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Spontaneoustrati®catiorof granulamixtureshasbeenreportedoy Makseet al. @ature~ondor 386, 379
~1997# whena mixture of grainsdiffering in sizeand shapeis pouredin a quasi-two-dimensionateap.We
study this phenomenorusing two different approacheskFirst, we introducea cellular automatonmodel that
illustrates clearly the physical mechanism;the model displays strati®cationwheneverthe large grains are
rougherthanthe small grains,in agreementvith the experimentsMoreover,the dynamicsare closeto those
of the experimentswhere the layers are built througha ““kink" at which the rolling grains are stopped.
Secondwe developa continuumapproachpasedon a recentlyintroducedsetof coupledequationdor surface
“ows of granulamixturesthatallows usto makequantitativepredictionsfor relevantquantities This approach
includesampli®cation.e., static grainsenteringthe ‘ow of rolling graind, a phenomenomeglectedn the
cellular automatonmodel. We study the continuummaodelin two limit regimes:the large "ux or thick ow
regime,wherethe percolationeffect +.e., segregatiorof the rolling grainsin the ow! is important,andthe
small "ux or thin "'ow regime,whereall therolling grainsarein contactwith the surfaceof the sandpile.~!
In the thick- ow regime,where most experimentsare carried out, the owing grainsare segregatedn the
rolling phase;asthey are owing down, the largerolling grainsare convectedo the top of the rolling layer,
andonly the smallrolling grainsinteractwith the sandpile We includethis effectin the continuummodeland
®ndresultsvery closeto the experiments=2! In thethin- ow regime,we ®ndinterestingresultsthatareclose
to the thick- ow limit. However,dueto the presencef cross-ampli®catioprocessesye ®nda smallregime
that showsstrati®catiorwhen the small grainsare slightly rougherthanthe large grains, but strati®catioris
much more pronouncedf the large grainsare rougher.We studyin detail the dynamicalprocessor strati®-
cation, wherethe layersare built througha “kink" mechanismand ®ndthe dependencef the size of the
layerson the parametersf the system We ®ndthatthe wavelengthof the layersbehavedinearly with the "ux
of grains.We also ®nda crossoverbehaviorof the wavelengthat the transition from the thin- ow to the
thick- ow regime.We obtainanalyticalpredictionsfor the shapeof the kink giving riseto strati®catioraswell
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Mechanismsof granular spontaneousstrati®cation and segregationin two-dimensional silos

asthe pro®leof the rolling and static speciesvhen segregatiorof the speciess observed.
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I. INTRODUCTION

Segregations a prominentexampleof the peculiarprop-
ertiesof granularmatter @+ % For example shakinga con-
tainer®lledwith two typesof grainsof different sizesleads
not to mixingbas in liquidsbbut to segregationwith the
largegrainsat the top of the containerandthe small grainsat
the bottom. This striking behavior and the importanceof
mixing problemsfrom atechnologicapoint of view haveled
to a broadinterestin granularmaterialsin the physicscom-
munity.

Several types of segregationhave been investigated,
namely,segregatiomy vibratinga containerthe “*Brazil nut
effect"! @0+14# and segregationin rotating cylinders,
wherethe segregatioroccursthroughsurface ow @5+ 194

Segregatiorcan also be obtainedin the absenceof any
periodicoscillationby simply pouringa mixture of grainsof
different sizesonto a pile. One experimentalsetup,which
hasattractedmuchrecentattention,consistsof a quasi-two-
dimensionakell or vertical Hele-Shawcell wherea mixture
of grainsis constantlypourednext to one end of the cell
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®ig. 1-al# When a mixture of small and large grainsis
pouredinto the cell, a pile builds up andthe small grainsare
observedo segregatenearthe top of the pile andthe large
onesnearthe bottomof the pile @0+ 26# This segregatioris
due to the different grain sizes, becauselarge grains roll
down moreeasilyon top of smallgrainsthansmallgrainson
top of largegrains.

It hasbeenrecentlyobserved@r + 3l#thatif the shape®f
the speciesare suf®cientlydifferent, anothertype of segre-
gationcantake place:whensucha mixture of smallrounded
grainsandlargeroughgrainsis pouredbetweentwo vertical
slabs,a spontaneoustrati®catiorof the mixture in alternat-
ing layersof small and large grainsparallel to the pile sur-
faceis observed Additionally, thereis an overall tendency
for the large and small grainsto segregatento different re-
gionsof the cell. Spontaneoustrati®cations alsofound for
more than two species@7# The layers are then ordered
forming a sequencearallelto the surfacepile from bottom
to top, small-medium-large small-medium-largefor three
speciek

This phenomenorcould possibly be relevantin different
®elds,suchas geomorphology®2,33t For example,stones
coming from sand dune solidi®cation-~sandstonk present
successivalternationof layersof different typesof grains.
This regularity cannotbe explainedby periodic sedimenta-
tion. But onecouldimaginethatthe sanddunewasbuilt with
sandbroughtby the wind and owing down the slipface of
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FIG. 1. ~a Typical experimentalsetupto study spontaneous
strati®catiorand segregatiorin quasi-two-dimensionatells, along
with the different quantitiesde®nedn the text. -b! Schematiaep-
resentatiorof the percolationeffectin the rolling phase We pour
continuously a mixture of large and small grains in a two-
dimensionalcell and observea steadythick "ow of grains. The
percolationeffect consistsof the size segregatiorof grainsin the
rolling phase:large grains are observedto rise to the top of the
rolling phase,and small grains drift to the bottom of the rolling
phaseDueto the percolationeffect, the small grainsarethe ®rstto
be capturedat the pile surface,resultingin the segregatiorof the
mixture in the bulk.

the dune @# wherestrati®catiorcould appearasin the ex-
perimentsof @7# This phenomenommay also haveimpor-
tantconsequencds industrywhereprocessingandtransport
of initially mixed grainscould leadto strati®cation.
Spontaneoustrati®catiorhasbeenobservedn @7#after
a transientregime and only when the large grains are
rougherthanthe small grains.Whenthe large grainsarethe
smoothesstrati®catiordoesnot occurbut only the segrega-
tion of the mixture in different regionsof the cell occurs,
with the large and roundedbeing at the bottom of the cell,
andthe smallandroughat the top. Thesephenomen@anbe
qualitativelyunderstoodsthe growth of aninstability dueto
the competitionof two oppositeeffects.+! On the onehand,
if the grainshavethe sameshape-spherical for examplé or,
more precisely,the samereposeangle,thenthe large grains
will roll more easily on the top of the small onesthan the
reverse.This will leadto segregationwith the small grains
at the top of the pile andthe large at the bottom.~i! On the
other hand, if the grains have the samesize but different
shape,the roughergrainswill havea larger friction coef®-
cient than the other grains,and we expectsegregatiorwith
the roughergrainsat the top of the sandpile.In the caseof
largegrainsrougherthansmall grains,thosetwo effectswill
compete giving rise to an instability, andthento spontane-
ous strati®cation However, in the casewhere the smaller
grainsarerougherthanthe large grains,the two effectswill
contributein the sameway, andthe segregatiorpatternwill
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be stable,without the occurrenceof strati®cation@4#

In this paper,we studygranular ow in the spirit of @5+
38# whereoneassumes sharpdistinctionbetweerthe roll-
ing or "uid phasecomposedof the layer of grains owing
down andthe staticphaseor bulk composedf grainsform-
ing the sandpile The essentiafeatureto understandandpile
formationis thento describenow therolling grainsare ow-
ing downandhow they interactwith the staticgrains.In this
context,it is importantto distinguishbetweentwo different
regimes, the thin- ow regime and the thick- ow regime,
wherethe interactionbetweerrolling grainsandstaticgrains
arevery different. Moreover,experimentdavebeendonein
both regimes,so that both regimesareimportantto study.

