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The goal of this work is to provide an analysis of spaces of critical points for multicomponent
systems. First, we propose the geometric concept of order © for critical points; we distinguish it from
a previous definition of a “multicritical” point. Specifically, we may define the intersection of spaces of
critical points of order © to be a space of critical points of order (O+1). Ordinary critical points are
defined to be of order ©=2, so that the tricritical points introduced by Griffiths are of order @=3.
We discuss more general examples of critical spaces of order ®=3 which are known for a wide variety
of systems; we also propose several examples of models of magnetic systems showing critical points of
order O=4—i.e., systems having intersecting lines of tricritical points. The analysis of critical and
coexistence spaces also provides a new form of the Gibbs phase rule suitable for complex magnetic
models. Next we define—for the critical points of order © of which examples have been given—special
directions in terms of which to make a scaling hypothesis. We give the hypothesis for simple systems
and then for tricritical points, and then, in a subsequent paper, part II, the special directions are used
to make a scaling hypothesis at spaces of critical points of any order. Certain predictions (e.g., scaling
laws and “single-power” scaling functions) follow in a simple and straightforward fashion. We consider
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the scaling hypothesis at a critical space of order © in terms of a group of transformations. We can
define a set of invariants of the group. It is possible, for © >3, to make a second scaling hypothesis
for the space of order © — 1 using certain of these invariants as independent variables. This is
advantageous because certain “double-power” scaling functions then follow directly; these predict that
for ©=3, experimental data collapse from a volume onto a line. This prediction is to be contrasted
with ordinary scaling functions, which predict that data collapse by only a single dimension (e.g., from
a volume onto a surface or from a surface onto a line).

I. INTRODUCTION: THE ORDER OF A CRITICAL POINT

The purpose of this work is (i) to propose the
concept of the “order ” of a critical point, (ii) to
give examples of critical points of orders three
and four, and (iii) to present a form of the scaling
hypothesis for spaces of arbitrary order. The
work is divided into two parts. In this paper (I),
we focus upon concrete examples illustrating criti-
cal points and scaling at critical points of order
three, while in a subsequent paper! (II), we con-
sider scaling for spaces of arbitrary order. First-
ly, we must develop the concept of the order of a
critical point, and that is the task of this section.

The scaling hypothesis was originally formulated
for the critical point of a simple magnet and a sim-
ple fluid.?™* These systems each have two purely
intensive variables [(H, T) and (P, T), respective-
ly]. Such variables we call fields, adopting the
terminology of Griffiths and Wheeler. ®

A very wide variety of physical systems whose
critical phenomena are under active study have
more than two field variables; two common exam-
ples are antiferromagnets and binary mixtures.

In such systems, one can have lines (or, in gen-
eral, spaces of dimension larger than one) of crit-
ical points. Recently, special attention has come
to focus on those systems for which three lines of

8

critical points intersect, and the point of intersec-
tion has been called a tricritical point by Griffiths.®

The scaling hypothesis has recently been ex-
tended’ to treat some (but not all) aspects of this
novel type of “critical point”. In this work we
present a comprehensive scaling treatment of gen-
eral multicomponent systems. First we give a
detailed treatment of tricritical points. Our ap-
proach is then generalized to more complex situa-
tions.

One example of a more complex situation is a
system for which four lines of critical points inter-
sect; in a natural extension of Griffiths’s termi-
nology, Nagle and Bonner® have called such points
tetracritical points. We show here that, in the
particular case studied by those authors, the tetra-
critical point is qualitatively the same as a tri-
critical point in the sense that the formulation of
the scaling hypothesis there is the same as at tri-
critical points.

Qualitatively different points (“spaces”)® can be
achieved in systems with more than three field
variables; a more general scaling hypothesis is
needed and correspondingly more predictions are
obtained. These are discussed in detail in Paper II.

Two simple examples of systems with more
than three field variables are provided by He®-He*
and ammonium chloride, and both these systems
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