability for the
occurrence of a single branched polymer that is in-
finite in spatial extent. Thus the probability of the
gel molecule to occur jumps discontinuously from
zero for a < a, to unity for a > a,, and hence the
connectivity of the system changes drastically at
a=a,. This “phase transition” is termed the gela-
tion threshold.

The first successful model to capture the essen-
tial physics of the gelation threshold was proposed
40 years ago by Flory and developed in a series of
classic papers by both Flory'® and Stockmayer.!!
(Also see the classic book by Flory.'?) This
“Flory-Stockmayer” (FS) model not only predicts
the occurrence of a gelation threshold a=a,, but
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FIG. 3. Phenomenon of bond percolation: a finite
section (16X 16) of an infinite “fence,” in which a frac-
tion pp of the links are conducting while the remaining
fraction gp=1—pp are insulating. Four choices of the
parameter pp are shown: (a) pp=0.2, (b) p5=0.4, (c)
pp=0.6, and (d) pp=0.8.
















