Herewe proposea mechanisno understangpontaneous
strati®cationand segregationin two-dimensionalsilos. We
adopttwo differentapproachedrirst we introducea cellular
automatonmodel to give insight into the proposedmecha-
nism. This model displaysstrati®catioras soonasthe large
grains are rougherthan the small ones,in agreementwith
experiments@7# The dynamicsare also very closeto the
experiments @7#% where the layers are built through a
“kink" going uphill wherethe rolling grainsare stopped.

Second,we study a continuummaodel that is built on a
phenomenologicaformalism describing granular ow on
sandpilesThis formalismwasintroducedby Bouchaucet al.
@5#for the caseof a singlespeciesandrecentlygeneralized
by Boutreux and de Gennes-BdG! @7# to the caseof a
mixture of two species.The essentialfeatureto understand
sandpileformationis to describethe interactionbetweenthe
rolling or uid phaseandthebulk, aswell asany segregation
which mayoccurin therolling phasdtself. In contrasto the
cellularautomatormodel,this formalismincludesampli®ca-
tion processes,e., the conversionof staticgrainsat the sur-
face of the sandpileinto rolling grainsby the ow -this fea-
ture is essentiato understandavalanchingwhen onetilts a
sandpileabovethe maximumangle of repose,or to under-
standavalanchalynamicsin rotatingdrums.

In the large "ux regime,the rolling grainsform a thick
phaseandthe grainsarekinematicallysegregateéh theroll-
ing phase,an effect called kinematic sieving, free surface
segregationor percolation@ig. 1-b!# @3,25,2& Dueto this
phenomenorthe large grainsin the rolling phaseare found
to rise to the top of the rolling phasewhile the small grains
sink downwardthroughthe gapsleft by the motion of larger
grainsin therolling phase Thus,smallrolling grainsform a
sublayer underneaththe sublayer of large rolling grains.
Then only the lower grains of this layer interact with the
sandpile.Thus, a segregatioreffect that we refer to as per-
colationtakesplaceinside the rolling phasewherethe large
grainsare convectedalongthe ow to the top of the layer.
Thus,if smallrolling grainsare presentthey will preferen-
tially be on the bottom of the layer, preventingthe large
grainsfrom interactingwith the sandpile.

We will developa continuumformalismthatincludesthe
percolationeffect,andshowthatstrati®catiorarisesin away
similar to that of the experimentsWhenthe largegrainsare
rougher,strati®catioris madeof layersspreadingall along
the sandpile;the layersof the two typesof grainsbeing of
the samesize for an equalvolume mixture of grains.When
thesmallgrainsarerougherthanthelargegrains,we observe
the completesegregatiorf the mixture but not strati®cation,
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with the small androughestgrainsbeingfound at the top of
the pile in agreementvith the experimentsA thick rolling
phaseis a conditionfor the percolationeffect to take place.
However,a large differencein sizeis also necessaryo ob-
servethe percolationeffect: we expectd, /d,* 1.5,whered,
and d, are the typical size of the small and large grains,
respectively.

In the small- ow regimeeachrolling grain is alwaysin
contactwith the sandpileandsointeractswith it. In this case
a thin rolling phaseis expectedbof the order' d,bDand
percolationeffects are expectedto be irrelevant. However,
strong segregationeffects are expected,as in the case of
percolation,since we will considerthe caseof large size
differencebetweerthe grains.The largegrainsarenot being
capturedon top of staticsmall grains-althoughthey interact
with theml becausef the largedifferencein size,while the
small grains are easily capturedon top of the large static
grains.Using the theoreticalformalism adaptedo this case,
we will show that strati®catioris observedwhen the large
grainsarerougherthan the small grains,in agreementvith
the experiments.

Cross-ampli®catiorprocessesbthein uence of which
wasgreatlyreducedin the caseof thick ows dueto perco-
lation effectsBnow plays an importantrole sinceall grains
areinteractingwith the pile andcrossinteractionsof thetype
small/largegrainsare expectedo occurat the "uid-bulk in-
terface.Dueto crossampli®cationthe transitionfrom strati-
®cationto segregatioroesnot occursharplywhenthe small
grains becomethe roughest.We ®nd a regime where the
smallgrainsareslightly rougherthanthelargegrains,which
also gives rise to strati®cation When the small grains are
more roundedthanthe large grains,thenwe ®ndthe segre-
gationof the grainsin agreementvith experiments.

In general,we ®nd that the thick- ow regime and the
thin-ow regime show similar resultsregardingthe strati®-
cationand segregatiorof the speciesThis is valid provided
that the grainsdiffer appreciablyin size~in term of the size
ratio we expectd, /d,* 1.5 @8,2%. Thenwe studyanalyti-
cally amechanisnfor strati®catiorandsegregatiorvalid for
bothregimes.We studythe “kink" mechanismandwe ob-
tain predictionsfor the wavelengthof thelayersasa function
of the different parameterf the system.In particular,we
®ndthat the wavelengthof the layersis proportionalto the
“ux of addinggrains-.e., proportionalto the thicknessof the
rolling phasé, andwe also ®nda crossovetbehaviorat the
thin-thick ow transition. Finally we discussour resultsin
regardto previousapproacheso segregatior@7#and strati-
®cation@4#andto the experiments@7 +31# A shortreport
of someof the resultspresentecherehasbeenpublishedin
@8#

Il. CELLULAR AUTOMATON MODEL
A. Motivation and De®nitions

We ®rstintroducea simpli®eddiscretemodel to under-
standthe mechanismeadingto strati®cationDiscretemod-
els havebeenusedbeforefor modelingthe complexbehav-
ior of granularmaterials.The role played by the angle of
reposehasbeenusedto understandhe complexdynamicsof
granular ows of mixtures @,35,39,4& The concept of
angle of repose normally involves a macroscopic
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de®nitionbi.e., the angle of reposeis the angle of the pile
surfaceafterthe grainsarepouredontoa heap.Here,we will
de®nea microscopicangleof reposeasthe maximumangle
at which a rolling grainis trappedat the surfaceof the pile.
This de®nitionmust be understoodin terms of a coarse
graineddistancealong the surfaceof the pilebof the order
of a few grain sizesboverwhich all the quantitiesinvolved
in the modelare averaged.

In the caseof a single-speciesandpile,as sandis added
to the sandpilewe considera critical angle of repose; .
Whenthelocal angleof the pile is smallerthan v, therolling
grainis stableandthereis no ow. Whenthe local angleof
thepile is largerthanu, therolling grainis unstableand ow
occurs.

We developa simple discretemodel, basedon the idea
thatgrains ow whenthelocal angleof the sandpileis larger
than the angle of repose We considerthat the angle of re-
posedependson the type of rolling grainsand also on the
compositionof the surface.Thus, in the caseof granular
mixturesof two different specieswe considerthe existence
of four different generalizedanglesof repose

The sandpileis built on a lattice, wherethe grainshave
the samehorizontal and vertical size as the lattice spacing.
The two specieswill be distinguishedaccordingto different
generalizedanglesof reposeln generalwe will call species
type 1 to the small grains, and speciestype 2 to the large
grains. The speciescan also have rough or smoothsurface
propertieswhich, togetherwith the differentsize,will de®ne
the differentanglesof reposeof the speciesFollowing @5+
37# we regardeachgrain asbelongingto oneof two phases:
! staticphasejf the grainis partof the sandpilei! rolling
phasejf the grainis not partof the sandpileandrolls down-
ward with a constantdrift velocity.

We considerthe local slope

sil hi2 hjgy !

of the static grainsasthe variable controlling the dynamics
of therolling grains.Here,h; denoteghe heightof the sand-
pile at coordinatei, and we assumethe pouring point at i
51.

At eachtime stepa setof N; small grainsand N, large
grainsis depositedat thetop of column1l of thepile @eeFig.
2-al# Thesegrains are consideredto belongto the rolling
phase.In the caseof thin ow we assumethat the rolling
phasds homogeneouandbothtypesof speciesaaremixedin
the uid phaseandinteractwith the surface Thenonerolling
grain of eachspeciesnteractswith the surfaceat eachtime
step,andcanbe convertedrom therolling phaseto the static
phaseln thethick- ow regime,the percolationeffectis ex-
pectedto take place,andthe small grainsscreerthe interac-
tion of thelargerolling grainswith the pile surface.Thusin
the thick- ow regime,we considerthat the large grainsin-
teractwith the pile surfaceonly whenthe numberof small
rolling grainsat a given positionfalls below a given thresh-
old & N,.

The remainingrolling grainswhich do not interactwith
the pile surfaceareconvected downward" with unit “drift
velocity"bi.e., they moveto the next columnat eachtime
step.

The dynamicsof eachrolling grain interactingwith the
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FIG. 2. ~a Descriptionof the discretemodel.-b! The four dy-
namicalanglesof reposeu,, dependon the compositionof grains
at the surfaceof the pile, and are chosenaccordingof the four
possibleinteractionsbetweenthe two speciesof grains. As dis-
cussedin the text, the angles of reposesatisfy ty, U35, U
, U», when speciesl are small and roundedand species2 are
largeandrough;and u,,, U,y U1, Ui>, Whenspeciesl aresmall
androughandspecies? arelarge androunded.

sandpilesurfaceis governedby its local generalizedgngleof
repose.We considerthat the reposeangle dependson the
local compositionon the surface,so we de®neu,, asthe
generalizedreposeangle of a rolling grain of type a on a
surfacewith local grainsof type b. We proposethat

Upy, Upp 2!

to take into accountthe fact that large rolling grains roll
more easily on top of small static grainsthan small grains
roll on top of large static grains @ncethe surface "looks"
smootherfor large grainsrolling on top of small grains,see
Fig. 2-bl# Thereposeanglesof purespecies/,, lie between
Upy and Uyp.

Sincea large grainrolls easierthana small rolling grain
on top of a layer of small staticgrains,we have

Uy, Uqq. 3!

Conversely,a large grain rolls easierthan a small grain on
top of a layer of large staticgrains,so that

Upo, Uyp. ~4!

The strati®cationexperiments @7# use a mixture of
smaller less facetedgrains and larger more facetedgrains.
Thus,the lastinequalitybetweernthe anglesof reposes pro-
vided by the fact that the grainsdiffer in shapeof friction
properties.Since the small speciesare the most rounded,
thenthe reposeangle of the smallerpure speciess smaller
thanthe reposeangleof the large pure speciesbi.e.,

Upy, Upp. ~o!
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Therefore,to mimic the experimentakonditionsfor strati®-
cation @7# we propose

Upy, Uy, U, Ugp. ~6!

We notice that conditions2!+4! are a consequencef the
different size of the specieswhile the condition u;P u,, is
achievedfor mixtures of grainswith different shapesand
doesnot dependon the size of the grains. Thus the model
incorporatesthe size segregationand shapesegregationn
the de®nitionof the anglesof repose.ln generalthe grains
with the largerangleof reposewill tendto be captured®rst.
Thusthe small grainswill tendto be capturedat the top of
the pile, andthe smoothesgrainsat the bottom of the pile.
The percolationeffectstendto segregatehe small grainsat
the top of the pile, thus, it actsin the sameway asthe size
segregatiordueto different anglesof repose Eqs.-2! +-4!.
At eachtime step,the rolling grain interactingwith the
sandpilesurfaceat coordinatei either will stop ~by being
convertednto a staticgrain if the local slopeof the surface

hi2 iy 1< Sap[ tanugy, ~/!

wheres,, is thelocal slope,or will continueto roll together
with the remainingrolling graing to columnil 1 if

hi2 Nig 1. Sap - 8!

We iteratethis algorithmto form alargesandpileof typically
10° grains.We assumethat the substratés madeof a layer
of largegrains.

The discretemodel in the thick- ow and thin- ow re-
gimesgivesrise to similar results.Thenin the following we
will presentresultsof the discretemodelin the thick- ow
regimewheremost of the experimentsare done,and where
thegrainsaresegregateth therolling phaselndeedwe will
seewhen discussingthe continuum model that the differ-
encesbetweenthe thin- ow regime and the thick- ow re-
gime arisewhencross-ampli®catioprocessearetakeninto
accountandfor small differencebetweenthe pure anglesof
repose.

B. Kink mechanism

Figure 3-al showsthe resultingmorphologypredictedby
thediscretemodelwhenthelargegrainsarerougherthanthe
small grains. This fact is quanti®ecdby taking into account
that the angle of reposeof the pure large speciesis larger
than the angle of reposeof the pure small species, u,,

U11. The strati®cationis qualitatively the sameas that
found experimentally@7# bothin regardto the staticsof the
sandpile@eenin Fig. 3~al# andalsoin regardto the dynam-
ics ~seenin Fig. 4!.

The mechanisnfor spontaneoustrati®cationnvolvesthe
formationof akink at which the grainsarestoppedduringan
avalancheAfter a pair of staticlayersis formedwith alayer
of largegrainson top of a layer of smallgrains,the angleof
the sandpileis closeto u,, @ig. 4-al# Sincethe surfaceof
the sandpileis madeof large grainsand u»,, U5, a thin
layer of small grainsis trappedon top of the layer of large
grainsas more grainsare pouredonto the cell. Thesesmall
grainssmooththe surfacewithout changingsigni®cantlyjthe
sandpileangle,and allow rolling small grainsto go further
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FIG. 3. ~a Spontaneoustrati®cationresultsobtainedwith the
discretemodel for N;5 10, N,5 10, €5 1, 115 4, 5155 7, $15 2,
s,,5 5. Notethe kink pro®leat which grainsare stoppedduring an
avalancheThe largeroughgrainsare black andthe small rounded
grainsare gray. b! Segregationresultsobtainedwith the discrete
model when the angle of reposeof the large roundedgrains is
smallerthan the angle of reposeof the small rough grainsfor N;
5 10,andN,5 10, €5 1, 5115 5, 5155 7, S215 2, Sp.5 4.

down sinceuy,, U,y) @ig. 4-b'# Thelargegrainsareroll-

ing down on this thin layer of small grains without being
captured(t,y, Uy), andarethe ®rstto reachthe bottom of

the sandpile giving rise to segregatior@®@ig. 4-b'# Whenthe
“ow reacheghe baseof the pile, the grainsdevelopa pro®le
which displaysa kink wherethe grainsarestoppedthe small
grainsarestopped®rstat thekink sinceu,,, u;1, anda pair
of layersbeginsto form, with the smallgrainsunderneatlthe
large grains @ig. 4-¢'# The kink movesupward-~n the op-
positedirectionto the ow of graing until it reacheghe top
of the pile and a completepair of layers hasbeenformed
®@ig. 4-d'#

If, on the other hand, we consider u,, U4 in the
modelbcorrespondingto a mixture of smaller “more fac-
eted" grains,andlarger lessfaceted" grainsbwe ®ndthe
complete segregationof the mixture but no strati®cation
@®@ig. 3-b'# In this case the smallandfacetedgrainsareto be
found nearthe top of the pile, while the large and rounded
grainsare found nearthe bottom of the pile. Thus,the con-
trol parametefor spontaneoustrati®catiorappeardso bethe

FIG. 4. Dynamicsobtainedwith the discretemodel,showingthe
formation of a pair of layersat the kink. Notice the kink moving
uphill at constantvelocity v. .
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differencein the reposeangle of the pure species,which
quanti®eghe differencein shapeof the grains.

As seenin Fig. 3-al, beforethe layersappearthereis an
initial regimewhereonly segregations found. At the onset
of the instability leadingto strati®cationa few large grains
are capturedon top of the region of small grains nearthe
centerof the pile wherethe angleof the pile is u. u;;. The
reposeanglefor largerolling grainsis now u,,. Thus,if u

U1, Uy, more large grains can be trapped ~since the
angleof the surfaceis smallerthanthereposeanglé, leading
to the ®rstsublayerof large grainsandthento strati®cation.
Ontheotherhand,if u. wuy5. Uy, NO Morelargegrainscan
get capturedthe "uctuation disappearsand the segregation
pro®le remains stable. Thus this picture suggeststhat, in
agreementvith @7# the segregatiorpro®leobservedn the
initial regimeis ““stable" solong as u,,, 141, andunstable
~evolving to strati®cationfor large enoughsystems when
U1, Upy. Thisexplainsqualitativelywhy the control param-
eterfor the strati®cation-segregatidransitionis the angleof
reposeof the pure species.

Ill. CONTINUUM THEORY FOR GRANULAR FLOW

A theoreticalapproachio segregatiorin granular ow is
not a simpletask.On one hand,extensivenumericalsimula-
tions~suchasmoleculardynamics@,5,41+444# or lattice gas
models@5+48#! havebeenableto reproduceseveralsegre-
gation phenomenaobservedexperimentally.On the other
hand, an analytical approachof segregation,considering
granularmediumascontinuumwould beinstructive,sinceit
would allow to reducethe problemto a small setof param-
etersthatcontrolthe systemandthento geta clearphenom-
enologicalunderstandingf the problem.However,an im-
portant questionis whetherthe grains can be treatedas a
continuummedium. A continuumapproachmeansthat we
will beableto replacethe grainsbelongingto a sameregion
of spaceby someaverageguantities,for example,the den-
sity, or the averagedspeed.But speci®cgrains can play a
peculiarrole, i.e., in the caseof arching effects, where an
arrangementf severalgrainsin a specialway ~anarcH sup-
ports the above grains, preventsthe ow by gravity, and
createdargediscontinuitiesfor the local densityor the force
@9,56¢

In this sectionwe studyspontaneoustrati®catiorusinga
continuumformalism.We will showthattheresultsobtained
are very closeto the experiment,and then we extractthe
importantparameter®f the problem.Our resultsshowsthat
a continuumformalismis ableto reproducea complexphe-
nomenonin granularmatter such as spontaneoustrati®ca-
tion.

The continuum theory of granular ow for a single-
speciessandpilewasproposediy Mehta @1#andBouchaud
etal. @5% Bouchaudet al. recognizedhe necessityof treat-
ing differently therolling grains-~olling on the surfaceof the
pile!, andthe staticgrainsthatform the sandpile. Therolling
grainsarein a “'liquid" state, owing down by gravity and
interactingwith the static grainsin the “solid" state.The
dynamicsof the sandpileis then given by how the rolling
grainsmove on the surfaceand how they interactwith the
sandpile.The equationgfor thosetwo quantitiesfor the case
of single-speciesandpilesare
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&R@H!#S GR,h!, 94
Jh~x,t!
I 52 GR,h!. ~9h!

HereR@(t)#is the heightof thelayerof rolling grainsin the
Lagrangerepresentationfollowing the rolling graing, and
h(x,t) the height of the sandpile @ig. 1-al# The rolling

grainsinteractwith the sandpilethroughG(R,h). Equations
9! conservethe numberof grains.

We needto de®nehow the rolling grains move on the
surface,andhow they interactwith the sandpile. Two forces
are acting on the rolling grain: ~! gravity and +i! friction
coming from the collisions of the rolling grain with the
grainsof the sandpile.The numberof collisionsat the scale
of interestfor continuumequationsseveraltimesthe size of
a graint is large enoughso that at this scale,the speedis
alwaysat its limit value wherethe two forces balanceex-
actly, and the motion of a grain is overdampedEquations
9d and-9b! canbe rewrittenin Euler representation

JR~x,t! JR~x,t!
52 v 1 GR,h!, ~104d
Jt Ix
Jh~x,t!
Tt 52 GR,h!. ~10b

HereR(x,t) is now afunctionof thetime andthe positionx,
andwe assumehe pouringpoint at x5 0. Therolling grains
are moving down at a speedv(x,t) in the positive x direc-
tion, wherev(x,t) could dependon the local slope of the
sandpile. However,in the spirit of capturingonly the essen-
tial physicalmechanismdo recoverthe observedphenom-
ena,we will considerthe speedv to be constantall overthe
sandpile.

Bouchaudet al. @5# proposeda form for G(R,h) in the
generalcase that hasbeensimpli®edby de Gennes@6# for
the simpler caseof a continuous ow of rolling grains.In
this casethereis no discreteavalanchingandonly therepose
anglemustbe includedin the formalism @2#% The interac-
tion term G(R,h) is

GR,h!5 g@-x,t!12 u#R, ~1
where
2 Jh~x,t!
U~X,t![ ]—X ~12

is the local angleof the surface-we will makeno distinction
betweenthe angle of the surface and the tangentof the
angle.

Equation-11! statesthatthe rate of the interactionis pro-
portionalto the numberof grainsinteractingwith the sand-
pile. Rolling grainswill becomepart of the sandpileif the
angleof the surfaceu(x,t) is smallerthanthe reposeangle
u, ~capture", while static grains will become rolling
grainsif u(x,t) islargerthanu, ~ ampli®cation'l. The con-
stantg is the inverseof the time on which this interactionis
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effective becausethe distanceon which a rolling grain is

stoppedwhenu(x,t) issmallerthany, is v/g. This distance

mustscalewith the size of the grain d. Thus @6#
v/g; d. ~3

The linear dependenceof G(R,h) on the quantity
@(x,t)2 u,#canbeunderstoodisa ®rst-ordedevelopment
of a more complicatedfunction of u(x,t). As soonas the
angleof the sandpileis far from the reposeangle,nonlinear
termsmust be added-avoiding the nonphysicaldivergences
that could be found with thelinear developmernit Finally the
proportionality of G(R,h) to R(x,t) is meaningfulin the
casewhereall the grainsinteractat eachtime with the sur-
face~thin- ow limit!. This imposesthe heightof the rolling
layer to be of the order of the grain size R(x,t). d. How-
ever, we will arguethat this approximationmight be still
valid in the caseof thick ows aswell, sincethe interaction
might be proportionalto the pressureexertedby the uid
phasewhichin turnis proportionalto R(x,t) for a uid @6#
For very large "uxes -thicker rolling phasé we expectthis
linear approximationto break down, and we discussthis
point at the endof Sec.V C.

To treatthe problemof segregatiornn granular ow com-
posedof binary mixtures, Boutreux and de Gennes-BdG!
@7#haveextendedhis formalismto the caseof "ows made
of two typesof grains,identifying three variables:the two
heightsof rolling grainsR,(x,t) +.e., the total thicknessof
the rolling phasemultiplied by the local volume fraction of
the a grainsin the rolling phaseat position x), and the
heightof the sandpileh(x,t). BdG generalizedEqgs.~10! to

R R
]]—tasz va]]—xal G,, a512, 44
Jh
7752 G2 Gy, 140

wheretheinteractionterm G, takesinto accountthe conver-
sion of the rolling grainsinto static grains, and is de®ned
throughthe collision matrix M 4, ,

2

Gl (5 M 5R) . 45!
bS 1

The collision matrix, governingcaptureandampli®cation,
dependnthelocal angleof the pile u(x,t) andonthelocal
compositionof the surfaceof the sandpilef ,(x,h), whichis
a function of x andh. However,writing an equationof evo-
lution for f ,(x,h) is noteasy.Whenbothrolling speciesare
capturedthe heightof the sandpileincreasesandf ,(x,h) is
given by

f .~x,h!52 Ca 16!
SRR T TS '

and
filf,51. 47
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As soonasampli®catiordominatesor one or both species,
Eq. 16! is no longervalid. When G,. 0 for both species,
the height of the sandpiledecreasesand f ,(x,h) doesnot
haveto be updated Finally, whengrainsof type a are cap-
tured and grains of type b are ampli®ed,the composition
will be f 4(x,h)5 1.

The generalform of the collision matrix is de®nedby
taking into accounta setof binary collisionsbetweena roll-

ing and a staticgrain @74
X2~U! f 1 D
~18!

I;A[ §1~U!f12 b1~u!
Xl’*‘U! fz az"‘U! f 22 bz’*‘u!

This de®nitioninvolves a setof a priori unknowncollision
functionscontributingto therateprocessesa,(u) isthecon-
tribution dueto anampli®catiormprocesswhena staticgrain
of type a is convertedinto a rolling grain dueto a collision
by arolling grainof type a),b,(v) isthe contributiondueto
captureof a rolling grain of type a ~whena rolling grain of
type a is convertedinto a static grairni, and x,(v) is the
contributiondueto a cross-ampli®catioprocess;the ampli-
®cationof a static grain of type b dueto a collision by a
rolling grain of type a).

BdG @7# proposedan analytically tractableform for the
collision matrix that includescaptureand ampli®cation,in
the casewherethe two specieshavethe samesize but differ
in respectto their reposeangle.BdG found the steadystate
solutionin the geometryof the silo, in the casewherethe
reposeangledoesnot dependon the compositionof the sur-
face. The BAG model explainsthe segregatiornof the two
type of grainsin differentregionsof the sandpile but not the
phenomenorof spontaneoustrati®cationA generalization
of the modelto include alsothe different sizesof the grains
@3t showsa smoothsegregatiorof the specieswith the con-
centrationsof static grainsbehavingas a power law of the
position along the surfacepile; resultsvalid only whenthe
speciedo not differ too much-a fact thatallows to perform
linear approximationsof the collision functions aroundthe
anglesof repose®3#! In thefollowing we proposea form of
the collision functionsvalid whenthereis a large difference
in sizeandshapebetweenthe speciesandwe treatthe thin-
andthick- ow regimes,in orderto understandstrati®cation
and segregatioras seenin the experiments.

IV. CONTINUUM MODEL FOR STRATIFICATION
OF GRANULAR MIXTURES

A. Collision matrix and generalizedangle of repose

We presentthe collision matrix M ,, that includesthe
effectsof captureand ampli®cationand the dependencef
the reposeangle on the compositionof the surfaceas dis-
cussedn @8# Consideringonetype of rolling grain a, we
de®necaptureandampli®catiorasfollows: if thelocal angle
of the surfaceu(x,t)52 ]Jh(x,t)/]x is smallerthanthe gen-
eralizedangle of reposeof the rolling speciea, u,, the a
rolling grainswill be captured.In the reversecase u(x,t)
. U, the staticgrainsat positionx will be ampli®ed Am-
pli®cationwill causelocally a smallhole,i.e., the two types
of staticgrainswill be ampli®edthe sameway accordingto
their local concentratiorf .
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FIG. 5. Dependencef the reposeangle for the two types of
rolling grainson the concentratiorof the surfaceof largegrainsf ,.
~al An essentiaingredientto obtain strati®catioris that u,,. U4,
~b! while for segregatiorwe require u;4. Uy,. For the numerical
integration,we usethe linear interpolationbetweenf ,5 0 and f ,
5 1 as plottedhere.

The generalizedeposeangle u, of eachtype of rolling
grainis now a continuousfunction of the compositionof the
surfaceu,5 u,(f ,) ~seeFig. 5!,

Ul"‘f 2'5 mf 21 Ull' Uz"‘f 2'5 mf 21 U2152 mf 11 U22,
~9

wherem[ w152 U145 U2 U,1. We haveassumedhe differ-
ence

C[ U]_"“f 2'2 U2“‘f 2! "'20'
to be independenbf the concentrationf ,. For simplicity,
we choosea linear interpolationbetweerthe extremevalues
Uy(f 5 0) and u,(f ,5 1). If we label the small grains
with a5 1 andthe large grainswith a5 2 and denotethe

extremevaluesof thereposeangleby u,(f ;5 1)5 u,, asin
Sec.ll, the differencein sizeimplies @eeFig. 2-bl#

Uyp, Upq. 21

If speciesl arethesmallesthenu,(f,). u,(f ) for any
compositionof the surfacef ,bi.e., the small grainsareal-
waysthe ®rstto be captured.Thus,the angulardifferencec
is determinedmainly by the differencein size betweenthe
speciesandthe value of ¢ determineghe degreeof segre-
gation;thelargerc, the strongerthe segregationTherepose
anglesof the pure speciesu;; and u,, will be intermediate
betweenu,, andu,,, andtheirrelativevalueswill depencbn
the shapeof the two speciesasdiscussedn Sec.ll A.

For mixtures of grainswith different shapesor friction
coef®cientsave have uy4P U,,, and u.5 U, if the species
have the samesize. If uy; is the reposeangle of the pure
round speciesand u,, is the reposeangleof the purerough
speciesthenuy,, U,,. If thespecieshavethe sameshapeor
friction coef®cientshen uy5 us,.
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When the size ratio is close to one (d,/d;& 1.5), the
angle ¢ is expectedto be small andthenit is plausibleto
linearizethe collision functionsaroundthe anglesof repose
asdonein @3# Whenthereis a larger differencein size
(d,/d;,* 1.5), we expectc to belarge,andwe approximate
the collision functionsandde®nehe following collision ma-
trix asfollows:

@5 11 AUy Qeef@Uy , f1# g1, AUy Qrosd@Us, f 1#D

021 AUy Qerosd@Uy , f o# g2y Oy Qselt@/uz,fz#zz

where

aug[ u=xt'2 u,. 23
Here,g,,. 0 hasdimensionof inversetime,andv/g,, rep-
resentghe length scaleat which a rolling grainwill interact
signi®cantlywith a surfaceat an angleaboveor below the
angleof repose.

The functionsQ(au, ,f ;) distinguishcapturefrom am-
pli®cation.Q s treatsthe caseof self ampli®cationj.e.,am-
pli®cationof staticgrainsa by rolling grainsa, and Q ;s
the caseof cross-ampli®cationi,e., ampli®cationof static
grainsa by rolling grainsb. More speci®callywe consider

it w2 u, O,

. 24
if u2 u,. 0.

Qself"u2 Ua,fa!S H,
a’

Theseequationsneanthatin the caseof capture the amount
of rolling grainsof type a convertedto static grainsis pro-
portional to the numberof grainsinteractingwith the sur-
face,i.e., R,; in the caseof ampli®cationthe amountof
staticgrainsconverteduo rolling grainsis proportionalto R,
againandto the numberof staticgrainsa onthesurfacej.e.,
f 4. Accordingly, we obtain

it u2 u, O,

25!
if U2 u,. 0. 25

choss’”u2 ua!fb!s H,b

In termsof the collision functionsde®nedn Eq. ~18 we
have

a,~U[ GaaP @-Xt12 u,~f p'#

Do~ GaaP @~ p'2 UXtI#, 264
Xp~U'[ GpaP @-X,112 up~f ,' 4,
where
|_j, if x, 0,
P@t 1) it o 260

This form for the matrix M ,;, supposeshatampli®cation
~capture occursonly whenthelocal angleis larger~smallet
thanthereposeangle.Thus,for agivenangleonly captureor
ampli®catiorcanoccurat a giventime; anassumptiorwhich
is expectedo bevalid whenthe grainsdiffer appreciablg ¢
largd. This fact givesrise to strongsegregatioreffectswith
exponentialbehaviorof the concentrationsas we will cor-
roboratewhen calculatingthe steadystate solution of the
problemin Sec.V A. In contrast,the form of the collision
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functionsproposedn @7,53tassumeshatampli®catiorand
captureare linear functions of the local angle.For a given
angleboth ampli®catiorand captureact simultaneouslyand
the reposeangle correspondgo the anglewhereampli®ca-
tion andcaptureareequal.This linearapproximationis valid
whenthe speciegdo not differ much~for small ¢), andgives
rise to a weakersegregatiorof the speciesbwith a power
law behaviorof the concentrationgsa function of the posi-
tion along the pile surfacebthanthe segregatiorfound in
this studywhich is valid whenthe speciediffer appreciable
in sizeandshape.

We focushereon the dependencef the reposeangleson
the compositionof the surface.We will considerthat the
other parametersbi.e.,g,, andv,bBdo not dependon the
compositionof the surfaceand on the speciesconsidered

g115 g225 g, V15 V25 V. 27

In the conditionsof the experiment@7# wherean equal
volume of the two speciesis pouredat the left side of the
cell, the boundaryconditionsare

0

R
R,~0t!5 R%5 5

28
Theseequationsare meaningfulif all the rolling grains
interacteachtime with the surface,and do not interactdi-
rectly with eachother.Then,whenthereis percolationin the
rolling phase the interactiontermshaveto be modi®edac-
cordingly. In the nextsectionwe will showhow to introduce
the percolationeffect characteristiof the thick- ow regime.
However,we will showthatthe aboveequationsbalthough
strictly valid in thethin- ow limit, i.e.,R,. d Pwill bealso
neededo describecompletelythe thick- ow regime.

B. Thick- ow regime and the percolation effect

An importantconsideratiorof the model proposedabove
is thatthe two typesof rolling grainsdo not interactsigni®-
cantly each other when the "ow of grainsis small, i.e.,
Ra(x,t), e whereeis acutoff of the orderof the grainsize
d, . This hypothesignay not be valid in experimentswvhere
theinput ux is large,wherethelayer of rolling grainscould
be largerthanonegrain size.

In the caseof athick layer of rolling grains,the phenom-
enonof percolationoccurs;during the ow of grainsdown
an inclined plane, the small rolling grains percolatedown-
ward throughthe gapsleft by the motion of larger rolling
grains @3,25,2& @qg. 1-b'# Therefore,as they are con-
vecteddown, the rolling grainssegregatethe concentration
of smallgrainsbeinglargeat the bottomof the rolling layer,
andthe concentratiorof large grainslarge at the top of the
rolling layer. As only the lowest grainsof the rolling layer
interact with the sandpile,the above effect imposesthat
smallgrainswill preferentiallyinteractwith the staticgrains.
We include the percolationeffect in the continuummodel
and seehow the resultsrelatedto spontaneoustrati®cation
areaffected.

To model this effect, we considerthe extremesituation
wherethe segregatioris presentassoonasthe grainsstartto
roll, i.e., up to thetop of the sandpile andthatonly the small
grains will interact with the sandpileas soon as R;(X,t)
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. e with @ RO. eis thusthe heightof small grainsbelow
which the percolationstopsto be effective,andfor which the
large rolling grains start to interact with the surface.The
interactiontermsdiscussedn Sec.lV A haveto be modi®ed
accordingly.

This modelimplies that exceptfor a small region where
R;, e thesurfaceof thesandpileis alwaysdividedinto two
regions.The upperregioncorrespondso the part of the sur-
face wheresmall rolling grainsare presentAs they are the
only oneto interactwith the sandpile,the sandpilewill be
made only of small grains. In the lower part, only large
grainsarepresentexceptfor the e partof smallgraing. The
division point betweenthe two regionsis ableto movewith
time.

For the upper part of the sandpile,de®nedby R;(x,t)
. e, only small grains are captured, with R,(x,t)5 R
5 R%2 andf ,(x,t)5 1. The equationsbecome

Ry, IRy | |
]—tSZ V]—Xl g~u2 u' Ri1 Ryl ~29d
Jh
_52 g~u2 U]_l' “‘Rll RZI ~29U

It

When R;(x,t), e, the percolationeffect disappearsand
the equationof evolutionof R, andh canbe consideredo
be the sameasthe one de®nedy the collision matrix 22!
valid for the thin- ow limit.

The effectivenesof the interaction~given by g beforé
mustbe multiplied now by the vertical pressureactingon the
lowest rolling grain interacting with the surface,i.e., the
weight of the column of rolling grainsabovethe interacting
grain @6# This explainsthe presencef the Ry(x,t) termsin
the interactionterm G, in Eq. 29!.

We numericallysolveEgs.~14! with the interactionterms
given by 22 when R;(x,t), e and by Eqg. 29 when
R;(x,t). e as discussedabove. We ®nd qualitatively the
sameresultsas in the experiments@7# with strati®cation
appearingwhenthe large grainsare rougherthan the small
grains @s,,. Uq1, Fig. 6-a#% The dynamicsof strati®cation
show alsothe formation of the kink as observedin the ex-
perimentsandin the discretemodel shownin Fig. 4. When
the small grains are rougher than the large grains (uq;
. U,y), thenwe obtainthe strongsegregatiorof the mixture
with the smallroughgrainsfound at thetop of the heap@ig.
6-bl# and a small region of mixing in the centerof the pile

@44

C. Thin-ow regime

In the absencef the percolationeffect, Eq. 22! remains
valid along all the pile sincein the small ow limit a thin
rolling phaseis expectedvith R,(x,t), e. However,we as-
sumea large differencein size, so that strong segregation
effectsare expectedanyway,andthe collision functionsare
expectedo behaveasin Eg.22!. We thensolveEqgs.~14! +
~22! numerically.De®ningthe ““control parameter"

a U2 Uy, -30!
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FIG. 6. Thick- ow regime:morphologyresultingfrom the nu-
merical integrationof the continuumequationswhen the percola-
tion effectis present~al Strati®catiorof a mixture of large rough
grainsand small smoothgrains. The parametersisedare R(1)5 Rg
51,65 0.25,tan(uy1)5 0.5,tan(u,,) 5 0.6,tan(u;,)5 0.9,tan(uyy)
50.2,9115 9255 1,955 9155 0.1, and v45 v,5 1. The dynamics
obtainedby the numericalintegrationof the equationof motion
proposedn the text showthe formationof a pair of layersthrough
the kink mechanismWe alsoseethattherolling grainsarestopped
at the kink in similar fashionas was observedn the strati®cation
experiment@7#andin the discretemodelin Fig. 4. -b! Complete
segregatiornf a mixture of small rough grains and large smooth
grainsobtainedwith the sameparameterasin ~a exceptfor the
angle of reposeof the pure speciestan(u;,)5 0.7, tan(u,2)5 0.5.
Notice the total segregatiorof the mixture. The regionof mixing is
concentratedn a smallregionin the centerof the pile.

we obtain strati®cationwhen 4. 0, i.e., when the large
grainsarerougherthanthe smallgrainsasin the experiments
andin the thick- ow regime above.However,we ®ndthat
the transitionto segregatiordoesnot occursharplyat @5 0
but occursat a small negativevalue @, 0, which depends
on the value of the cross-ampli®catioratesg,, . Whenthe
crossratesare zero,thenthe transitionoccursat ¢ 0 as we
foundfor the thick- ow regimeabove.For smallervaluesof
d, d;, 0 we ®ndthe completesegregatiorpatternfoundin
the experiments.Thus, the presenceof cross-ampli®cation
processesbwhichappearonly in the low- ux limitBshifts
the transitionfrom strati®catiorto segregatiorio a value g,
different from zero @5# However,the strati®catiorwe ®nd
for a., 4, O islesspronouncedhanin the cased. 0: the
layersdo not go to the top of the sandpile,andthe layer of
small grainsis very thin. Similar resultsat the neighborhood
of the strati®cation-segregatianansition have beenfound
with a microscopicmodel of grainsdynamics@6# We also
®nda kink, correspondingo the growth of the new pair of
staticlayers,with a well-de®nedsteady-stat@ro®leand up-
ward velocity for d. 0.
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This model,valid for thin “ows, is qualitatively closethe
precedingone valid for thick "ows, wherewe alsofound a
regimeof completesegregatiorseparatinghe surfaceof the
sandpilein two regions.This canbe understoodhoting that
thedependencef thereposeangleon the compositionof the
surfacein the thin- ow modelis comparableo the effect of
percolationin the rolling layer in the thick- ow regime.
Sincefor a given compositionf ,, the reposeangle of the
small grainsis always larger than the reposeangle of the
large grains-Fig. 5!, the small grainsare alsothe ®rstto be
trapped before the large ones. The composition of small
grainson the surfaceincreasesamplifying the effect, up to
the point wherethe surfaceis madeof only small grains.

A difference betweenthe modelsfor the thick rolling
phaseand the thin rolling phaseis in the role played by
ampli®cationprocessesWhen neglectingampli®cationwe
®ndidentical resultsin both regimes,as we found with the
discretemodel.Moreover,thein uence of ampli®catiorpro-
cesseseemsto be con®nedo the casewhenthe anglesof
reposeof the pure speciesare very close,and only to the
thin- ow regime.The fact that we haveobtainedsimilar re-
sultsin the thin- ow regimeandthe thick- ow regimewith
the discretemodelis dueto the fact that the discretemodel
neglectsampli®catiorprocesses.

V. ANALYTICAL RESULTS

The thick- ow and the thin- ow regimesshow similar
resultsaslong asthereis a large differencein size between
the grains. We will now show analytical results valid for
both regimes.

A. Steady-statesolution

We next study the stationarysolution of Egs.~14! and
then we study how a perturbationto this solution can be
ampli®edgiving riseto strati®cationFor simplicity, we con-
sider the geometryof a silo of lateral size L, i.e., all the
rolling grainsare stoppedwhenthey reacha wall at position
x5 L @ig. 1-a# Moreover,we assumehe difference

C[ U2“‘f 2'2 U]_"‘f 2! "‘31'
to be independenbf the concentrationf ,. We seekfor a
solutionwherethe pro®lesof the sandpileand of the rolling
grainsare conservedn time. Thus, strati®catiorthat corre-
spondsto periodic variationsin time of the different vari-
ablesof interestcannotbe observedfor this solution. The
conservatiorof the grainsgives @7#

]h5 vRO 2
Jto oL '
andwe impose
IR
~| |
I x!15 0. ~33

We assumehat, asin the experimentan equalvolume mix-
tureis used,so

RY5 R95 RY/2, 34
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andthe boundaryconditionsare

R,~L!50, R,~0!5R%2. 35!

The steady-statsolutionof ~14! +-22! showstotal segre-
gation: exceptin a regionof sizeof v/ g at the centerof the
sandpilewherethe grainsare mixed, the sandpileis exclu-
sively madeof smallgrainsin the upperpart of the pile, and
of largegrainsin the lower partof the pile. The detailsof the
calculationscanbe foundin @4# Herewe presenta simpli-
®edresultsfor the caseof v/g! L, sincewe expectEq.~13.

At the upper part of the pile, for 0< x< x,,, with X,
[ L/22 v/(gc), only small grains are present(f 1(x)5 1
andf ,(x)5 0), andthe pro®lesare

X
R;~x!5 RO%Z ED

364
R,~x!5 R%/2, 360

vigl cgli-2g!
ux12 uy 52 I 99 36

L“'ll g21/g'/22 X '

At thelower partof the pile (x,,< X< L), we ®ndthataftera
smallregionof sizeof the orderof v/(gc) -or equivalently,
of the orderof the size of the grain, mainly largegrainsare
present.The pro®lesare

gc G
f 115 eXpE T~x2 X!

37d
R;~x!5 2v f 1~x!R~x! 370
1~X. gC_L 1~X. ~X.,
12 2 mf A2 — 37d
u~xX! U225 mr ~X: m
Here
Rx![ Ry~!1 Ryx!5 R%~12 x/L!, 38!

andm[ Uy2 Upib U2 Uy,.

When the systemis in this stationarystate,the angle of
the upperpartof the sandpilewhereonly smallgrainsexist
is almost uyq; without cross ampli®cation(g,:5 0), the
sandpilewould be at its reposeangle u;;, and becauseof
crossampli®cation the angleis signi®cantlyreduced.The
divergencearoundx5 L/2 insuresthat all the small grains
arecaptureddespitecrossampli®cationMoreover,theangle
for the low part of the sandpileis almost ty,. If we row
supposeuctuationin R; suchthatfew smallrolling grains
enterthelow partof the sandpile capturewill be of theorder
of g,u,x2 uy(f 5).Ry, andampli®catiorwill be of the order
of g,u02 U(f 5).Ry. AsR;! R,, ampli®catiorwill domi-
natecapture andthe smallrolling grainswill go downhill up
to the point when capturestartsto exceedampli®cationAs
soon as this small layer of rolling grains exist, the large
grainsare convecteddown without being capture.This ex-
cessof large grain createsa kink at the bottom of the pile
going uphill where large grains are now stopped;the ®rst
layers are formed and the sameprocessstarts again. This
may explainwhy whencross-ampli®catiotermsare present
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FIG. 7. Stability analysisof the steadystate solution of the
equationsof motion for granular ow of mixturesin the geometry
of the silo. When ¢, 0 we ®ndthat the steady-statesolution is
stable,sothatthis solutionis the physicalsolutionwhen g, 0. On
the otherhand,whend. 0 the steadystatesolutionis unstableand
it evolvesinto strati®catiorasin the experiment.

the transitionstrati®cation-segregatiaa shifted from a5 0
to &b a;, 0. When percolationis presentthis shift disap-
pears since cross interactionsare greatly reducedby the
screeningeffect of the smallrolling grainsat the bottom of
the rolling phase.

To analyzethe stability of the steady-statsolutionfor the
differentphenomenologiparametersye imposethe steady-
statesolution asthe initial condition, and thenwe look nu-
merically for the stability of the pro®leunder perturbations
~Fig. 7!. For uy4. Uy, the steadystatesolutionis stable,so
thatEqgs.~36! and-37! arethe physicalsolutionfor this case.
In this case,only segregatioris observedand the sandpile
conservesn time the pro®les36! and37!. For Uy, Uys,
the steady-statesolution is unstable-evolving to strati®ca-
tion!, just asin @7# The onsetof the instability is clearly
seenwherethekink ®rststartat the centerof the pile where
somelargegrainsarecapturedon top of smallgrainsasseen
in Fig. 7 for us,. Uy;.

Our model predictsthe completesegregatiorof the spe-
cieswhenu,,, uq;. Theconcentratiorof smallgrainsdrops
very fast nearthe centerof the pile in a characteristiadegion
of the orderof v/(gc); cm accordingto experiments@8
As discussedn Sec.lV A this is a consequencef our as-
sumptionof large differencein propertiesof the species.

B. Analytical shapeof the kink

We sawin a precedingsectionthat the layerswere con-
structedthrougha kink whereall the grainsare stopped A
preciseanalysisof this kink would allow us to understand
the dynamicof the processandthe characteristicsize of the
layers.

Fromthe simulationswe observethatthe kink hasa well-
de®neduphill speedandthatits shapeis preservedn time.
To obtainan analytically tractableset of equationswe then
look for a possiblesteady-statsolutionfor the shapeof the
kink, andthusfor R(x,t) andh(x,t). We alsomustmakethe
assumptionghat far below and abovethe kink, the sandpile
hasa constantangle t, andis only madeof large grains.
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Theseassumptionsare veri®edby comparingthe obtained
resultfor the shapeof the kink with the numericalresults.
The existenceof a stationarysolutionfor the kink implies

that R,(x,t) andf(x,t)[ h(x,t)1 yyx arefunctionsonly of
u[ x1 v.t, ~39

wherev. is the uphill speedof thekink. For the lowestlayer
of the kink composedf small grains-the upperpart of the
pile!, as only small grains are captured@ 4(u)5 1,R,(u)
5 R%2# Egs.~14 reduceto equationsfor R;(u) and f(u)
~we assumeg,;5 g),

JR;~u! S]f D
N | —
~.1 v! Tu 59 ]u2 a1 R,
If B
1 QS ]_UZ a1 LR
Jf~u! f D f BO
V"]—u5 g ul dll 11 g ul 0’21 2 "40I

with

ol U2 Uy, Oy U2 . ~41!
We obtain the shapeof the low part of the kink. For u
< 0,f(u)5 0 andfor u. 0,f(u) andR;(u) obeythe follow-

ing equations:

]f "‘dlll 0’21' R0/22 Wdllf'ﬂ'

Ju v. /g1l wf~ut2 R®

42!
R,~u!52 wf~u!l R%2

wherew[ v./(v1 v.). Thenthe lower part of the kink is
characterizedy a linear dependence

“‘dlll d21| /2

—=. 43!
v. /I~gR%12 1

f~ul}

Finally, this solutionis valid up to the point wherethe large
grains start to be captured,i.e., [f/Ju52 a,,. From Egs.
~42! and+43! we obtainthe following inequalities:

U111l Uy
Up. 5

v, gRO. ~44)

The solutionof the equationgfor the upperlayer of the kink
~+the lowest part of the pile! where only large grains are
presentcan be obtainedin the sameway andis

45|

where

oo U2 Uyy. ~46!
We then®ndthat the shapeof the upperpart of the kink is
exponential,and that the stationarysolution existsonly for
@, 0.
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Thuswe seethat the existenceof the stationarysolution
for the kink implies that

ul u
—“2 2y, 47
and that the sandpileis built on an intermediateangle
betweenthosetwo extremevalues.

C. Wavelength of the layers

Thelayerthicknesd is de®nedy the width of the kink,
I[ lim, - f(u). FromEq. 45!, we obtainl 5 R%w, which
is a consequencef the conservatioriaw statingthatall the
rolling grains are stoppedat the kink. This relation is ob-
tained assumingthat the density of the "uid phaseis the
sameasthedensityof the bulk. However,in generalwe have
Myid, My, Wheremy,yq andm, arethenumberof rolling
grainsper unit volume of the uid phaseand bulk, respec-
tively. Thenwe obtain

Mg V1 v.!
|5 24— RO, -48)
Moy~ V»
Furthermorefq. 43 implies that
v.5 C.gRO, ~49!

where C. is a numericalconstantthat doesnot dependon
v,g, or R%. Thenwe obtain

Muid NV OD I .
— glR ~thin- ow regimé. -50!

| thinD
thin Mbuik

This relation is relevantto the thin ow regime where
v/g; d andR? d areboth of the order of the size of the
grains,andthe velocity of therolling grainsis constantsince
the rolling phaseis homogeneousHowever, in the thick-
“ow regime the meanvalue of the velocity of the grains
scalewith the thicknessof the rolling phaseas found re-
cently experimentally@84

v5 CgR°, 51!
whereC is anumericalconstanthatdoesnot dependon g or
RC, but may dependon the anglesof reposeand other fea-
turesof the grains.In this caseEq. 48 becomes

| thickD —UId Sl —DQO ~thick- ow regime
thick’ Mhuik C. .

Thus we seethat we expecta linear dependencef the
wavelengthof the layersasa function of the thicknessof the
rolling phase,.e., asa function of the "ux of grains-if the
plate separations maintainedconstant@8#! but the propor-
tionality constanis differentin the thin- ow regimeandthe
thick- ow regime.FromEqgs.-50 and-52! we canobtainan
approximateestimationof the value of the crossoverfrom
the thin--ow regimeto the thick- ow regime RS assuming
that | 1in(RS)'l i RS), thenRY" Vinin/(Cg), wherev iy
is the velocity of the rolling grainsin the thin ow regime.

MECHANISMS OF GRANULAR SPONTANEOLS . . .

4419

Typical experimentalvalues of the phenomenological
constantsof the problem for a systemof L5 30cm, d;
50.27mm, d,50.8mm, are @8# v' 10cm/sec, g
' 20/secitanc 5 tanuyq2 tanuy, 0.1, myig / Myyd 0.85,
andC/C." 1. Therefore,v/(g tanc). 2.5t5 cm. We also
obtain an estimationof RY 0.25cm as the value of the
crossover ux from the thin ow regimeto the percolation
regime.

Thuswe expecta linear behaviorof the wavelengthof the
layersasa function of the thicknessof the rolling phase-or
asafunctionof theincoming ux of grainswhenkeepingthe
separationbetweenthe plates of the cell constant in the
thin- ow regime as well as in the thick- ow regime, al-
thoughthe slopeof | versusR? differs in bothregimes This
predictionregardingthe linearity of | hasbeencon®rmedn
recentexperiments@8,2% for rolling phasesin the range
below 1 cm thick and "uxes of the order of 1 g/secand
separationbetweenplatesof the cell ' 0.5cm @8% When
the rolling phasebecomeghickerthan1 cm, we expectde-
viations from the linear behavior,and our model must be
modi®edAs discussedn @8#nonlinearitiesmay be present
in the behaviorof the uphill velocity Eq. 49! or in the ve-
locity 51! of the rolling grains.Moreover,the linearity be-
tweenthe interactionterm andthetotal ux of rolling grains
R;1 R, proposedn Eq.-29 for thethick- ow regimeis not
expectedo be valid for very large ux. In fact, it hasbeen
recently proposedin a study of thick avalanchesn single-
speciessandpiles@8# that for a rolling phasethicker than
10d, theinteractionterm shouldsaturateto a constantvalue
v. /g. It would beinterestingto explorethe consequencesf
suchinteractionterm for the dynamicsof strati®catiorand
segregationn mixtures.

VI. DISCUSSION

In summary,we develop a mechanismto explain the
spontaneoustrati®catiorreportedin @7# This mechanism
is relatedto the dependencef the local reposeangleon the
local surfacecomposition.When we consideronly capture
~correspondingo the cellularautomatormodel, we ®ndthat
spontaneoustrati®catioroccursonly whenthe reposeangle
of thelargegrainsis largerthanthe reposeangleof the small
grains(uy,. Uy, correspondingo largegrainsrougherthan
small graind. This resultis in agreementith the experi-
ments. Strati®cationis also obtainedwhen u,, is slightly
smallerthan u;; as soonas we include cross-ampli®cation
process,as we ®ndin the thin ‘ow regime with the con-
tinuum model. When u,,, u;1, the model predictsalmost
completesegregationbut not strati®cationTheseresultsare
in agreementvith experiments@7#4

It is interestingto comparetheseresultswith a previous
study @7# where a continuummodel was used neglecting
crossampli®cationt.e., ampli®catiorof a staticgrainsby b
rolling graing. In this case,it was shownthat ampli®cation
neveroccursduring the formationof the sandpile andstrati-
®cationis obtainedin the sameconditionsasin the experi-
ments.

We discussthe possibleimportanceof percolationeffects
in the rolling layer, that takesplacewhenthe input "ux of
grains is large. Although the continuum model must be
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deeplymodi®edtheresultsaresurprisinglycloseto thethin-
“ow model.

The modeldescribesvell the staticpictureof the sandpile
of @7# with alternating layers made of small and large
grains,and also reproduceghe dynamics,wherethe layers
are built througha kink mechanismThe numericalsimula-
tions suggestthat the motion of the kink is stationary.It
allows us to make quantitative predictionsfor the depen-
denceof the size of the layerson the different parametersf
the problem.

From the theoreticalpoint of view, it is the ®rsttime that
this continuumformalismfor granular ow is directly com-
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paredto experimentsThe quality of the resultssuggestshat
this formalismincludesthe essentiafeaturesof the physics
of granular ow. Usingthis formalism,it may be possibleto
have theoreticallyaccesso 3D problems,suchas periodic
segregatiorin rotating cylinders @6# that are out of reach
with present-daycomputersimulations.
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